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When a man is dead, his actions are brought to an end except in three
cases. a permanent charity, beneficial knowledge or a good son that
praysfor him.

The Prophet

To the memory of my late father Prof. Dr Aziz ur-Rahman who kindled
in me a passion for the adventure of science and to my mother, Hilde
Rahman, for her brave vision of aworld without frontiers.

Shahid Rahman
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Transcription System of the Arabic Alphabet

All Arabic names in this volume are given in full transliteration by using the
following transliteration system (e.g. ' &l is written al-Ghazalt and not algazel or
algazali), except for 1bn Sina and Ibn Rushd where the familiar Latinised names
Avicenna and Averroes are also used. The same goes for all Arabic terms; thus we
write Qur’an rather than Koran. The definite article is always written al-.
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Introduction: The Major Breakthrough
in Scientific Pratice
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When, though, the little which each one of them who has acquired the
truth is collected, something of great worth is assembled from this.
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We ought not to be ashamed of appreciating the truth and of acquiring
it wherever it comes from, even if it comes from races distant and
nations different from us.

(Al-Kindi s 4l & (On First Philosophy, 1974,
pp. 57-58)).
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There are four kinds of men: men who know and know that they know; ask them.

Men who know and do not know that they know, they are forgetful; remind them.

Men who do not know and know that they do not know, they search for guidance;
teach them.

And men who do not know and do not know that they do not know, they are ignorant;
shun them.

(Al-Khalil ibn Ahmad al-Farahidi, in Ibn Qutaybah ‘Uyin al-akhbar, 1986, |1, p. 142)

Knowledge was a major issue in science and philosophy in the twentieth century.
Its first irruption was in the heated controversy concerning the foundations of
mathematics. To justify his rejection of the use of the actual infinite in mathematical
reasoning, Brouwer made the construction of mathematical objects dependent on
the knowing subject. This approach was rejected by the mainstream of analytical
philosophers who feared a fall into pyschologism. Several years later, the question
of the progress of scientific knowledge was put forward in the thirties by the post-
positivist philosophers to fill the vacuum in the philosophy of science following

S. Rahman et al. (eds.), The Unity of Science in the Arabic Tradition, 1
© Springer Science+Business Media B.V. 2008



2 Introduction

the demise of the logical positivism programme. The answers given to these ques-
tions have deepened the already existing gap between philosophy and the history
and practice of science. While the positivists argued for a spontaneous, steady and
continuous growth of scientific knowledge the post-positivists make a strong case
for a fundamental discontinuity in the development of science which can only be
explained by extrascientific factors. The political, social and cultural environment,
the argument goes on, determine both the questions and the terms in which they
should be answered. Accordingly, the sociological and historical interpretation in-
volves in fact two kinds of discontinuity which are closely related: the discontinuity
of science as such and the discontinuity of the more inclusive political and social
context of its development. More precisely it explains the discontinuity of the former
by the discontinuity of the latter subordinating in effect the history of science to the
wider political and social history. The underlying idea is that each historical and so-
cial context generates scientific and philosophical questions of its own. From this
point of view the question surrounding the nature of knowledge and its development
are entirely new topics typical of the twentieth-century social context reflecting both
the level and the scale of the development of science. To the surprise of modern his-
torians of science and philosophy, the same kind of questions, which would alleg-
edly be new topics specific to the twentieth century concerning the nature of knowl-
edge and its progress, were already raised more than eleven centuries earlier in the
context of the Arabic tradition which, as we discuss further on, developed a trans-
cultural and trans-national concept of the unity of science (see the contributions of
Deborah Black, Hans van Ditmarsch and Jon McGinnis which tackle the issue of the
nature of knowledge). The neglect of the Arabic tradition in philosophy of science is
a major a gap not only in the development of science but a fundamental flaw in the
writing of its history and the history of philosophy caused by the total reduction of
epistemology to political and social history of science. How has this period of the his-
tory of science and philosophy come to be ignored? In what circumstances were the
questions akin to the nature of knowledge raised in the first place? What is the rela-
tion between on the one hand the questions of knowledge and its growth and on the
other hand the unity of science in the Arabic tradition? The answers to some of these
questions are the aim of the present volume, the first of the series Logic, Epistemol-
ogy and the Unity of Science to be devoted to a so-called non-western tradition. Let
us first highlight in a kind of overview some landmarks concerning the timing of the
emergence of the Arabic tradition and its significance for the history of science.

1 What Happened in the Ninth Century?

Since the beginning of the history of science in the mid-eighteenth century and its
firm establishment as an independent discipline in the nineteenth century, the his-
tory of science has been largely written by western historians. The views of most
historians of the nineteenth century have succeeded in shaping the standard view,
still prevailing today, concerning the Arabic tradition. In this respect, the received
view’s approach was motivated by two main concerns: (i) to recover the lost
Greek heritage extant only in the Arabic version, and in the meantime to find out
to what extent Arab scientists and philosophers are proved to be capable of
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correctly understanding sophisticated Greek thought; (ii) to assess the contribution
of the Arabic tradition to the development of so-called western science. The focus
on the relation between the Greek and the Arabic traditions reflects the major con-
cern of this approach which consists in examining what has commonly been called
the reception of the Greek scientific and philosophical works in the Arab world.
While it is true that the Arabic tradition was developed against the background of
Greek scientific and philosophical writings—a phenomenon which is similar in
this regard to the fact that Greek philosophy had emerged against the background
of the achievements of the Babylonian and Egyptian civilisations—the standard
approach seems to have gone too far in its assessment of the so-called reception-
role of the Arabic tradition. Indeed, according to the received view the Arabic tra-
dition seems to be deprived of any interest of its own. In fact, the impression given
is that Greek philosophical doctrines have succeeded not only in overthrowing the
Babylonian and Egyptian beliefs, but that they continued to dominate throughout
the classical Islamic era. It is thus not surprising that the received view came to the
conclusion that the importance and the relevance of the Arabic tradition to the his-
tory of science lies only in its intermediary role consisting in handing over almost
intact the Greek works to the medieval Europeans. It looks as if Greek scientific
and philosophical books were brought to the Arabic libraries to save them from an
imminent major disaster that could strike the Greek heritage. We have here some
kind of paradox: many historians make this kind of definitive judgments, by con-
sidering only a few materials from a tradition which reigned alone over the scien-
tific and philosophical scene for up to seven centuries. This paradox is sympto-
matic of the underlying epistemological approach to the history of science which
is by its very nature an open system. The assumption is that the study of the Ara-
bic tradition was sufficiently exhausted to the extent that no new findings could
have any significant impact on our present state of knowledge concerning the de-
velopment of knowledge. This view, which prevails for years, has recently been
challenged by a careful study of some important Arabic scientific works. From the
mid-twentieth century onwards some historians have set themselves the task of
translating important Arabic writings aimed at filling the gap in our understanding
of the development of the Arabic tradition. It is in this context that Sabra has chal-
lenged the use of what seems to be a neutral term to describe the transmission of
Greek scientific and philosophical works. He argues that “Reception” might “con-
note a passive receiving of something being pressed upon the receiver, and this
might reinforce the image of Islamic civilisation as a receptacle or repository of
Greek learning” (Sabra 1987, p. 225). He stresses that Greek science and phi-
losophy was not thrust upon but rather “invited [as a] guest” by the Arabic Is-
lamic society (ibid., p. 236). Sabra proposes instead “appropriation” to describe
the “enormously creative act ... the cultural explosion of which the translation
of ancient science and philosophy was a major feature” (ibid., pp. 226-228). His
argument seems to have had little effect on the received view concerning the
Graeco-Arabic transmission. But some historians such as Willy Hartner and
Gotthard Strohmaier have tried to refine their analysis of the periodisation of the
development of Arabic science by admitting the existence of a second period dur-
ing which the Islamic society was more productive and creative than receptive and
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imitative. The restriction of the application of the Reception concept to the early
period of the translation movement can be seen as an important concession to the
opponents of the Reception doctrine. But Dimitri Gutas, who devotes a whole
book to precisely this question, rejects out of hand this compromise which consists
in applying the Reception interpretation to the early period

One such prevalent misconception [about the development of Arabic science] is that the
translation movement went through two major stages, a ‘receptive’ one, roughly through
the time of al Ma’man, and a creative one subsequently. Study of the translation com-
plexes, as the example of the Kindi circle complex of the translations shows, invalidates
by itself even the very posing of the question in such a way (Gutas 1998, pp. 149-150).

Besides its passive connotation underlined by Sabra, the misconception induced
by “Reception” is that the transmission can be understood as the result of direct
cultural exchanges between on the one hand the Greeks, as producers and ex-
porters (Strohmaier actually speaks of providers) of scientific and philosophical
theories, and on the other hand the Arabs as users and consumers. Unlike the
transmission of science and philosophy to medieval Europe, the Graeco-Arabic
transmission has taken place in an entirely different climate as Gutas rightly points
out (ibid., p. 4). In other words the large number of translations from Greek and
Arabic into Latin starting from the twelfth century reflect the powerful and pro-
found impact that the flourishing and advanced Arabic-Islamic civilisation had on
the medieval European psyche, where there is no equivalent driving force in the
case of the Graeco-Arabic transmission since the social and cultural environment
in which Greek science and philosophy were developed was extinguished for so
many centuries. Does it mean that no driving force can be found behind the trans-
lation movement? Is there only one or more than one driving force? And in the lat-
ter case, do they have equal influence on the development of Arabic science or do
some of them play a much more prominent role than others? We shall see in a
moment how Gutas deals with these various questions.

While agreeing wholly with Sabra on the creative nature of the translation
movement, he expresses his reservation to the use of “appropriation” to describe
the process of the transmission since he finds it a “surreptitiously servile term”
(ibid., p. 187). No specific term has been proposed by Gutas since he prefers sim-
ply to call it a “creation of early “Abbasid society and its incipient Arabic scien-
tific and philosophical tradition” (ibid.). It looks as if the language has run short of
words since, among the many memorable moments of the history of science, this
is the only particular historical moment for which no specific word could be found
to mark the unprecedented large-scale scientific activity triggered by what some
historians call a political revolution. It thus seems that the description of the Ara-
bic translation movement is no less problematic than the question of the assess-
ment of the Arabic tradition itself (see Tahiri’s introduction to his chapter). What
happened in the ninth century is not the recovery of Greek science but the imple-
mentation of a new idea of science, where science and the scientist are conceived
as institutions and instruments of research and development. Moreover, as we
shall see in paragraph two and three of our introduction, this new concept of sci-
ence was first carried out by means of the creation in Bagdad of an institution,
namely the House of Wisdom (bayt al-hikma) and the production of an Arabic
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scientific literature with a technical vocabulary in a kind of what Gutas calls a
high koiné language fit for inter and trans-disciplinary work in a way which might
be considered to be an analogue to what has been described as the role of lingua
franca given to formal language by the French Encyclopedists (see Rahman/Symons
2004, pp. 3-16). Both projects, the House of Wisdom and the production of an Ara-
bic koiné language, provided the instruments with the help of which the notion of the
unity of science was implemented within the Arabic tradition.

2 Science Awakening and bayt al-kikma (the House of Wisdom)

There have been many conquests in history but few had such a direct and decisive
impact on the history of science and philosophy as the Arabic conquests. One of
its main features is that the expansion of the Arabic-Islamic civilisation and the
development of science go hand in hand. The Arabs did not wait for science and
philosophy to come to them. We have to bear in mind that the Arabic peninsula
did not come under the rule of Alexander the Great. They had instead to go after
knowledge. The task was challenging since they had to start from scratch. Gutas
describes in the following passage how the scale of this ambitious intellectual pro-
ject required the unprecedented mobilisation of a huge amount of resources and
energy of an entire nation for more than two centuries.

The Graeco-Arabic translation movement lasted, first of all, well over two centuries; it
was no ephemeral phenomenon. Second, it was supported by the entire elite of ‘Abbasid
society: caliphs and princes, civil servants and military leaders, merchants and bankers,
and scholars and scientists; it was not the pet project of any particular group in the further-
ance of their restricted agenda. Third, it was subsidized by an enormous outlay of funds,
both public and private; it was no eccentric whim of a Maecenas or the fashionable affec-
tation of a few wealthy patrons seeking to invest in a philanthropic or self-aggrandizing
cause. Finally, it was eventually conducted with rigorous scholarly methodology and strict
philological exactitude — by the famous Hunain ibn Ishaq and his associates — on the
basis of a sustained program that spanned generations and which reflects, in the final
analysis, a social attitude and the public culture of early ‘Abbasid society; it was not the
result of the haphazard and random research interests of a few eccentric individuals who,
in any age or time, might indulge in arcane philological and textual pursuits that in histori-
cal terms are proven irrelevant. (ibid., p. 2)

This is modern science in the making. Modernity should be understood here not
in the narrow sense which is traditionally associated with the advent of the new
physics conceived as a finished product, but in the act of creating, through the
close co-operation of political power and the Arabic-Islamic society, a new and
long-lasting dynamic structure. It turns out that the unstoppable growth of the new
entity, which proved to outlive by far both the political entity which gave it birth
in the first place and the social context of its formation, is designed to transform
the life of the Arabic-Islamic society and with it the societies of the rest of the
world. For the first time in history science becomes a profession. This is unlike in
the Greek tradition, where it was practised by a happy few who have the luxury
thanks to their wealth to enjoy what they regarded as the supreme life by merely
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contemplating nature. Science becomes in the Arabic-Islamic tradition a third
institution with growing influence along side the two most powerful extant institu-
tions: the legal and the political powers. The result of this unprecedented collective
hard and enduring work: by the end of the tenth century almost all non-literary and
non-historical Greek books that were available had been translated into Arabic.
Greek science and philosophy has been transformed once and for all by “the
magic translator’s pen”, as it is nicely put by Gutas.

It should be noted however that the translation movement is not confined to
Greek writings—though the latter form the bulk of the works translated—it is a
more global and international phenomenon since it concerns all the books fit to be
translated. There are Arabic versions of books written in other languages such as
the Persian, the Sanskrit and possibly the Chinese language.? The successful
achievement of this monumental enterprise, which could have at any moment been
interrupted or aborted altogether for a variety of reasons, is nothing short of mira-
cle, the assessment of which has not yet begun, since it opens a new era in the his-
tory of human thought. The idea of knowledge has been completely reinvented
through the systematic survey of all existing scientific writings. By the turn of the
eleventh century, the translation of Greek works has significantly died down re-
flecting the advanced level reached by Arabic science. As Gutas puts it bluntly
“the waning of the Graeco-Arabic translation movement can only be seen due to
the fact that it had nothing to offer... not in the sense that there were no more
secular Greek books to be translated, but in the sense that it had no more books to
offer that were relevant to the concerns and demands of the sponsors, scholars and
scientists alike” (ibid., p. 152), in other words “the translated works lost their rele-
vance and became part of the history of science” (ibid., p. 153). Consequently
there was a shift in demand for more up-to-date research. Gutas further explains
the major impact of the rapid spread of the Arabic scientific institution model far
beyond the spatiotemporal context that gave it rise in the first place

Once the Arabic culture forged by early ‘Abbasid society historically established the uni-
versality of Greek scientific and philosophical thought, it provided the model for and fa-
cilitated the later application of this concept in Greek Byzantium and the Latin West: in
Byzantium, both in Lemerle’s “first Byzantine humanism’ of the ninth century and in the
later renaissance of the Palaeologoi; and in the west, both in what Haskins has called the
renaissance of the twelfth century and in the Renaissance proper (ibid., p. 192).

Contrary to the prevailing view according to which there is only one renais-
sance in history, Gutas seems to be saying that the Arabic tradition gives rise to a
series of renaissances which reaches its climax in the advent of the famous south-
western European Renaissance. The Renaissance proper as Gutas would like to
call it now—which is recognised by the sociological doctrine as the starting point
of the scientific revolution—appears to be then not the first of its kind as is gener-
ally believed but the outcome of previous renaissances which originate in the
foundation in Bagdad of the bayt al-kikma or the House of Wisdom, the famous
scientific institution that gives rise to the development of Arabic science by host-
ing the first movement of what can be called the translation project (see below).
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But what about the crucial period during which the Graeco-Arabic transmission
took place? Can the ninth century be called a renaissance? Gutas appears to be
somewhat hesitant. On the one hand he is inclined to describe it as the “real ren-
aissance in the original sense of the revival of Greek learning” (ibid., p. 154). But
on the other hand this “real renaissance” seems to be quite different from the tradi-
tional European Renaissance. He rightly points out that the “philological aspect of
classical studies, which also has its modern origin in the European Renaissance,
was wholly absent in the Arabic counterpart” (ibid., p. 155), for the obvious rea-
son that the translation activity was very selective since it was restricted only to
scientific and philosophical writings, thus excluding the humanities (such as liter-
ary and historical works). As a result of this methodologically worked-out plan,
the translation activity virtually ceased, as already mentioned, once its goal was
achieved. Because of the advanced level reached by Arabic science in the eleventh
century and reflected in the comprehensive philosophical and scientific work of
Ibn Sina, there was no need to pursue Greek studies, for the “hurricane of
Avicenna’s philosophy quickly swept such tendencies away” (ibid., p 155, see
Ardeshir, Back and Thom’s chapters devoted to his encyclopedic thought). The
second major difference is that the translation movement, as Gutas’ fascinating ac-
count demonstrates, is much more than the mere revival of Greek learning. First of
all, if by revival Gutas means translation then we need to bear in mind that it is not
only Greek learning which was revived through the translator’s creative imagination
but also the learning of other civilisations such as the Persian, Indian and even the
Chinese. Second, the real intention of the translation project is not to revive the cul-
ture of previous civilisations, a task best left to the indigenous people, but the con-
struction of knowledge according to a long-term research programme.

Gutas describes the historical background of the foundation of the bayt al-
hikma and its later development as follows

It was a library, most likely established as a “bureau” under al-Mansar, part of the
‘Abbasid administration modelled on that of the Sasanians. Its primary function was to
house both the activity and the results of translations from Persian to Arabic of Sasanian
history and culture. As such there were hired translators capable to perform this function
as well as book binders for the preservation of books. This was its function in Sasanian
times, and it retained it throughout the time of Harain ar-Rashid, i.e. the time of the Bar-
makids [the secretaries of the early caliphs]. Under al-Ma’man it appears to have gained
an additional function related to astronomical and mathematical activities; at least this is
what the names® associated with the name bayt al-hikma during that period would imply.
We have, however, no specific information about what those activities actually were; one
would guess research and study only, since none of the people mentioned was himself ac-
tually a translator (ibid., p. 58).

In this passage, Gutas wants to make the point, strongly emphasised afterwards,
that Graeco-Arabic translation, the subject of his book, is not conducted in the
bayt al-hikma.* As a result, the whole translation movement during the early
‘Abbasid era was conducted in two stages. (1) The first wave of translations of
Persian heritage undertaken in the bayt al-Aikma (conducted under the ruling of al-
Mansir (754-775)); (2) the Graeco-Arabic translation represents the second wave
of translations (from the time of al-Mahdi (775-785) onwards). One of the main
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reasons given by Gutas for denying any role of the bayt al-kikma in Graeco-
Arabic translation is that there is no mention of Greek works being stored on its
shelves. To back his argument, he quotes Hunayn ibn Ishaq (d. ca. 873) who
seems to have been complaining about the “efforts he expended in search of Greek
manuscripts and again he never mentions that he looked for them right under his
nose in the bayt al-zikma in Bagdad” (p. 59). This might be the case. But
Hunayn’s complaint might also indicate that Greek works were circulating in so-
ciety. One does not expect important manuscripts, which existed in a very limited
number of copies, to be stored in an official library. The absence of books from
the shelves reflects their relevance to the concerns of society. This may explain
why texts of humanities such as Persian, Ethiopian or Himyarite manuscripts
could be found in the bayt al-Aikma but not Greek ones due to their scientific na-
ture. By denying the bayt al-aikma any role in the Graeco-Arabic translation,
Gutas seems to create a gap between the two translation movements, a gap that he
seems to narrow by appealing to the translation culture: “What the bayt al-kikma
did do for the Graeco-Arabic translation movement, however, is to foster a climate
in which it could be both demanded and then conducted successfully” (p. 59). Ac-
cording to Gutas, two common points can be found between the two translation
movements: (1) the obvious point is that they are both part of the translation cul-
ture widely prevailing in the region. Gutas reminds us of the existence of “pre-
Islamic translations into Pahlavi [the Persian language] of Greek scientific and
possibly philosophical works” (p. 25). This explains the fact that the earliest trans-
lation of Greek works into Arabic are made not directly from the Greek, as it is
generally believed, but through Pahlavi. (2) The heavy involvement of the state
apparatus though for entirely different political motivations. Actually, the contrast
that Gutas is struggling to make is that the Persian-Arabic translations were tem-
porary and narrower in scope than the Graeco-Arabic translations. The first was
confined to the political sphere while the second was a social phenomenon. Nei-
ther the structure of the bayt al-khikma, as was inherited from the Sasanians, nor
state resources could cope with the scale of the second wave of translations. This
explains the role of the private sector which seems to be absent or at least very
limited in the first wave of the translations. The private sector stepped in to satisfy
the growing demand for knowledge expressed by the wider society.

There is in fact a third point, not a political but a scientific one, which can in-
deed intimately link the Graeco-Arabic translations to the Persian-Arabic trans-
lations and ultimately to the activities of the bayt al-zikma. Despite the little his-
torical information available about the bayt al-zikma, it is known for sure that a
number of astronomers and algebraists such as al-Khwarizm1 (d. 850) were em-
ployed full time in the bayt al-kikma, in the service of the caliph al-Ma’mun
(813-833). This evidence indicates that the activities undertaken in the bayt al-
hikma were not confined throughout its existence to its original task, that is,
translating the Persian heritage. The nature of such activities seems to have
broadened to include research and study which prompt Gutas’ suggestion made
in the aforementioned passage: “Under al-Ma’man it [bayt al-Aikma] appears to
have gained an additional function related to astronomical and mathematical ac-
tivities.” Informed speculation gains some assurance when we know that Algebra
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was not a work translated from the Persian but the result of al-Khwarizmi’s stud-
ies and reflections on the Babylonian and Indian scientific practices (see Heeffer’s
chapter). In chapter V (i.e. two chapters later) devoted to Applied and Theoretical
Knowledge of his book, Gutas describes the circumstances (and the motivation) of
the composition of Algebra, which gives us a more specific idea of the nature of
research pursued by scientists in the bayt al-zikma

During early ‘Abbasid times, however, Islamic law was also developing rapidly and alge-
bra became an essential tool for working out all the intricate details of inheritance laws.
Both of these applications are mentioned by Muhammad ibn Masa al-Khwarizmi himself
in the introduction to his Algebra. Al-Ma’min, he says: ‘encouraged me to compose a
compendious work on algebra, confining it to the fine and important parts of its calcula-
tions, such as people constantly require in cases of inheritance, legacies, partition, law-
suits, and trade, and in all their dealings with one another where surveying, the digging of
canals, geometrical computation, and other objects of various sorts and kinds are con-
cerned (ibid., p. 113).

The significance of the bayt al-hikma lies not only in the continuity of scientific
research, since it paves the way for more translations from both the farther eastern
tradition (mainly Indian sources) and the western tradition (Greek sources), but
also in setting the pattern of how future scientific activities should be conducted.
By contributing to the emergence of a new scientific tradition, the translations and
scientific activities taken place in the bayt al-hikma explain Gutas’ insight accord-
ing to which “translations are seen from the very beginning as part of research
processes”® whose aim is the construction of knowledge based on the constant in-
teraction between theory and practice as was implemented by the early scientists
working in the bayt al-zikma.

The details of such a programme were clearly spelled out by the first Philoso-
pher of the Arabs, al-Kindi (ca. d. 870)°, so-called because his name was tradi-
tionally linked to the introduction of philosophy to the Islamic world. The pro-
gramme’s first step should be seeking to acquire knowledge, as he insists in his
introduction to On First Philosophy.

The knowledge of the true nature of things includes knowledge of Divinity, knowledge of
Unity and knowledge of virtue and a complete knowledge of everything useful, and the
way to it; and the distance from anything harmful, with precautions against it. [...] Devo-
tion to this precious possession is, therefore, required for possessors of the truth, and we
must exert ourselves to the utmost in its pursuit (al-Kindi 1974, p. 59).

The process of translations is a means of getting rid of those linguistic ele-
ments that might jeopardize the universality of scientific writing, it tends to act
as some sort of a filter through which only scientific thoughts are allowed to
pass. The result of this process of acquisition is that knowledge becomes acces-
sible to everybody. Because Arabic was the only global language in all walks of
life, even in science and philosophy, knowledge is promoted to an international
level. As a result, it is no longer linked to a specific culture but becomes the
property of all humanity.
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The second step of the construction of knowledge is to work towards its unifi-
cation in the sense of putting together its various pieces which were collected from
previous civilisations.

It has been clear to us and to the distinguished philosophers before us who are not our co-
linguists, that no man by diligence of his quest has attained the truth, i.e., that which the
truth deserves, nor have the philosophers as a whole comprehended it. Rather, each of them
has not attained any truth or has attained something small in relation to what the truth
deserves. When, though, the little which each one of them who has acquired the truth is
collected a=>, something of great worth is assembled from this Jids 738 41 ¢ & &3 e addal,
[...] Indeed this has been assembled only in preceding past ages, age after age, until this
our time, accompanied by intensive researches, necessary perseverance and love of toil in
that (our emphasis, al-Kindt 1974, p. 57).

The second step announces the next one, which consists in building upon the
achievements of previous civilisations. Al-Kindi goes on to tell us more precisely
how the body of knowledge can be increased.

In the time of one man — even if his life span is extended, his research intensive, his
speculation subtle and he is fond of perseverance — it is not possible to assemble as much
as has been assembled, by similar efforts, — of intense research, subtle speculation and
fondness of perseverance — over a period of time many times as long. [...] It is well for
us — being zealous for the perfection of our species, since the truth is to be found in this —
to adhere in this book of ours to our practice in all composition of presenting the ancients’
complete statement on this subject according to the more direct way and facile manner
(Sl Leleud 5 alas 2l e o be followed for those who take it; and completing that which
they did not say completely, Wbt ¥ & 4 |5 ol L 2 5 by following the custom of the
language and contemporary usage, and insofar as is possible for us. (This) in spite of the
disadvantage affecting us in this of being restrained from going into an extended
discussion necessary to solve difficult, ambiguous problems (our emphasis, ibid., pp. 57-58).

The third step amounts then to seeking the progress of knowledge and to facilitat-
ing its learning for younger generations and its transmission to future civilisations
since it is conceived not as a finished product but as an ongoing process. As a re-
sult knowledge needs to be continually and constantly worked out and perfected
by correcting and improving the inevitable shortcomings inherent to the achieve-
ments of previous civilisations for which they should not of course be blamed.

Our most necessary duty is not to blame >3 ¥i 3all ¢ sf e 5 anyone who is even one of
the causes of even small and meagre benefits to us; how then shall we treat those who are
responsible for many causes, of large, real and serious benefits to us? Though deficient in
some of the truth Gall (s o= 1528 o) 5, they have been our kindred and associates in that
they benefited us by the fruits of their thoughts which have become our ways and instru-
ments <Y1 5 S leading us to much knowledge of that the real nature of which they fell
short of obtaining (our emphasis, ibid., p. 57, Ivry’s translation is slightly modified).

According to the Arabic conception of knowledge, there is no such thing as
perfect knowledge. This idea is so deeply entrenched in the Arabic-Islamic culture
that it is expressed in a variety of ways by many proverbs, one of them is the fol-
lowing: “a man remains knowing as long as he searches for knowledge and con-
tinues to study. When he thinks he knows, he has become ignorant Wil &7l 31 ¥
Jea a8 ale 38 f 5l 136 Al Calla L
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Gutas is well aware of the fact that “renaissance” is not the appropriate word to
describe the translation movement; the passage mentioned above is the only place
where he brings it up, in the context of responding to other scholars. Throughout
his whole book, he prefers rather to focus on the man whose vision and sagacity
led to the foundation of the first scientific institution in history.

The crux of the matters seems to lie in al-Mansiir’s creation, after the “Abbasid revolution,
of a new social configuration in Bagdad through the genial idea of creating a new city.
This meant, in essence, granting himself the licence to start everything anew by freeing
him from constraints carried over from the previous status quo (Gutas 1998, p. 189).

The series of renaissances including the Renaissance proper appears to be then
the result of the original creation of the famous House of Wisdom from which all
sprang.

In this context, al Manstir’s adoption of a Sasanian imperial ideology becomes possible

and meaningful, as does the establishment of the attendant translation movement. The
process once set in motion, proceeded for over two centuries on its own (ibid., p. 191).

These two crucial passages have far-reaching implications for the periodisation
of science. According to Gutas’ analysis, it is the ninth century and not the Ren-
aissance which should be the starting point not only of a series of renaissances but
also of the scientific revolution. But he stops short of drawing such a conclusion
for obvious epistemological reasons since he warns that his “book is not about
Arabic science and philosophy” (ibid., p. 192). Precisely the gap left by Gutas’
approach between political and social history and the history of science has been
bridged by Tahiri’s chapter, which provides badly needed epistemological backing
for Gutas’ underlying thesis, since it reaches basically the same conclusion by
analysing the history of astronomy. Further analysis of Arabic scientific and phi-
losophical writings will provide further evidence for making the ninth century a
landmark in the history of science and philosophy and will indicate how it should
be viewed and remembered in the history of science.

3 The Arabic Language and the Unity of Science

Historians of science and philosophy are usually selective in their choice of the
kind of questions they seek to answer. One of the remarkable historical facts sel-
dom noticed is that science and philosophy have been developing without inter-
ruption since the ninth century as the great French historian Pierre Duhem shows
in his monumental Le Systéme du Monde. How can we explain, in the case of as-
tronomy for example, the fact that this scientific discipline has made no progress
whatsoever since the second century (and a fortiori for much older scientific disci-
plines like mathematics)? A particularly tempting answer follows a recent trend in
the history of science: the lack of progress is due to extrascientific factors. Ac-
cording to the sociological interpretation of the history of science which is now
fashionable in the humanities, major gaps in the development of science cannot be
explained intrinsically but only by appealing to the political, social and cultural
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context in which science and philosophy are developed. After all, according to this
view, science is a social and cultural phenomenon since it is the product of human
beings, and its development is determined by the social environment in which sci-
entists live and work. That is why the Dark Ages, the period during which science
made no progress in Europe, has been blamed entirely on Roman-Christian socie-
ties for a failure to generate the kind of change needed for the development of sci-
ence. Thus it seems that medieval Europe had to wait for the emergence of the
Arabic-Islamic culture to emerge into the light at the end of a long tunnel. This is
at least the conclusion drawn by Gutas’ analysis.

Byzantine society, although Greek-speaking and the direct inheritor of Greek culture,
never reached the level of scientific advancement of the early “Abbasids and had itself
later to translate from Arabic ideas that ultimately go back to classical Greece. In such an
analysis, the contribution of individuals is also to be put in perspective. Sergius of
Resh“ayna and Boethius, at the two antipodes of Greek cultural spread in the early sixth
century, conceived of projects to translate and comment upon philosophy and the sciences
as presented in the philosophy of Aristotle — and hence all knowledge, as understood in
the Alexandrian scholarship of their age. The conception is to their credit as individuals;
that they failed indicated the adverse circumstances of their environment (ibid., pp. 188-
189, also p. 22).

Our analysis will show, however, that Gutas’ conclusion is only half the story.
The other half is yet to be told. By focusing only on extrascientific factors, there is
a risk of neglecting those epistemological and methodological considerations
which might have influenced the lack of progress of science. Indeed, Gutas’ work
Greek Thought Arabic Culture, where he describes the political and social factors
that occasioned the translation movement, can be seen as further support for the
sociological interpretation of the history of science. Gutas justifies his approach by
the fact that the translation movement as a social phenomenon has been very little
investigated while “its significance for Greek and Arabic philology and the history
of philosophy and science... have been overwhelmingly studied to this day” (ibid.,
p. 2). He may have a point here, but this might lead one to overlook the fact that
some crucial epistemological points with regard to the significance of the Arabic
tradition has been missed out by most historians. Actually, while describing the
political and social context of what he calls the “Abbasid revolution, Gutas’ work
draws attention to one of the important central epistemological points in the de-
velopment of Arabic science: namely the fundamental role played by the Arabic
language in the development of science and philosophy.

The particular linguistic achievement of the Graeco-Arabic translation movement was that
it produced an Arabic scientific literature with a technical vocabulary for its concepts, as
well as a high koiné language that was a fit vehicle for the intellectual achievements of
scholarship in Islamic societies in the past and the common heritage of the Arab world
today. [...1]ts significance lies in that it demonstrated for the first time in history that
scientific and philosophical thought are international, not bound to a specific language
or culture (ibid., p. 192).

This aspect of the contribution of the Arabic tradition to the history of science
and philosophy has been ignored or widely underestimated. How could the pro-
gress of a major scientific discipline, like mathematics for example, be achieved
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had not its various parts, scattered for so many centuries from the East to the
West, been brought together by a unifying language? How could the awakening of
science even be imagined if it was still encoded in a language no longer in use?
For science to develop the way it did, it needed the emergence of a nation that
should have such an admiration for its language’ and a passion for knowledge®
that sets itself the historical mission of collecting, processing and translating all
scientific data produced by previous civilisations and making the resulting sys-
tematic work available worldwide easily accessible through the unprecedented
circulation of books. Historically the Arabic language shows for the first time the
possibility of the construction of a unified corpus of knowledge able to work as a
trans-cultural vehicle for the transmission of scientific and philosophical thoughts
from one language and science to another. As mentioned above, the production of
an Arabic koiné language provided one of the bases of the notion of the unity of
science within the Arabic tradition. This might also help to understand why in the
Arabic tradition the study of grammar and logic (see the chapter of Cornelia
Schéck), including poetics and rhetoric, was conceived as a kind of integrating
factor for all other fields of knowledge and science. Moreover, in the Arabic tradi-
tion grammar, poetics and rhetoric were seen as closely linked with what we
would now call a normative epistemic logic conceived as an extended organon for
the search and transmission of knowledge. Logic and grammar were at the centre
of the creation of a scientific Arabic koiné language with precise epistemic and
epistemological aims.

Rashed, one of the first distinguished historians to question the current periodi-
sation of science, suggests in his investigation into the development of mathemat-
ics between the ninth and the seventeenth centuries, that what he calls the notion
of differential is much more adequate in historical scientific studies than the
dominant continuity/discontinuity approach, currently widely used in the history
of science. Rashed argues that the notion of differential when applied to the his-
tory of mathematics can be used as an instrument in assessing effectively the ac-
tual increase of mathematical truths by comparing the state of each mathematical
branch (its results, methods and ways of reasoning) at two important times of its
evolution (Rashed 1987, p. 360). Indeed this approach not only helps us ade-
quately to determine the timing of the emergence of a new scientific discipline but
also to illuminate how science is viewed and understood by indicating the underly-
ing motivation of the context of its development. This is the method that underlies
the analysis of our introduction. More precisely, we think that Rashed’s notion of
differential can be fruitfully applied to study the uninterrupted development of
science and philosophy since the ninth century in the Arabic tradition by compar-
ing it with the approach of the ancient Greeks. Certainly this would involve us in
the development of a long and difficult thesis but let us simply highlight some
brief remarks which we think will be sufficient to suggest the main lines of an
analysis which pursues such a comparison.
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4 Some Remarks in Relation to the Heritage of the Greek
Approach to Scientific Inquiry

In his Posterior Analytics Aristotle imposes strict conditions on the definition of
episteme. Knowledge is produced by a demonstration which, he asserts, “must
proceed from premises which are true, primary, immediate, better known than,
prior to, and causative of the conclusion” (71b20). It is clear for the Stagirite that
the mere use of syllogism cannot produce knowledge since he insists on the fact
that “syllogism will be possible without these conditions, but not demonstration;
for the result will not be knowledge” (our emphasis). This makes it harder for dis-
ciplines other than mathematics ultimately to reach the episteme status since they
cannot fulfil the tough Aristotelian criteria. (It is worth noting that the axiomatics
of Euclid could not be captured by syllogism.) It seems thus that Aristotle actually
calls knowledge is that knowledge displayed in what we now call formal sciences—
some interpreters would include here metaphysics. Since by definition this kind
of knowledge is of things that cannot be otherwise than they are, i.e. necessary
knowledge, Aristotle introduces a sharp distinction between mathematics and em-
pirical sciences. But when it comes to physics, for example, Aristotle’s task is to
give a discursive and systematic explanation of all kinds of change. The problem
of physics is according to him to find the “principles of perceptible bodies” (On
Coming-to-be and Passing-away, 327b7). The main conceptual apparatus that he
invents for this purpose is the famous four-causes doctrine.

Now, the causes being four, it is the business of the physicist to know about them all, and
if he refers his problems back to all of them, he will assign the ‘why’ in the way proper to
his science (Physics 11 7198a).

According to this view, knowledge in physics seems to be quite different from
mathematics since it amounts to seeking out all the four causes of any natural phe-
nomenon. In his physical theory, he endorses Empedocles’ fundamental idea that
all substances are made of the four simple elements: earth, water, air and fire.
Earth has some privilege in his explanation of motion. Though being made of the
four elements, it is also the natural place of terrestrial objects. As for the supralu-
nar world, the matter from which it is made, that he calls aither, is of a completely
different order because of the eternal, circular and regular motion of the heavenly
bodies.

Aristotle is indisputably the philosopher of antiquity. His conceptual apparatus
lays down both what type of questions should be asked and the terms in which
they should be answered. This explains why philosophers who followed Aristotle’s
framework closely contributed little to the development of science. Indeed the
great advances in such subjects as mathematics or astronomy are the work of men
who were primarily scientists and not philosophers and thus manage to escape
his influence. Despite important scientific achievements, however, Aristotle’s
physical doctrine remains unshaken and the domination of his philosophical sys-
tem seems to be the last word of the Greek tradition. The Greek heritage was
henceforth in the hands of their successors, though it seems that the Greeks did not
care so much about their legacy, as is suggested by the eminent classical scholar
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G. E. R. Lloyd’s perspicuous remark: “although there were many [of the ancients]
who recognised that civilisation had developed in the past, there were few who
imagined that it would or could progress much further in the future” (Lloyd 1972,
p. 394). The lack of the idea of scientific progress in Greek culture, which has an
impact on their philosophical and scientific approach, explains at least in part why
we have to wait until the ninth century for the emergence of their immediate suc-
cessors. In his comprehensive study, Lloyd sums up the whole ancient Greek ap-
proach to scientific inquiry as follows

Experimental method was only of very limited usefulness on the fundamental problem of
physics, the question of the ultimate constituents of matter. Although quite simple experi-
ments would have yielded useful information about the nature of certain compounds, the
principal controversy between atomism and the qualitative theory of Aristotle, for exam-
ple, was not one that could be settled by an appeal to either observations or experiments,
since the controversy turned on the question of the type of account that was to be at-
tempted. [...] A more important point is that such experiments as were performed by the
Greeks were usually carried out with the set purpose of supporting the writer’s own the-
ory. The appeal to experiment was an extension of the more usual notion of appealing to
evidence: experimentation was a corroborative, far more than a heuristic, technique. Tests
were conducted to confirm the desired result, and it is only in late antiquity that we find
examples where attempts were made to vary the conditions of experiments systematically
in order to isolate causal relations. [...] Nevertheless the impression that much of the his-
tory of early Greek science leaves is one of the dominant role of abstract argument (Lloyd
1970, pp. 139-142).

A second limitation is the inferior place given to practice in relation to theory
which led most of the philosophers to oppose the two activities dramatically.
Theoretical studies which should be pursued for their own sake are highly valued
at the expense of practical arts which are viewed with disdain. This is true, as
Lloyd explains, even for some scientific disciplines like medicine, which one
would expect to be highly regarded because of its noble cause.

Many of the most famous biologists were doctors, who were motivated in their research
partly by the desire to improve the treatment of the sick, and sought to apply their knowl-
edge to this end. Yet not even the most famous and successful doctors in antiquity entirely
escaped the disdain usually felt for the craftsman. In the Greek scale of values the theorist
was always superior to the technologist (Lloyd 1972, p. 395).

It is clear that empirical sciences, and with them theoretical studies, cannot
flourish in a cultural context where the role of practical arts in the prosperity and
the well-being of the society is heavily undermined by its top elite. Lloyd has
rightly identified the huge gap created by the Greek society between theory and
practice as one of the main reasons preventing the development of scientific re-
search.

The institutions where extensive investigations were carried out were rare throughout an-
tiquity. The ancients lacked the idea that dominates our own society, that scientific re-
search holds the key to material progress. [...] The raison d’étre of the Lyceum and Mu-
seum and of the many minor schools modelled on them was not any idea of the usefulness
of scientific research, but the idea of a ‘liberal” higher education (our emphasis, p. 394).
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The second main reason is the lack of co-operation and of scientific and phi-
losophical exchanges because of the extrascientific motivations underlying the
formation of many schools.

The development of science and mathematics required other factors as well, particularly
the idea of co-operation in research. Here both the Pythagoreans and the medical schools
(in their very different ways) had important contributions to make. But in neither case was
the chief motive for these associations any idea of the value of scientific research for its
own sake. Religious and political ties helped to keep the Pythagoreans groups together,
and the medical schools were exclusive associations formed from professional motives,
like a medieval guild or a modern trade union. Moreover the doctors, like the Pythago-
reans, were on occasion secretive about their discoveries (ibid., p. 394).

More generally, the production of scientific and philosophical works and the
spread of ideas were greatly hampered by a deeply entrenched cultural tradition
practised by many Greek philosophers who, because of their distrust of the
written word, confined what they regarded as their most important doctrines to
oral teachings (ibid., p. 383). A diametrically opposed stance is expressed by
al-Jahiz (d. 868), a famously prolific Arabic author®

Our duty is to do for those who will come after us what our predecessors have done for us.
For we found more knowledge® than they found, just as those who will come after us will
find more knowledge than we did. What is the scientist waiting for to display his knowl-
edge in the open, what prevents the servant of the truth from devoting himself without fear
to the task that he was assigned, now that the word has become possible, the times are
good, the star of caution and of fear is extinguished, a wind favourable to study is blow-
ing, babble and ignorance are no longer current, eloquence and knowledge are circulating
freely in the market? For a man does not find a teacher to train him and an expert to edu-
cate him at all times (Al-Jahiz 1969, | pp. 86-87).

On the methodological and epistemological levels, we find the sharp distinction
mentioned above between mathematics and empirical sciences (mainly physics).
In his Almagest, Ptolemy further widens the already existing gap between mathe-
matics and physics by subordinating the latter to the former the implication of this
methodological decision and of his overall approach to astronomy will be con-
vincingly refuted by Ibn al-Haytham (d. 1041). The fourth limitation which is
proved to have serious repercussions on the development of science is indicated
by Ibn al-Haytham. He makes clear that his al-Shukik is motivated first and fore-
most by epistemological considerations designed to break the deadlock caused by
the Greek synthetic approach of exposing scientific theories which represents
more an obstacle than an incentive to the progress of science since it closes the
door for further theoretical research (for more details see Tahiri’s chapter).

What these various shortcomings indicate is that Greek science and philosophy
were developed in the context of Greek culture to a point that no further progress
could be made unless deep changes in the approach to scientific practice came
about. Any translation movement of Greek works would not be able to overcome
these obstacles if the translation project was to be reduced just to the task of recover-
ing and preserving the Greek heritage. The success of the translation project is due
to the growing awareness that the scientific inquiry concerning nature as it was un-
derstood and practised by the Greeks was not able to respond to the new questions
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and problems raised at this time. This awareness was actually brought to the fore-
front by a major shift of focus from the heritage of the Greek idea of logos to the
Arabic concept of knowledge.

5 Knowledge in the Arabic-Islamic Culture

The ‘Abbasid dynasty™ (750-1258) certainly gets great credit for putting
knowledge at the centre of their political strategy by working out and supporting
the first ambitious scientific research project in history which gives rise to the
surge of an intensive scientific and cultural activity in Bagdad led by the prestig-
ious institution bayt al-kzikma. By learning from the mistakes of the Umayyads’
rule® (661-750), the ‘Abbasids succeeded where their predecessors failed. Short
of full legal legitimacy, the ingenuity of the house of al-*Abbas lies in capturing
the imagination of Arabic-Islamic society by focusing, as we shall see later, on
one of the fundamental components of its identity. The ‘Abbasids’ strategy was a
resounding success because it was a response to the demands of society since the
quest for knowledge had already begun in earnest. This sets a precedent in Arabic-
Islamic history since knowledge proves for the first time to be the only credible al-
ternative by means of which a political body can effectively justify its rule. As a
result of the vulnerability of the political power due to the conditional support of
the legal authority, the distinctive political and social configuration that emerged
has the body politic find its rule dependent on its unlimited support for knowl-
edge; it is not knowledge which relies on the goodwill of politicians. This outcome
in the balance of power indicates that one of the main features of the political and
social ideal favoured by Islamic society is the one where political power should be
at the service of knowledge and not the other way round. By putting knowledge at
the top of their political agenda, the “Abbasids wanted to show that their accession
to power was a force for good; they were to some extent successful, since they
succeeded in winning the support of the majority of Islamic society. This explains
the remarkable longevity of their rule, which reached its climax with Haran al-
Rashid (786-809). His name is legendary associated in the West with the famous
Arabian Nights; but in Arabic-Islamic conscience, he is remembered as one of the
enlightened caliphs (al-Rashid literally means the well-guided), chairing regular
meetings of top intellectuals (jurists and theologians, poets and writers, linguists
and grammarians, scientists and philosophers) in discussions of pressing and topi-
cal legal, cultural and scientific issues.

But the development of Arabic science was undoubtedly not the work of politi-
cians, it was the result of unprecedented interaction among the intellectual elite
whether they were jurists, grammarians, theologians, poets, scientists or philoso-
phers. Its explanation must ultimately be found in the dynamics of Arabic culture
and its specific approach to knowledge underlying the whole translation enter-
prise, summarized by al-Kindi in the following words:

We ought not to be ashamed of appreciating the truth and of acquiring it wherever it
comes from 3 ol (e (Gl Ll 5 (Bl Gl (e anid VI W 2wy 5 even if it comes from
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races distant and nations different from us. For the seeker of the truth nothing takes
precedence over the truth 3all (e Gall sy sl ¢ -3 Y and there is no disparagement of the
truth, nor belittling either of him who speaks it or of him who conveys it. The status of no
one is diminished by the truth; rather does the truth ennoble all (our emphasis, al-Kindt
1974, p. 58).

Al-Kindi’s passage contains three crucial points which show the intertwining
ethical and epistemological dimensions of the translation movement, namely:

(i) The unity of science must be conceived in trans-national and trans-cultural
terms.

(i) Since each society can have some form of truth, the second step in acquiring
knowledge, which is the harder task, is in recognising and appreciating it. The
question here is how? The answer relates to the confluence of grammar, logic
and Law in the translation project—this point is not explicit in this paragraph
but it links the first and the third point and has been developed by al-Kindi be-
fore (recall the passages quoted in section 2 above).

(iii) The supremacy of the truth (not authority), the search for which is the driv-
ing force behind the progress of knowledge, is the ultimate goal of scientific
inquiry.

In relation to the first point, it is important to see that the search for the unity of
science involves a determined ethical perspective: the humility to learn from oth-
ers, and an ability to acknowledge one’s own ignorance; and a social dimension:
the need to seek the interaction with other people. The idea of a search for
knowledge and its ethical and social implications is deeply entrenched in the
Arabic-Islamic culture which goes back to the teaching of Islam i.e. to the sev-
enth century.” Indeed the Arabic people of the seventh century knew that they
knew little about the external world, a fact eloquently expressed by the Qur’an
(Sarat 17, verse 85) “Suli ¥} alall e Jissl L5 (you are given only a little
knowledge).” Hence they are not only willing but—what is more interesting—
ready to learn from the contributions of previous civilisations. The Arabic-Islamic
society thus claims no privilege over other societies since the latter can have
something that the former does not have: some form of truth, knowledge, wisdom.
The Arabic intellectuals of the ninth century such as al-Kindi and Ibn Qutaybah
were just following the same Islamic teaching that was followed by their
predecessors, which makes seeking knowledge a duty for every believer. lbn
Qutaybah (d. 889) explains the rationale behind the search for knowledge

Knowledge is the stray camel of the believer (sl dla lall; it benefits him regardless
from where he takes it: it shall not disparage truth should you hear it from polytheists, nor
advice should it be derived from those who harbour hatred; shabby clothes do no injustice
to a beautiful woman, nor shells to their pearls, nor its origin from dust to pure gold. Who-
ever disregards taking the good from its place misses an opportunity, and opportunities are
transient as the clouds. ... Ibn “Abbas [the Prophet’s uncle] said: “Take wisdom from
whoever you hear it, for the fool may utter a wise saying and a bull’s eye may be hit by
one untrained to shoot (Ibn Qutaybah 1986, p. 48).

Since Arabic-Islamic society cannot have the whole truth, it is urged by Islamic
teaching to learn from a wide range of different societies to seek as far as China.**
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If knowledge fails to come to the Arabic peninsula, its inhabitants have instead the
duty to go after it; this is after all one of the main raisons d’étre of the existence of
the human being according to the Islamic doctrine. This is what led Sabra to speak
of the translated Greek works in terms of an “invited guest” which is warmly wel-
comed by traditional Arabic culture. Respecting the culture of one’s neighbours,
no matter how different from Arabic culture, and getting acquainted with the cul-
ture of distant peoples appears to be the first step in acquiring knowledge. Ac-
knowledging one’s own ignorance amounts in fact to acknowledging the contribu-
tions of these people to the formation of the unity of science. Al-Kindi expresses
here his deep sense of gratitude to all ancient civilisations on behalf of Arabic-
Islamic civilisation:

It is proper that our gratitude should be great L_S& sl of suué to those who have
contributed even a little of the truth, let alone to those who have contributed much truth,
since they have shared with us the fruits of their thoughts and facilitated for us the true yet
hidden inquiries, in that they benefited us by those premises which facilitate our
approaches to the truth. If they had not lived, these true principles with which we have
been educated towards the conclusions of our hidden inquiries would have not been
assembled for us W axixd &, even with intense research throughout our time (our emphasis,
al-Kindi 1974, p. 57).

In relation to point (ii) and (iii), it is important to see that the way to acquire
knowledge implemented by the translation project is connected with a specific
feature of the Arabic notion of knowledge that stems actually from the develop-
ment of Arabic society before the translation era, namely the role of Law and
Grammar. Both disciplines were considered very early to be scientific disciplines.
They were and continued to be the most important scientific disciplines for Arabic
culture because of the vital role they play in organising social and cultural life.
Moreover, as already mentioned in section 2 above, grammar and logic (including
poetics and rhetoric) were conceived as instruments of the scientific programme
implicit in the notion of knowledge underlying the translation project. The link of
knowledge with Law had the function of putting the scientific programme of
knowledge acquisition into practice. The link between knowledge and logic had
the function of designing a grammar of a superior order able to render a language
with the help of which different kinds of knowledge could be expressed and stud-
ied. Actually one might argue that this notion of knowledge stems from the use of
the word ‘ilm. Indeed the Arabic word = or ‘ilm can mean both science and
knowledge and, remarkably, is used by the Arabic tradition in a wide sense similar
to our usage today and quite different from the Greek meaning of logos (if the lat-
ter is understood as a theoretical notion of knowledge separated from the notion of
practice). It is Franz Rosenthal (1970) who connected the notion of knowledge in
classical Islam, designed to introduce a major transformation in scientific and so-
cial practice, with Islam. In his study, Rosenthal described first the central position
occupied by knowledge in the life of the Islamic society such that he identified
knowledge as the distinctive character of the Islamic civilisation;

‘llm is one of those concepts that have dominated Islam and given Muslim civilization its
distinctive shape and complexion. In fact, there is no other concept that has been operative
as a determinant of Muslim civilization in all its aspects to the same extent as ‘ilm. This
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holds good even for the most powerful among the terms of Muslim religious life such as,
for instance, tawhid “recognition of the oneness of God”, ad-din “the true religion”, and
many others that are used constantly and emphatically. None of them equals ‘ilm in depth
of meaning and wide incidence of use. There is no branch of Muslim intellectual life, of
Muslim religious and political life, and of the daily life of the average Muslim that re-
mained untouched by the all-pervasive attitude toward “knowledge” as something of su-
preme value for Muslim being (Rosenthal 1970, p. 2).

If the Arabic ‘ilm can fairly be rendered by the English word “knowledge”,
Rosenthal finds however that “knowledge” falls short of expressing all the factual
and emotional contents of ‘ilm. His book is designed to explain how Islam has
created a knowledge based-society such that he concludes that “Islam is ‘ilm”
(ibid, also chapter V). Rosenthal suggests that the root of ‘ilm has a strong prag-
matical feature that seems to derive from the term = ‘alama which means “way
signs”:

For the Bedouin, he elaborates, the knowledge of way signs, the characteristic marks in

the desert which guided him on his travels and in the execution of his daily tasks, was the

most important and immediate knowledge to be acquired. In fact, it was the kind of
knowledge on which his life and well-being principally depended (ibid., p. 10).

From this perspective, knowledge, ‘ilm, is designed to be put to practical use
since it is oriented towards action. More precisely, knowledge can be seen as a
mode of action, i.e. as a way of acting according to a certain purpose.

Rosenthal’s study of the notion of “ilm might also explain the relation between
knowledge and 4~ &l or shari‘a, i.e. Islamic Law, the prevailing understanding of
Islam; and shari‘a means ‘way’ since it is designed to show how Muslims should
behave according to certain rules or principles. This is how Islam has always been
understood in Islamic society. Furthermore since it was the first scientific disci-
pline to be set up, Law is the knowledge par excellence in two respects: (a) Law is
knowledge in itself establishing the principles and rules which guide the action of
the individual and the society; (b) and metatheoretically the knowledge of Law is
knowledge indicating the way for the constitution of future scientific disciplines.
Indeed by borrowing some of its central methodological elements such as anal-
ogy, Law served as a model for the constitution of Grammar. Furthermore the
notion of Law as a normative metatheory of knowledge becomes logic. It is sig-
nificant that logic, knowledge of knowledge, is also called ‘ilm. Logic has in clas-
sical Islam an epistemic character and an epistemological role. Logic is epistemic
because it is about the relation between an individual and some proposition(s) and
has an epistemological role because it enables us to study all kinds of scientific
knowledge. Back to Rosenthal again:

Logic was for the Muslims the ‘organ’ or ‘instrument’ (alah), the instrument for logical
speculation (alat an-nazar), the instrument for each discipline (‘ilm) and the means ena-
bling the student to get at its real meaning. It explained, and stood for, every one of the
disciplines of knowledge. [...] It was the science of the scales (‘ilm al-mizan), weighing
the correctness of every statement. It was compared to ‘an equilibrating standard’ (‘iyar
al-mu‘addil) by which the objects of knowledge are weighed.” It was ‘the leader of the
sciences’ or ‘chief science’ (ra’ss al- ‘ulim), the study of which had to come first and was
considered by some scholars as a religious duty obligatory upon every individual (and not
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only upon the community of Muslims) [...]. It was, in a word, ‘the science of knowledge’
('ilm al-"ilm) or “the science of the sciences’ (‘ilm al- ‘'ulam) (ibid., p. 204).

The Andalusian encyclopedic thinker Ibn Hazm (d. 1064) further explains why
logic (manrig, a noun derived from nuzq which literally means ‘speech’) is second-
order knowledge:

The nuzg mentioned in this discipline is not speech (kalam). It is the discernment among
things and the thinking about the sciences and the crafts, business enterprises and the
management of affairs (our emphasis, ibid., pp. 203-204).

Logic is knowledge of second-order because its subject matter is knowledge of
first-order i.e. the rest of scientific and social disciplines. Since logic is first and
foremost knowledge, though of second-order, it has a clear normative aspect, i.e.
its purpose is

to provide all the rules (gawanin) that have the task of setting the intellect straight and of

directing man toward what is right and toward the truth regarding any of the intelligibilia

with respect to which man may possibly err, all the rules that can preserve him from errors
and mistakes with respect to the intelligibilia, and all the rules for checking on the intelli-
gibilia with respect to which one cannot be certain that someone did not err in the past

(Rosenthal 1970, p. 205).

The application of logic is universal and its purpose as we would say today is to
determine valid statements for every domain of objects. The universal aspect of
the normativity of logic with its epistemic character and its epistemological role
has been summarised by al-Ghazali’s (1058-1111) definition of logic: “Logic is
the canon (ganun), providing the rules and norms that is applicable to all human
knowledge and on which all human knowledge rests” (our emphasis, ibid. p. 204).
The formal nature of logic which consists in making explicit the structure of all
scientific and social disciplines is considered by the Arabic tradition as the means
by which knowledge could be unified, as is rightly stressed by Rosenthal:

The history of logical studies in Islam remains to be written. [...] It is clear, however, that
regardless of changes in approach and method, Muslim logicians never lost sight of the
fact that the primary function of their labours was to find out about “knowledge” and to
contribute to a comprehensive epistemology for all aspects of Muslim intellectual en-
deavor, including theology and jurisprudence (ibid., p. 208).

The spirit of establishing rules and procedures for every scientific discipline
which characterises the Arabic tradition explains also why geometry and algebra
have come to be conceived by Arabic mathematicians as calculations (see Rashed
and Heeffer’s contributions respectively). It turns out therefore that ars analytica,
the metamathematical theory which has the task according to Ibn al-Haytham of
providing the method of finding mathematical proofs, is nothing other than
mathematical logic, as Rashed brilliantly explains in section 3 of his chapter.

According to the Arabic understanding, knowledge is useful. Its usefulness lies
in being a guide to action, since it comprises some principles of prediction. From
this point of view, Islamic Law and Arabic Grammar are scientific disciplines;
they fix by means of rules the pattern of the behaviour of both society and its lan-
guage. Such rules act as way signs which are designed to be followed in the fu-
ture. Another striking feature worth mentioning is that s~ or nasw which is the
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Arabic word for grammar shares the same meaning as that of ‘ilm and shari‘a,
since it also means “direction” or “way”; the context in which it was originally
used means “follow this way”.

These aspects of the notion of knowledge in the Arabic tradition are what led it
to overcome one of the main weaknesses of the inherited tradition of Greek sci-
ence: the lack of respect for the notion of experimentation. It is once more the re-
lation between theory and practice which is at stake here and the Arabic scholars
noticed that this feature of their notion of knowledge might lead to new advances
in relation to the stagnant science of the ancient Greek tradition. Ibn Qutaybah,
who is better known as a man of literature and linguistics than as scientist, devotes
a whole book to pre-Islamic astronomy in the introduction of which he declares
his main motivation.

My purpose in everything that | reported here has been to confine myself to what the
Arabs know about these matters and put to use (dlexiui 5 &lld A jall Goai L e jLasi)l),
and to exclude that which is claimed (=) by those non-Arabs who are affiliated with
philosophy (il Y ¢ 5 seiall) and by mathematicians-astronomers (sl Gilaial), The
reason is that | consider the knowledge of the Arabs (<=1l A=) to be knowledge that (1) is
plain to sight (ck=ll JaUall), (2) true when put to test (olaiey) xie 3aall), (3) and useful to
the traveller by land and sea (Lal <SI, 5 Ll JoU @), God says ‘It is He who has
appointed for you the stars, that by them you might be guided in the shadows of land and
sea.” [Qur’an 6:97] (our emphasis and numeration; Ibn Qutaybah 1956, pp. 1-2).

This is in fact more than a mere provocation, it is a strong challenge to those as-
tronomical works which either were translated from or written following the
Greek tradition. What is at stake here is the epistemological status of Greek scien-
tific works: how can we know, let alone be sure, that a given discourse, among the
various discourses concerning the nature of the physical world, is real knowledge
and not merely speculation. These epistemological and related questions concern-
ing the nature of knowledge and its development quickly became the dominant
topic in the Arabic tradition, as Gutas explains:

[Blecause of the spirit of research and analysis it inculcated, different fields of scholarly
endeavour unrelated to the translations gained in sophistication, a plethora of ideas was
available for ready consumption, and the areas covered by the translation literature were
no longer the only ones to impress powerful minds. Intellectual debates of all sorts became
the order of the day and patrons became interested not only in the transmitted knowledge
from the Greeks but in the main problems posed by this knowledge and in the various
ideological challenges to it (Gutas 1998, p. 124).

Giving the status of knowledge in Islamic society, the Arabic tradition has
shifted the focus of research from logos understood as theoretical speculation to
research of a complex notion of knowledge, where philosophy has no privileged
status. According to this view, knowledge is not and cannot be dominated by a
particular profession and surely not by philosophers since it is usually compared to
the depth and magnitude of an ocean the grasp of which goes beyond the capacity
of any one man or any section of the scientific community. By identifying it-
self with knowledge, Islamic civilisation has conceived a distinctive and
global project, of which the translations were only an important first step, for
its intellectuals, whether they are jurists or theologians, poets or writers,
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grammarians or linguists, scientists or artists, philosophers or mystics, are all in-
vited to co-operate in its development. It is in this dynamic and diverse intellectual
life that we have to understand Ibn Qutaybah’s intervention. Though a non-
specialist in science and philosophy, 1bn Qutaybah is not just criticising the Greek
scientific tradition, since he puts forward some concrete proposals to advance the
debate. In the passage mentioned above, Ibn Qutaybah makes three interconnected
suggestions to scientists and philosophers designed to help them check any dis-
course’s claim to advance knowledge:

(1) A scientific discourse should be in the first place intelligible, but what
does it mean for a set of words and inscriptions to be intelligible? Hence the
second suggestion

(2) A discourse concerning nature is intelligible if it can be put to the test. Ac-
cording to this view, a claim such as “a book is made of earth, water, air and fire” is
an absurdity since it cannot be put to the test. The fact that according to this point
of view intelligibility assumes the possibility of testing suggests that the Arabic tra-
dition would reject the thesis of incommensurability. This applies in particular to Ibn
al-Haytham critique of Ptolemy’s Almagest, discussed by Tahiri’s chapter in this
volume and in the first chapter of Rashed’s latest volume of Mathématiques Infini-
tésimales du IX® au XI° siécle.”® Relevant to our discussion is Rashed’s discussion
of the semantical changes brought about in the traditional conceptual apparatus by
Ibn al-Haytham’s attempt to elaborate an entirely new astronomical theory. We
have here a concrete historical case of a scientific discipline going through the
first critical transition of its evolution where semantical change goes hand in hand
with theory change. More precisely, and contrary to what the sociological doctrine
wants us to believe, the emergence of the new theory assumed the intelligibility
of the old theory—an intelligibility which was tested as the subject of scientific
controversies. It is, one might claim, within the dialogue triggered by scientific con-
troversies that the semantical changes take place. In our example the point at issue
is the notion of falak, that was used by Arabic astronomers to translate the central
concept of Greek astronomy orb which refers to the spherical bodies that cause the
motion of the planets. In his Configuration of the Movements of each of the Seven
Wandering Stars, however, Ibn al-Haytham is led to change its meaning to have
the sense “the apparent path of a particular star in the sky ... without referring to
the spherical bodies” (Rashed 2006, p. 44). This is the Arabic meaning of falak al-
ready strongly defended by Ibn Qutaybah. In his Adab al-katib or Education of the
Secretary, he explains that falak means the “orbit (madar) of the stars with which
they are associated leaas s asaill e i) 5” (Ibn Qutaybah 1988, p. 69).°° It
seems thus that Ibn al-Haytham reinstates the original meaning of the Arabic
word. It can be fairly assumed that Ibn al-Haytham should have been aware of the
tension between Arabic and Greek approaches to astronomy since it was widely
known (it was explicitly reported for example by one of his predecessors al-Safi
(903-986) in his Kitab Suwar al-kawakib or the Book of Constellations). It re-
mains to be determined whether 1bn al-Haytham was specifically aware of Ibn
Qutaybah’s philological arguments. It turns out that before 1bn al-Haytham, 1bn
Qutaybah was one of the earliest leading critics of Greek astronomy strongly
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expressing his deep dissatisfaction with the way astronomical research was con-
ducted. Anyway in fact it is Ibn al-Haytham, more than anyone else, who seems
finally to satisfy Ibn Qutaybah’s requirements. Ibn al-Haytham’s powerful works
signal a major breakthrough in scientific practice since they show that the intense
theoretical researches undertaken from the beginning of the translation movement
have finally begun to bear fruit. This is one of the first major breakthroughs in the
history of science in relation to the influence and heritage of Greek science. We
would liked to call it a revolution in the proper sense of the word since this is what
actually happened; the Arabic tradition has indeed turned Greek scientific practice
upside down."

The onslaught on Greek scientific claims gathers momentum by spreading to
other scientific disciplines like medicine. Ibn Masawayh (d. 857), a personal phy-
sician to the caliphal court®, seems to have learned lbn Qutyabah’s lesson. He
wanted effectively to put to the test Galen’s medical claims by dissecting his son,
and would have, had the caliph not intervened to prevent him from doing so, as he
complains in the following passage:

Had it not been for the meddling of the ruler and his interference in what does not concern
him, I would have dissected alive this son of mine, just as Galen used to dissect men and
monkeys. As a result of dissecting him, | would thus come to know the reasons for his
stupidity, rid the world of his kind, and produce knowledge for people by means of what |
would write in a book: the way in which his body is composed, and the course of his arter-
ies, veins, and nerves. But the ruler prohibits this (our emphasis).

Ibn Masawayh’s story®®, reminiscent of Abraham’s sacrifice, illustrates how the
son was offered up as a sacrifice to scientific knowledge (a sacrifice prevented not
by the intervention of the Divinity but of the ruler). It seems to us that Ibn Masa-
wayh’s statement expresses too the attitude of the whole Arabic scientific practice
towards the Greek scientific and philosophical discourse which is held not to be
truth, but rather claims needing carefully checking and systematic testing. Dissect-
ing the Greek logos with the aim of producing knowledge is the hallmark of the
period of the translation movement which reaches its climax in the eleventh cen-
tury when Ptolemy’s optical theory was overthrown by lbn al-Haytham’s al-
Manazir (or Optics) and his Almagest was completely discredited by al-Shukik.

Ibn Qutaybah’s second suggestion actually involves two powerful incentives
for the progress of science. The first is a heuristic one directing theoretical re-
search to subjects where testing claims and counterclaims is possible. The second
is methodological: scientists are prompted to devise adequate methods and instru-
ments to test their hypotheses. The underlying idea is that the refutation of an
opponent’s claims should not be purely rhetorical. Real arguments and counterargu-
ments should be fully substantiated and systematically backed by hard evidence.?
Understanding what is said and making sure of its truth-value by systematically test-
ing its content are two heuristic suggestions designed to check the claim of a dis-
course to knowledge. The second suggestion announces in fact the third since the
link between knowledge and testing involves some form of twofold action: the ac-
tion of testing and the result of a knowledge aimed to improve a given practice.

(3) 1bn Qutaybah’s last point, which he further supports with a verse from the
Qur’an, that the Arabic astronomical knowledge is “useful to the traveller by land
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and sea” remarkably confirms Rosenthal’s insight into the pragmatical root of the
Arabic understanding of knowledge. The crux of Ibn Qutaybah’s point is that the
truth of any theory must be reflected in its ability to trigger some practical benefits
at some stage of its development. Furthermore, by requiring that a physical theory
be of practical benefit, Ibn Qutaybah puts a strong pressure on scientists and phi-
losophers to justify the huge resources devoted to theoretical research. They have
to show in particular that their inquiries are not simply a waste of time and money
but that they are relevant to the needs of society yielding tangible results. It ap-
pears thus that 1bn Qutaybah’s third suggestion is the ultimate test for any dis-
course on nature since any acquired knowledge must yield sooner or later some
concrete results. The point actually at stake is the relation between theory and
praxis which in the Arabic tradition seems to involve a non-vicious circle known
nowadays as internal pragmatism: theory should improve practice and practice
should improve theory. This explains why the Arabic tradition closely binds the-
ory to experience. We have witnessed in this period an unprecedented surge of in-
terest in all kinds of empirical science. Contrary to the stagnant heritage of Greek
culture which failed to see the role of practice in shaping scientific theories, the
Arabic tradition cultivated the modern way of doing science by developing theo-
retical scientific branches, like mathematics for example, for their own sake and at
the same time putting them at the service of empirical sciences (actually Ardeshir’s
chapter indicates that Ibn Sina makes what seems to be the first clear distinction in
history between pure and applied mathematics). Geometry was masterfully used in
agriculture and architecture®’; algebraic techniques were conceived to assist Is-
lamic laws and to stimulate trade by facilitating commercial transactions; astron-
omy was developed to respond to religious and other practical needs giving rise to
the emergence of practical astronomy: many observatories were built for more ac-
curacy and lasting observations; hospitals were set up to benefit from and to direct
medical researches; and so on. Put briefly, science has never been in action as it
was in the Arabic tradition, a result of closely tightening theory and practice. As
was rightly remarked by Rosenthal, the close combination of ale (‘ilm) and Jee
(‘amal, the Arabic word for action) is effectively and definitely crystallized in the
Muslim mind by the Arabic language due to the similarity of the two words in
sound and meaning, to the extent that it becomes unthinkable to conceive knowl-
edge without corresponding actions as is articulated by Ibn Qutaybah: “if there
were no action, one would not search for knowledge, and if there were no
knowledge, one would not search for action alall Gl ol Jaall W5l 5 Janll Callah o
A=l ¥ 5 (lon Qutaybah 1986, Il p. 141). The nature of the relationship between
knowledge and action is further studied by al-Ghazali for whom knowledge is the
form of action or as we would say today the construction of a procedure since “ac-
tion can take form only through knowledge of the manner in which the action can
be undertaken” (Mizan, p. 328). It is thus not surprising that the ability to match
science with action is the basic skill inculcated in the education of future civil ser-
vants of the empire by the influential writer Ibn Qutaybah whose Education of the
Secretary was offered to Ibn Khagan, a senior Secretary of State.

In addition to my works [which provide linguistic, literary, and religious training], it is in-
dispensable for the [secretary] to study geometrical figures for the measurement of land in
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order that he can recognize a right, an acute, and an obtuse triangle and the heights of tri-
angles, the different sorts of quadrangles, arcs and the other circular figures, and perpen-
dicular lines, and in order that he can test his knowledge in practice on the ground and not
on the survey-registers U & ¥ Gua V1 8 Jeally 438 e onie 5, for knowledge [of the
external world] stemming from practical experience is nothing like theorising about it by
contemplation caedlS Gl 35 ¢8, The Persians [i.e. the Sasanians] used to say that he
who does not know the following would be deficient in his formation as state secretary: he
who does not know the principles of irrigation, opening access-canals to waterways and
stopping breaches; [measuring] the varying length of days, the revolution of the sun, the
rising-points [on the horizon] of the stars, and the phases of the moon and its influence;
[assessing] the standards of measure; surveying in terms of triangles, quadrangles, and
polygons of various angles; constructing arched stone bridges, other kinds of bridges,
sweeps with buckets, and noria waterwheels on waterways; the nature of the instruments
used by artisans and craftsmen; and the details of accounting (our emphasis, Ibn Qutaybah
1988, | p. 15).

The underlying idea is that a purely descriptive theory has less value if its
assertions cannot be translated into practice, since the aim of science is not to
describe nature—which is the Greek way of inquiring (through logos)—but to
produce knowledge by effectively acting upon it. It is this outstanding insight
which led the Arabic tradition to ignore the sharp demarcation lines drawn by the
Greek imagination that keep the various scientific disciplines apart. But the practi-
cal benefit goes beyond the material aspect of theoretical research. The usefulness
of a scientific theory should nevertheless be understood in a wider sense, includ-
ing the possible application of its concepts and forms of reasoning to another theo-
retical, empirical or even social discipline. Logical concepts were fruitfully used
in Grammar and the analysis of the Arabic language, logical rules were applied to
legal reasoning, Ophthalmology was fully and definitely integrated into Optical
studies, Algebra was closely developed in conjunction with Geometry, Arithmetic
was effectively applied to Algebra, and so forth. Was this interdisciplinary ap-
proach a happy coincidence or something which was carefully worked out? One of
the remarkable features of many Arabic and Islamic intellectuals is the encyclope-
dic nature of their formation, which was sustained throughout the classical Islamic
era from al-Kindi to Maimonides, to refer just to those major figures who are
known to the western historians (see Rashed’s chapter). Gutas has rightly empha-
sised the crucial role played by the encyclopedic formation in al-Kindi’s primary
objective

It is important, first of all, to keep in mind that al-Kindi was not a philosopher in the sense
that he was only or primarily a philosopher. He was a polymath in the translated sciences
and as such very much a product of his age. He wrote on all the sciences mentioned
above: astrology, astronomy, arithmetic, geometry, medicine. This broad and synoptic
view of all sciences, along with the spirit of encyclopedism fostered by the translation
movement for the half century before his time, led him to develop a research program
whose aim was to acquire and complete the sciences that were transmitted from the an-
cients (our emphasis, Gutas pp. 119-120).

The underlying idea of encyclopedism is that science is conceived as a whole or
unity and not as a mere collection of scientific disciplines which have nothing to
do with each other, and the cross-fertilisation of the various scientific branches is
the means by which the whole body of knowledge can make further and sustained
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development. Al-Kindi’s answer to the fundamental task that he sets himself inau-
gurates a new and fruitful approach to science. By seeking the progress of knowl-
edge through the cross-fertilisation of scientific disciplines, the first Arabic phi-
losopher introduces a major shift in the role of the philosopher; his path was
closely followed by all his successors. Indeed al-Kindi’s successors have further
specified that logic, as explained above, is the knowledge which could unify all
knowledge. Strikingly, we have to wait until the twentieth century to see the very
same idea explicitly expressed by Otto Neurath?:

Encyclopedism based on logical empirism was the general historical background which
underlay the proposal of an international encyclopedia of unified science. The general
purpose of the International Encyclopedia of the Unified Science is to bring together mate-
rial pertaining to the scientific enterprise as whole. [...] The collaborators and organizers
of this work are concerned with the analysis of sciences, and with the sense in which sci-
ence forms a unified encyclopedical whole. The new Encyclopedia so aims to integrate the
scientific disciplines, so to unify them, so to dovetail them together, that advances in one
will bring about advances in the others (Neurath 1938, p. 24).

That is what all the chapters of the present volume have in common: they il-
lustrate the idea of the unity of science in the Arabic tradition by exposing the
connection, established by Arabic scientists and philosophers, between different
scientific disciplines that contributed to the growth of knowledge. Bearing in mind
that this is preliminary, a sample of the way in which interdisciplinary scientific
exchanges were constantly sought and systematically practised throughout the
classical Islamic period, we hope that our volume will inaugurate a new and fruit-
ful approach to the study of the Arabic tradition. Furthermore, in our view, the
aim of this volume coincides with the general aims and motivation of the whole se-
ries, Logic, Epistemology and the Unity of Science. One can even see the research
project of the encylopedists as a resumption of an old research programme that goes
back to the first Arabic philosopher. But this is to embark on another story.

The book is divided into two parts, the first on Epistemology and Philosophy of
Science and the second on Logic, Philosophy and Grammar. Ibn Sina receives the
lion’s share in both parts. This is hardly surprising given the great interest in Ibn
Sina’s philosophy due to the wide availability of his philosophical and scientific
writings and to both the originality of his thought and his encyclopedic approach
to knowledge. Scholars and historians have come to recognise 1bn Sina’s works as
a watershed in the history of Arabic science and philosophy. As more Arabic phi-
losophical and scientific documents become available, it can be expected that in
the coming years we will witness new research on other major Arabic-Islamic
thinkers with a similarly thorough and in-depth investigation as that on Ibn Sina.

6 Overview

As already mentioned, Part | contains papers which focus on the connection
between, epistemology and science. In the first chapter of this part Mohammad
Ardeshir discusses the question of the foundation of mathematics underlying Ibn
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Sina’s philosophy: what and where are mathematical objects? From the analysis of
the role of abstraction in the emergence of some fundamental concepts such as
existence, object and unity, Ardeshir concludes that for Ibn Sina mathematical
objects are those that have mental existence. In relation to epistemology of
mathematics Ardeshir discusses Ibn Sina’s answer to the question: how can we
know mathematical objects? Ardeshir explains that for lbn Sina intuition and
thinking involved respectively in the discovery of mathematical propositions and
the construction of mathematical proofs are eventually the means by which
mathematical knowledge is attained.

Deborah Black’s chapter goes a step further in investigating 1bn Sina’s episte-
mology by tackling the difficult question of self-knowledge. The question now is
not how we know mathematical objects, for example, but how we know that we
know mathematical objects? To deal with the complex problem of self-
knowledge, Ibn Sina adopts a new way of reasoning that we nowadays call
thought experiment. Black explains that l1bn Sina recognises two distinct levels of
self-knowledge. (1) Primitive self-awareness: soul’s awareness of itself and (2) re-
flexive self-awareness, which comes from our awareness of cognizing some object
other than ourselves. But for Ibn Sina, the latter is a kind of second-order knowl-
edge and it presupposes primitive self-awareness which ensures the unity of the
soul’s operations. Black presents Ibn Sina’s flying-man-argument—an argument
which might be considered one of the earliest uses of a mental experiment—in or-
der to discuss the relation of self-awareness to the other reflexive varieties of self-
knowledge. The paper could be seen as Ibn Sina’s answer to some of the questions
that Hans van Ditmarsch explores in his contribution on Ibn Khaldtin.

Albrecht Heeffer’s contribution challenges the prevailing myth according to
which “European mathematics is rooted in Euclidean geometry”. This view, culti-
vated and sustained by modern historians of mathematics, was influenced by the
growing epistemological dominance of the Euclidean ideal doctrine from the sev-
enteenth century onwards. “Mathematics consists entirely of calculations” seems
to be the conclusion drawn by Wittgenstein following the collapse of Hilbert’s ap-
rioristic programme. Ironically, Heeffer finds that this image of mathematics as
procedures performed on the abacus fits in very well with the pre-seventeenth cen-
tury conception of mathematical knowledge. He shows how the practice of alge-
braic problem-solving within the abacus tradition, which leads to the emergence of
symbolic algebra, grew out of Arabic sources. Indeed early Arabic algebra provides
rules and procedures for solving problems and the validity of the rules was accepted
on the basis of their performance in problem-solving. The prime motivation of Heef-
fer’s analysis of the basic concepts of early Arabic algebra is to provide an explica-
tion of the epistemic foundations of the conception of mathematics-as-calculation
developed in the Arab world. It is interesting that the fact that the conception of
mathematics-as-calculation is not confined to algebra but seems to be part of a
unifying approach to the practice of mathematics, since it is also applied to ge-
ometry (see Roshdi Rashed’s contribution, third section).

In his Ibn Sina’s naturalized epistemology, Jon McGinnis reveals the dynamic
aspects of the author of al-Shifa’s epistemology as it applies to empirical sciences.
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McGinnis focuses on the study of Kitab al-Burhan which has attracted little atten-
tion so far from scholars and in which Ibn Sina exposes what can be called his
theory of the logic of scientific discovery. The study is divided into two sections.
The first treats Ibn Sina’s theory of demonstrative knowledge, and how Ibn Sina
envisions the relation between logic and empirical science, where it is argued that
one of the primary functions of Kitab al-Burhan is to provide heuristic aids to the
scientist in his causal investigation of the world. The second half concerns Ibn
Sina’s empirical attitude in Kitab al-Burhan towards acquiring the first principles
of a science, where such cognitive processes as abstraction, induction and meth-
odic experience are considered. McGinnis discusses Ibn Sina’s scepticism towards
empirical induction and Ibn Sina’s preference for methodic experience (tajriba).
Methodic experience, explains Mc Ginnis, is a type of reasoning that applies to
empirical science and admits the need of revision when new empirical data be-
come available. According to McGinnis’ chapter, it turns out that the kind of logic
suitable for the formalisation of empirical sciences intended by Ibn Sina is not de-
ductive logic but something that we would nowadays call some kind of non-
monotonic and/or ceteris paribus reasoning.

Roshdi Rashed’s chapter tackles the following crucial question: is there a phi-
losophy of mathematics in classical Islam? If so, what are the conditions and
scope of its presence? To answer these questions, it is not sufficient, he points out
to present the philosophical views on mathematics; rather, one should examine the
interactions between mathematics and theoretical philosophy. Rashed’s chapter
proposes to tackle the question in a new and unexplored way and that bears on the
main conceptual target of our volume, namely: the unity of science in the Arabic
tradition. Indeed, as remarked by our author, the links between mathematics and
philosophy are sometimes tackled in the works of the philosophers of Islam as al-
Kindi, al-Farabi, Ibn Sina, etc.; but in a so-to-say totally external way. In fact,
there is a notable absence of studies aimed at understanding the repercussions of
the mathematical knowledge of the thinkers of classical Islam on their philoso-
phies, or discussing the impact on their own philosophical doctrines of their ac-
tivities as scientists. Rashed argues that Mathematics has provided theoretical
philosophy some of its central themes, methods of exposition and techniques of
argumentation. The aim of Rashed’s chapter is to study some of the numerous in-
teractions between mathematics and philosophy, in the context of tackling the
question of the philosophy of mathematics in classical Islam. More precisely,
some of the themes discussed in this rich paper are mathematics as a model for
philosophical activity (al-Kindi, Maimonides), mathematics in philosophical syn-
theses (Ibn Sina, Nasir al-Din al-Tasi), and finally the constitution of ars analytica
(Thabit ibn Qurra, Ibn Sinan, al-Sijzi, Ibn al-Haytham). From the point of view of
logic, this remarkable paper can be also understood as complementing the studies
of Ahmed, Schiéck and Thom all of whom study the interactions between logic,
grammar and metaphysics but do not tackle the interaction between logic and
mathematics.

Hassan Tahiri’s chapter stresses the epistemological consequences of Ibn al-
Haythyam’s al-Shukzk. The author presents Ibn al-Haythyam’s systematic refuta-
tion of Ptolemy’s Almagest as paradigmatic for the creative attitude of the Arabic
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Tradition towards the heritage of Greek science. Contrary to his Optics, Tahiri ex-
plains, al-Shukik is not only a book of science but a book about science, since it is
motivated by epistemological considerations designed to break the deadlock
caused by the Ptolemaic exposition of science. Tahiri’s main contribution is that
his study bridges the assumed historical gap between ancient and modern science
by emphasising on the huge impact of al-Shukizk on later astronomical researches
up to Copernicus. This historical fact challenges the basis of the received view
according to which Copernicus’ Revolutionibus was the starting point of the scien-
tific revolution. It should, according to Tahiri, prompt historians to revise the pre-
vailing periodisation of the history of science. One remarkable point in Tahiri’s
chapter is his perspective on controversies that offers a new way to understand the
relation between logic, epistemology and the role of the Arabic tradition. The
point suggested by Tahiri is that through controversies, particularly in relation to
the heritage of Greek science, the Arabic tradition expressed one of its most im-
portant achievements: the development of countermodels to the stagnant model of
ancient Greek science which therefore motivated the impulse to unexplored new
paths of scientific inquiry.

Part 11 is composed of papers which exhibit the connection between logic, phi-
losophy and grammar, and starts with a paper of Asad Ahmed on the dichotomy
jiha-madda in the work of Ibn Sina as compared with the Greek version tropos-
hale. The chapter begins with the study of the word (tropos) in Aristotle, and
shows how it became a technical term for the Commentators; how, as part of ei-
dos, it came to be dichotomous with hile; how the eidos-hilé and tropos-hilée
dichotomy was known to al-Farabt; how Ibn Sina inherited this dichotomy; and
finally, what role this dichotomy, along with several associated concepts, had to
play in Ibn Sina’s modal logic. According to Ahmed, the dichotomy jiha-madda
seems to have become a determining factor for Ibn Sina’s conversion rules of mo-
dal propositions and thus plays a central role in his modal syllogistic. Moreover,
the author suggests that this distinction is at the base of the distinction between
unconditioned and conditioned necessity expressed by the doublet dhati/wasfr.
While this chapter explores a possible philological basis for these distinctions.
Cornelia Schick and Paul Thom’s contributions to our volume explore possible
grammatical and metaphysical bases.

Allan Béck chooses, in his chapter, to deal with the epistemological implication
of a socio-cultural phenomenon which pervades our modern societies: multicul-
turalism. According to the author, the fact of the matter is that the emergence of
the multiculturalism doctrine or at least its current surge can be seen as sympto-
matic of the abandonment of the flawed systematic philosophical approach, either
to the foundation of science or to the explanation of its development, following the
epistemological triumph of the historical-sociological approach to science. The au-
thor explains what is wrong with the current understanding of multiculturalism
which, according to the view of Béck, is related to the politically correct exer-
cise reflecting the balance of power of the various conflicting social forces rather
than to a position of principle. The Arabic-Islamic tradition offers another ap-
proach to multiculturalism based on the principle of diversity which succeeded in
producing a more tolerant society in which different communities lived together
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side by side according to their own customs and beliefs but without degenerating
into a kind of relativism that serves as a justification for the “equal validity of all
cultures.” The search for a certain form of unity or objectivity in the extant diver-
sity seems to be the hallmark of the Arabic-Islamic tradition. Islamic Logic? is de-
signed to show how this approach is actually implemented in logical studies and
more precisely in the investigation conducted by some Arabic-Islamic thinkers
into the relationship between Greek logic and the Arabic language. It might be
worth mentioning that the author of this contribution begins by discussing a moti-
vation and invitation letter penned by Shahid Rahman. It should be pointed out
that Rahman’s aim was to avoid contributions where the main argument is to show
that: Arabic author X wrote the same as the nowadays author Y of the European
(and modern) tradition. It is interesting that Back’s chapter brings out what the
editors were seeking: a new alternative concept to our modern notion of multicul-
turalism based in the study of the Arabic tradition.

Hans van Ditmarsch’s contribution relates to the work of Ibn Khaldan who was
a fourteenth century historiographer. From a family originating in Seville prior to
its conquest (“reconquest™) by the king of Castille, Ibn Khaldan lived an itinerant
life serving as a magistrate for Spanish and Moroccan Islamic courts. He is well
known in History, but his epistemological and logical writings have not yet cap-
tured the attention of the specialists in the field. The unfortunate loss of Ibn
Khaldan’s book on logic is a major impediment to the study of his thought on
these issues. Hans van Ditmarsch, an international expert in dynamic epistemic
logic, explores those fragments of Ibn Khaldain’s Prolegomena, the Mugaddimah.
More precisely, the hypothesis van Ditmarsch tries to confirm or reject is whether
Ibn Khaldiin considered the three properties of knowledge as formalized in the
logic S5: truthfulness, positive introspection, and negative introspection. In a re-
cent publication of the author—not accidentally—entitled ‘Prolegomena’, he re-
fers to the existence of text fragments that suggest that the answer to that tripartite
question is: yes, yes, no. The two relevant parts in Ibn Khaldin’s Prolegomena
studied by van Ditmarsch are the chapters ‘on reflection’, and ‘on the nature of
human and angelic knowledge’ in volume 2 (426-430 and 433-435), and a chap-
ter “logic” in volume 3 (149-160). The author summarises these notions as fol-
lows. Reflection is the faculty that distinguishes humans from animals, who only
possess the faculty of perception. Reflection provides proof of the existence of the
human soul, because it allows us to know things that are not directly observed.
Reflection also allows us to interact with the sphere of angels. The power of re-
flection can be measured as the maximum length of a cause-effect chain: “some
people can still follow a series of five or six”, and as the ability to avoid actions
that result in unpleasant consequences. (The remark on the power of reflections
suggests for the modern modal logician transitivity of the knowledge operator.) It
is tempting to see such reflection on acquired knowledge as a form of introspec-
tion in the modern epistemic logical sense. It is then comforting for a modal logi-
cian to learn that awareness of knowledge provides proof of the existence of the
soul. That knowledge of something corresponds to its being true seems also easily
read into various phrases. The author did not find a reference to negative intro-
spection. It is worth recalling, however, that in the epigraph on the introduction
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of our volume it has been stated that the awareness of not knowing is considered
to be in the Arabic tradition a condition of learning. Certainly this is a weaker
statement than negative introspection that requires that for any proposition p if we
do not know p, then we know that we do not know it.

The contribution of Ahmad Hasnawi is intended to shed new light on the little
known but complex issue of the treatment of the quantification of the predicate
by Ibn Sina, and contains the first translation made of two chapters of Al-
‘Ibara—the third book of the logical collection of his philosophical encyclopedia
entitled al-Shifa” (The Cure). Ahmad Hasnawi’s chapter can be seen as a response
to Wilfrid Hodge’s forthcoming “Ibn Sina’s Al- ‘Ibara on multiple quantification:
how East and West saw the issues” (presented at the Cambridge colloquium on
Aristotle’s Peri Hermeneias in 2005). Among the points discussed by Hodges, we
mention in particular the reduction of the sixteen doubly quantified sentences gen-
erated by the adjunction of the four quantifiers (every, not any, some and not
every) to the subject-predicate sentences. Unlike Ammonius and Taran, Hodges
points out that Ibn Sina succeeded in halving the list by “noting that if we replace
the subject determiner in one of these sentences by its contradictory, then we get a
sentence that is true if and only if the original sentence was false.” For Hodges
then, this is not a rule because Ibn Sina fails further to halve the resulting list. Ac-
cording to Hodges, the real rule applied by Ibn Sina, what prevented him from
conducting, the second reduction is stated much later. Hodges formulates it as fol-
lows: “In a sentence with a determined predicate, take the predicate as a whole,
including the determiner, and regard it as a single universal”. This is a claim chal-
lenged by Ahmad Hasnawi’s chapter. First of all, he reminds the reader that Ibn
Sina broadened the study of the quantification of the predicate by systematically
discussing the significance and logical status of singular and indefinite sentences.
On the question of double quantification, Hasnawi argues that what Hodges con-
siders as a mere observation, which allows lbn Sina to halve the list of sixteen
doubly quantified sentences, is in fact a rule since it follows a systematic proce-
dure. And contrary to Hodges’ claim, Hasnawi mentions a passage where Ibn Sina
states the equivalence of two sentences of the reduced list indicating that he was
aware of the possibility of reducing further the remaining eight sentences. This
evidence suggests, according to Hasnawi, that Ibn Sina seems to be more inter-
ested in the systematic explanation of the quantification of the predicate, designed
to interpret the logic of doubly quantified sentences on the model of the sentences
with an indefinite predicate (S is not-P), than with the systematic reduction of
doubly quantified sentences. More significantly, Ibn Sina calls “deviating” propo-
sitions such propositions where the predicate is quantified because, according to
Ibn Sina, they do not correspond to the common use of language. That is why Ibn
Sina declares that “there is no great utility in studying them in depth” since they
have little application. This, according to Hasnawi’s Appendix I, also explains
why Ibn Sina’s successors seem to follow his advice by generally ignoring deviat-
ing propositions in their logical studies. This is an important point missed out by
Hodges, since his paper gives the misleading impression that Ibn Sina’s treat-
ment of the quantification of the predicate is representative of the entire eastern
tradition.
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Cornelia Schock tackles the issue of the relationship between Neoplatonic and
Peripatetic metaphysics and logic on one hand and Arabic grammar on the other
hand. She first reminds the reader of the little known fact that this relationship has
its roots in a much older dispute between the grammarians and the theologians
(mutakallimzn) in relation to the meaning of the “derived name” (ism mushtaqq).
By broadening the perspective of her investigation, Schiock seeks to explain the
origin of the distinction between the understanding of predications ‘with regard
to essence/essentially’ (dhat) and ‘with regard to description/descriptionally’
(wasfi). The first is derived from a technical term of Aristotelian logic, namely the
logical term *“essence”, and the second comes from Arabic grammar. On the basis
of the grammatical distinction of the Arabic notion of “derivation” (ishtigaq),
Schéck shows how Ibn Sina’s logico-linguistic analysis arrived at his famous two
types of use of the “derived’ (mushtaqq) in language. Schdck explains that accord-
ing to Ibn Sina “the derived” (al-mushtaqq)—namely “[the name of] the agent”
([ism] al-fa il) and “the description/attribute which is similar to [the name of] the
agent” (al-sifa al-mushabbaha bi-1-fa ‘i) (cf. above § 4)—can be used in language
to indicate five different meanings, namely:

[1.] It can stand “‘with regard to essence/essentially’ (dhati) to indicate:

[1.a] an essence and a quiddity to which is attributed an essential potency
and quality, as for example ‘rational’ (natiqg) in the statement “All rational
have the power of volition’;

[1.b] an essence and a quiddity to which is attributed a passive-potency
(quwwa) to be in a state (kal) of being and to be in a contrary state of be-
ing, as for example ‘moving’ (muta/arrik) in the statement ‘All moving are
resting’;

[1.c] an essence and a quiddity to which is attributed an active-potency
(quwwa/qudra) for an action (fil/ ‘amal) and for a contrary action, as for
example ‘speaking’ (nariq) in the statement “all speaking are keeping quiet’
or as for example ‘standing’ (gqa’im) in the statement ‘all standing are sit-
ting’.

[2.] It can stand ‘with regard to description/descriptionally’ (wasfi) to indicate:

[2.a] an essence and a quiddity to which is attributed a quality (kayfiyya) by
which the substance is in a state (4al) of being, as for example ‘moving’
(mutaharrik) in the statement ‘All moving are changing [when moving]’;

[2.b] an essence and a quiddity to which is attributed a quality (kayfiyya)
by which the substance is connected (mugtarin) (cf. above § 6) and re-
lated (mudaf) (cf. below § 8) to an acting/doing (fi 'l/fa‘l/ amal), as for
example ‘walking” (mashin) in the statement ‘All walking are changing
[when walking]’.

One of the most significant products of this process of mutual rapprochement
between grammar and logic, the author points out, is the synthesis of the Aristote-
lian accidental predication with the Arabic ‘description’ (wasf). This explains why
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statements of empirical sciences belong to the wasfi—reading in which the neces-
sary relation between the two terms is restricted to the time of the duration of the
attachment of an accident to the essence and substance denoted by the subject-
term. This is the time when the essence and substance is described as either being
in a certain state (kal) or as performing an action (fi I/ ‘amal). Schock further ex-
amines the metaphysical implications of the dhati/wasfr distinction. She argues
that the latter is not only basic for Ibn Sina’s modal syllogistic and epistemology,
but also for al-Ghazali’s semantical-logical explanation of the names of God. The
modern philosopher of logic might learn form Ahmed’s, Schick’s and Thom’s
contributions that the distinction between definite descriptions and proper names
might have a long and fascinating history.

Paul Thom’s contribution starts where Schock’s contribution ends, namely with
the investigation of the relationship between logic and metaphysics in Ibn Sina’s
modal syllogistic and therefore completes the logical and grammatical researches
of Ahmed and Schéck. Thom points out that Ibn Sina, unlike Aristotle, states
truth-conditions for the propositions that constitute his modal syllogistic. Ibn
Sina’s characterisation of the subject of an absolute or modal proposition as stand-
ing for whatever it applies to, “be it so qualified in a mental assumption or in ex-
ternal existence, and be it so qualified always or not always, in just any manner”,
leaves open two ways to construe the propositions, namely de re and de dicto,
Thom points out that Ibn Sina’s formulation self-consciously rejects the idea that
the subject-term of an absolute or modal proposition applies only to what actually
exists. Recent discussions of Ibn Sina’s modal syllogistic have adopted a simple
de re reading of Ibn Sina’s dhatr propositions, and have therefore either ignored or
rejected the possibility of metaphysical applications for his modal theory. Thom
contests this interpretation and identifies a class of metaphysical propositions
(such as those in which the predicate is constitutive of the subject) which do not
exhibit a simple de re form but involve both de dicto and de re elements. Interest-
ingly, his attempt of interpreting Ibn Sina’s dhati propositions that incorporate a
de dicto element shows that the combined de dicto/de re analysis gives a more ac-
curate formal representation of Ibn Sina’s modal syllogistic than does the simple
de re analysis. Besides its application in metaphysics, Thom provides theoretical
reasons for preferring it over the simple de re analysis.
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Notes

1. Although this fundamental feature of scientific practice in the Arabic tradition has yet to at-
tract the attention of many scholars and historians, we nevertheless find that the spirit of con-
tinuous research and the close co-operation between Arabic and Islamic intellectuals are best
illustrated by the work of a series of astronomers and mathematicians of the thirteenth and
the fourteenth centuries. They are called the Maragha School because they worked in close
collaboration at the observatory of Maragha (situated in north-western Iran) on a specific as-
tronomical research project which was clearly defined in the eleventh century by lbn al-
Haytham in his landmark al-Shukak (for more details, see Tahiri’s paper).

2. One of the fruitful direct contacts between the Arabs and the Chinese was the introduction of
paper-making technology into the Islamic world in the early eighth century, a technological
revolution that made obsolete all other writing materials. The rapid uptake of paper in writ-
ing leads to the unprecedented spread of knowledge. Jonathan Bloom devotes a whole book
to the worldwide phenomenon created by the emergence of the paper industry. By discussing
the social and scientific impact of paper, he shows “how its use in the Islamic lands during
the Middle Ages influenced almost every aspect of medieval life, [...] how paper utterly
transformed the passing of knowledge and served as a bridge between cultures” (Bloom
2001).

3. Gutas is referring here to a number of scientists (mainly algebraists and astronomers) such as
al-Khwarizmi, Yahya ibn AbT Mansar and Bana Musa.

4. Gutas’ claim seems to be challenged by Rashed’s recent study of al-Kindi’s works, see fn. 5.

P. 150.

One could assume that al-Kindi was speaking here as if he was, at least implicitly, the direc-

tor of the programme of bayt al-zikma for three reasons: (1) according to Rashed, “le caliphe

al-Ma’man se I’attacha et I’intégra a la “Maison de la sagesse”, bayt al-hikma, qu’il avait
fondée; [...] il avait d’ailleurs été chargé par al-Ma’mun de contrdler les traductions faites au
bayt al-zikma et d’en améliorer I’arabe.” (Rashed 1998, p. v); (2) he had the strong support
of the ruling power because of his close ties with the caliph al-Ma’mun and his successor al-

Mu‘tasim (833-842). The latter had appointed him as tutor of his son Ahmad and was the

addressee of a number of his epistles including On First Philosophy. (Gutas 1998, p. 123,

Rashed et Jolivet 1998, p. v); (3) he tries to implement effectively his programme by gather-

ing around him a circle of scientists and collaborators (Gutas, p. 119; Rashed 1998, p. v).

Rashed adds: “de nombreux thémes et concepts élaborés chez les Grecs ont été choisis et re-

pensés par al-Kindi, intégrés a I’ceuvre originale qu’il a lui-méme construite.”

7. On the distinctive relation that binds the Arabic people to their language, the arabicist Nadia
Anghelescu writes in the first chapter of her Langage et culture dans la civilisation arabe:

o u

Le seul prodige que [the prophet] Muhammad revendique comme signe de son investi-
ture divine c’est le Qur’an, dont la perfection sur le plan de I’expression défie toute
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imitation. “Pour I’lslam—note Louis Massignon—Ile miracle est verbal, c’est I’i jaz
coranique ; la chose essentielle en Islam, c’est la langue arabe du Qur’an, miracle
linguistique™”. Personne ne réussira a atteindre la perfection de ce monument de
langue—ce que proclama Muhammad lui-méme, en lancant a ses coreligionnaires un
défi par dela les siécles—, mais tous s’efforcent d’imiter son vocabulaire, son style, ses
procédés rhétoriques. La culture arabe tout entiére est marquée par cette démarche de
la ‘beauté” de I’expression, par le haut prix que I’on attache a la forme, a la sonorité, a
I’emphase, décelables méme chez ceux qui ne maniaient pas la langue arabe littéraire.
Jusqu’a nos jours, cette magie du verbe continue a s’exercer méme sur un public moins
cultivé ou illettré. Le célebre historien des Arabes, P. K. Hitti, fait mention lui aussi de
I’extraordinaire force de la parole dans I’espace arabe : “Aucun peuple du monde,
probablement, n’est tellement saisi d’admiration devant I’expression littéraire et n’est
tellement impressionné par le mot prononcé ou écrit comme le sont les Arabes. Il est
presque inconcevable qu’une langue puisse exercer sur les esprits de ses détenteurs une
influence aussi irrésistible que I’arabe. L’auditoire moderne de Bagdad, de Damas ou
du Caire peut s’enflammer au plus haut point rien qu’a entendre réciter un poéme ou
prononcer un discours dans I’arabe classique, méme s’ils ne les comprennent que
vaguement ou partiellement. Le rythme et la rime, la musicalité produisent sur les
auditeurs I’effet de ce qu’ils nomment la ‘magie permise’ (si4r halal).”

Cette ‘magie’, il faut bien le dire, c’est I’arabe littéraire qui I’exerce—cette langue qui
fut depuis toujours placée sur le piédestal de la plus haute estime. Ce n’est la sans
doute qu’une forme particuliére de manifestation de ce prestige dont jouit toute langue
littéraire ou ‘langue standard’ : il s’agit d’une attitude qui se manifeste par la
‘loyauté linguistique’, par la ‘fierté’, par la ‘fidélité aux normes’, attitude que
Paul Garvin considére comme relevant de la fonction symbolique prétée a la
langue standard, en général, et qui, dans le cas de I’arabe, acquiert une résonance
toute particuliére (Anghelescu 1998, pp. 13-14).

This fascination of the Arabic language gives rise to the development of linguistic studies
which begun as early as the eight century and whose effect will be felt in Europe eight
centuries later:

On ne peut examiner I’attitude des Arabes a I’égard de la langue durant les siécles de
leur épanouissement culturel, sans révéler I’importance de la science linguistique, avec
ses diverses ramifications. Reflets du ‘logocentrisme’ de la société arabo-islamique, les
études linguistiques arabes connurent une vogue que I’on ne retrouve guere dans
d’autres espaces culturels. 1l existe des milliers d’ouvrages consacrés aux différentes
disciplines que I’on désigne aujourd’hui sous le nom de grammaire, lexicologie,
lexicographie, sémantique, rhétorique, et qui constituent I’un des composants de base du
fonds d’or de la culture arabe médiévale. Les résultats de cette laborieuse activité
d’analyse et de réflexion linguistiques sont relativement peu connus en dehors du monde
arabe, si I’on fait abstraction des travaux des orientalistes européens, qui surtout a partir
du XVI° sécle prirent les grammaires et les dictionnaires arabes pour modeéle (ibid.,
p. 67).

8. The Arabic-Islamic society proudly calls itself the nation of igra’ (L8 1) in reminiscience
of the first verse, or rather the first word, to be revealed to the Prophet. The symbolic
significance of this lies in the meaning of igra’ which has to do with reading, learning and
lecturing.

9. Anghelescu explains how al-Jahiz’s life and death became to symbolise the book-based
nature of Arabic culture:

Al-Jahiz lisait tant, qu’il impressionnait ses contemporains : on raconte qu’il était
rarement vu sans livre a la main, qu’il passait ses nuits chez quelque libraire pour finir
un livre qui I’intéressait, ou qu’il faisait de longs voyages pour se procurer des livres
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dont il avait entendu parler. Il avait collectionné un nombre impressionnant de livres
et la légende dit que, vieux et paralysé, il aurait trouvé la mort sous les piles de livres qui
s’étaient effondrés sur son corps : une mort on ne peut plus symbolique pour un per-
sonnage symbolique. Dans le Bagdad de I’époque, il existait de nombreuses librairies
(2 en croire certains auteurs, une seule rue en possédait une centaine), mais surtout des
bibliothéques publiques et privées: toute personne marquante se faisait un point
d’honneur de sacrifier sa fortune pour acheter des livres. Toutes les disciplines sont
cultivées et, a ce qu’on affirme, en dehors des mathématiques et de la philosophie qui
restent néanmoins I’apanage des spécialistes, aucune branche de la science n’échappe a
cet esprit encyclopédique accapareur du siecle (Anghelescu 1998, pp. 55-56).

Al-Jahiz actually uses the more general term 3= or ‘ibra which can be translated as lesson.
It is rendered by knowledge here since this is the topic discussed in the passage. ‘Ibra is one
of the key words in Arabic culture since it indicates not only the necessity of change but also
seems to describe how change is brought about. In its general sense, it conveys the idea that
the good development of a society as well as of individuals depends on their ability to draw
the right lessons from their own experiences and the experiences of other people (past and
present). It should be reminded here that Ibn Khaldtn’s al-Mugaddima (see Ditmarsch’s pa-
per) is also known by its shortened subtitle Kitab al- ‘ibar (the book of lessons), reflecting
the Arabic-Islamic approach to History.

After successfully ousting the Umayyads, the ‘Abbasids moved the capital to Bagdad, their
newly founded city. Their rule lasted for more than five centuries until it was brought down
by the invasion of the Mongols in 1258.

The Umayyads established Damascus as the capital of the Islamic state. Their rule did not
last long not only because of their inability to broaden their power-base, as Gutas explains
(pp. 17-19), but also because of their failure to win the hearts and minds of the masses due
to their lack of vision for the long-term development of the society.

For more details on the impact of Islamic teaching, exhortation to which goes back to the
seventh century, on the permanent establishment of the ‘search after knowledge’ tradition,
see Rosenthal chapter V, section 1 “On Knowledge”, p. 70.

“Seeking knowledge is a duty for every believer” and “Seek knowledge, even if it be in
China” are among the most famous sayings—about knowledge—attributed by the tradition
to the prophet.

In this chapter Rashed presents a recently discovered astronomical material entitled the
Configuration of the Movements of each of the Seven Wandering Stars which was written by
Ibn al-Haytham after his famous al-Shukizk. The historical significance of this monumental
work can hardly be overemphasised since it demonstrates that Ibn al-Haytham has finally
come to the conclusion that astronomy cannot be founded as a physical theory simply by
reforming Ptolemy’s Almagest.

The same explanation could be found in his Kitab al-anwa’ where he criticises the way as-
tronomers use the Arabic word falak. Referring to the Almagest in which Ptolemy assumes
that the heavenly bodies are moved by spherical bodies, Ibn Qutaybah admits that he cannot
comprehend Ptolemy’s statement speaking of something that it can hardly be seen “I have
heard &=aw 3 5 sSome who say that aflak (the Arabic plural of falak) are circles (aswaq the
plural of rawq) around which move the stars and the sun and the moon, and that the sky is
above them [all]”; and he continues his strong attack by expressing his puzzlement as to how
falak has become to refer in their astronomical works to supposedly large physical bodies
that can only be heard of but can never be seen: “I have no way to find out how is that and |
do not find it corroborated (T2als shahid)” by the Arabic tradition (our emphasis, 1bn Qu-
taybah 1956, § 139, p. 124).

A point which is not missed by the eminent historian of science Gérard Simon when he de-
scribes Ibn al-Haytham’s approach to optics as a scientific revolution, making it de facto the
first scientific revolution in the history of science. For, he remarks, that Greek conception of
sight finds itself transformed by his work. Indeed, Ibn al-Haytham establishes experimentally
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19.
. Al-Ghazali formulates Ibn Qutaybah’s first two criteria in the following way: “knowledge is

21.
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that the phenomenon of sight is the result of light coming in and not out from the eye as is
assumed by Ptolemy:

La révolution opérée par le tres grand savant arabe Ibn al-Haytham, connu en occident
sous le nom d’Alhazen, qui a substitué a une théorie de la vision faisant sortir de I’ceil
des rayons lumineux une théorie antagoniste faisant entrer dans I’ceil des rayons
lumineux ; ce qui I’a obligé a se demander sur de nouvelles bases comment la vision
pouvait étre un sens a distance, faisant percevoir le monde extérieur, alors que c’est
dans le corps que se produit la sensation (Simon 2003, p.7).

Simon explains that the timing of this revolution is evidence once again of the fact that scien-
tific change is brought about by a change of approach in the conduct of the scientific inquiry.
This is particularly true in relation to the connection of sight with optics where the empirical
turn triggered by Ibn al-Haytham has its roots in the role given to sight by Arabic science
and culture. Indeed, as emphasised by Ibn Qutaybah in his objections to Greek astronomy,
sight has been always considered and used in the Arabic tradition not as the platonic appre-
hension of ideas but as the instrument with the help of which the validity of uttered, reported
or written statements could be systematically checked and tested:

Culturellement, la possibilité de géométriser la vision n’est pas surprenante pour des
théoriciens qui congoivent le flux visuel comme une émanation de I’ame, et pour des
astronomes pensant que la vue nous livre ce qu’il y a de plus noble et de plus divin
dans le monde, I’harmonie des mouvements célestes. La vision, pour un Ptolémée, peut
échapper partiellement a la contingence et au désordre du monde sublunaire, car elle
est le sens qui nous met en contact avec les régions éthérées, a la maniére dont I’ouie
est un sens intellectuel parce qu’elle donne a percevoir les rapports mathématiques des
harmonies musicales. L optique, la encore, s’insere dans la culture de I’antiquité, et plus
particulierement ici dans une tradition pythagoricienne et platonicienne. Avec Ibn al-
Haytham, et en particulier son Traité d’optique, I’insertion culturelle de I’optique change.
Elle reste certes science de la vision et science des géométres, mais, en tant que désormais
elle se donne la lumiere pour objet et I’ceil pour champ d’étude, elle devient science de la
matiére et tisse des liens tres neufs avec la médecine. En bref, elle s’autonomise et se
complexifie, tout en gagnant en rigueur expérimentale (ibid., pp. 87-88).

Though being a personal physician to al-Ma’man and his successors, Gutas points out that it
seems that he “conducted his research in the course of his practice as chief physician in the
hospital in Bagdad” (p. 118).

For further details see al-Qiftt 1903, pp. 390-392 and Gutas 1998, pp. 118-119.

the perception (tasawwur) of things through thorough understanding (takaqquq) of quiddity
and definition, and assent (tasdiq) with regard to them through pure, verified (mukaggaq)
certainty” (Magqasid, 11, 86, in Rosenthal p. 62).

In his beautiful book entitled Symmetry, the great German mathematician Hermann Weyl
declared:

“The greatest masters of the geometric art of ornament were the Arabs. The wealth of
stucco ornaments decorating the walls of such buildings of Arabic origin as the
Alhambra in Granada is simply overwhelming” (Weyl 1952, p. 107).

Among the richness of the symmetric pattern of these ornaments, Weyl observed, however,
that there is no perfectly pentagonal ornament in the Arabic-Islamic architecture: “The Arabs
fumbled around much with the number 5, but they were of course never able honestly to in-
sert a central symmetry of 5 in their ornamental designs of double infinite rapport. They tried
various deceptive compromises, however” (ibid., p. 104). For, as he pointed out, there are no
rotational symmetries possible other than those of 2, 3, 4 and 6 (ibid., p. 63). And from the
absence of a perfect pentagonal symmetry in Arabic-Islamic ornaments, Weyl concluded:
“one might say that they [i.e. the Arabs] proved experimentally the impossibility of a penta-
gon in an ornament” (ibid., p. 104).
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22. Interesting is the fact that Rahman and Symons (2004, pp. 3-16) show that Neurath’s Ency-
clopedism is linked to a conception of the relation between theory and practice strikingly
close to that of the Arabic tradition as discussed above.
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Ibn Sina’s Philosophy of Mathematics

Mohammad Ardeshir

Abstract We try to find the answers to two main questions of philosophy of
mathematics in Ibn Sina’s philosophy, i.e. what and where are mathematical
objects? And how can we know mathematical objects? Ibn Sina’s ontology implies
that mathematical objects are mental objects. In his epistemology, Ibn Sina
emphasises on intuition and thinking as two main ways of attaining mathematical
knowledge. Moreover, Ibn Sina’s analysis of mathematical propositions implies that

they are synthetic a priori judgements in the sense of Kant.

1 Introduction

In this chapter we try to find the answers of Ibn Sina to two main questions of
philosophy of mathematics. These two questions are: (1) what and where are
mathematical objects? And (2) how can we know mathematical objects?

Ibn Sina elaborated his philosophy in many of his writings without any re-
markable change or modification. It is well known that his most detailed book is
al-Shifa’ (The Book of Healing). In “theology” or “metaphysics” (al-llahiyyat)
of al-Shifa’, he discusses mathematics in at least three books (magalat). In book 1,
when he tries to characterize theoretical sciences by their subject matter, he de-
fines and studies the subject matter of mathematics. In book 3, he puts forward his
views on the natures of unity and number. Finally, in book 7, where he criti-
cizes Platonism, he comes back to the subject of mathematical objects, and he
criticizes Pythagoras as well.

A natural question related to the arrangement and the order of the topics of al-
Shifa” may be the following:

Why Ibn Sing discusses mathematics in general and, mathematical objects in
particular, in metaphysics? And why that is so crucial to metaphysics?

The same question, of course, may be raised for Aristotle’s Metaphysics. There
also we find that discussions about the concept of number are distributed almost
everywhere in the book. In the edition that | have now on my desk (Aristotle
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1958), the book ends with the section entitled critique of the other theories of
numbers. Is it not surprising that Metaphysics ends with numbers?
Back to the question, we distinguish three plausible answers:

(1) The concept of number originates from the concept of unity, and this latter is a
central notion of metaphysics. So it seems natural a discussion of the concept of
number to be included in any book on metaphysics like al-llahiyyat of al-Shifa’.

(2) The Pythagorean metaphysics was a dominant philosophy in Aristotle’s time
and he should have defended his philosophy against Pythagoras. Ibn Sina is
more or less a follower of Aristotle. So he does the same as Aristotle, even if it
is not clear whether Pythagorean philosophy were still active in his time.

(3) There is a third reason that makes it more plausible to me why numbers are
discussed in metaphysics, and that comes from a well-known postulate of Aris-
totle, according to which the concepts of existence and unity are two universal
concepts which have the same extension.

Existent and unit are the same and have the same nature, in the sense that they accompany
each other... since if we say “one human” and “human”, both refer to one thing ... “one
human” and “existent human” does not show anything else (Aristotle 1958, book of
Gamma, chapter 1).

This postulate of Aristotle is accepted by almost all Islamic philosophers. For
example, l1bn Sina admits it when he discusses about the subjects of philosophy.

And since unit and existence have the same extension, it is necessary that we study unit as
well.! (Ibn Sina 1997, book 1, chapter 4, p. 36)

And Mulla Sadra says:

Existence and unity are really the same or it [existence] is a necessary corollary of unity
(Mulla Sadra 1981, chapter 4, vol. 3, p. 298).

In other words, whatever really exists is really one, and vice versa, i.e., what-
ever is really one is really existent. Now, since “existence” is clearly the most cru-
cial notion of metaphysics, this would imply that the notion of “one” is as impor-
tant as the notion of “existence” in metaphysics.

2 Ontology of Mathematical Objects

In this section we want to find out the place where Ibn Sina believes that mathe-
matical objects exist. We believe the ontology of a particular science, like mathe-
matics, is highly related not only to the subject matter of that science, but also to
the philosophical tradition in which the latter is characterized. Let us see then how
Ibn Sina classifies the subject matter of different theoretical sciences.

2.1 The Subject Matter of Mathematics

According to Ibn Sina (Ibn Sina 1997, book 1, chapter 1), philosophical sciences are
divided into two categories, theoretical sciences and practical sciences. Theoretical
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sciences themselves are subdivided into three parts: physics (as-Tabi iyyat),
mathematics (al-Ta 'limiyyat)® and metaphysics (al-1lahiyyat):

As we said [in other places], theoretical sciences are of three kinds, physics, mathematics
and metaphysics.

And also it was said: the subject matter of physics is bodies, in so far as it is in motion and
at rest, and its problems are about accidents that occur to bodies with respects to motion
and rest.

The subject matter of mathematics is quantity abstracted from matter or from whatever has
quantity. The problems of mathematics are the ones that bear upon the quantity, as quan-
tity. And in the definition of [science of] mathematics, there will not be any reference to a
particular kind of matter or power of motion.

Metaphysics is about things that are apart from matter, in both aspects, existence and defi-
nition (Ibn Sina 1997, book 1, chapter 1, pp. 11-12).

In his classification of philosophical science, Ibn Sina follows Aristotle (see
also Weber 1984). He argues that the subject matter of sciences is “existent”
(mawjizd) and an existent (a) may be found combined with matter in both exis-
tence and definition (or term) (kadd), or (b) is combined with matter neither in
existence nor in definition, and finally (c) is not combined with matter in defini-
tion but with matter in existence. The first kind of existent is the subject matter
of physics, the second one is that of metaphysics and the last one is that of
mathematics. In the same place, Ibn Sina describes the subject matter of mathe-
matics in detail.

But the subject matter of mathematical sciences is magnitude, either abstracted (mujarrad)
from matter in the mind, or accompanied by matter in the mind, and is number, either ab-
stracted from matter or accompanied by matter. And mathematics does not discuss the ex-
istence of abstract magnitude or abstract number or number with matter, but after accept-
ing the existence of quantity, it is concerned with the accidents of quantity (Ibn Sina 1997,
book 1, chapter 2, p. 18).

These four kinds of mathematical objects described above correspond to four
branches of mathematics, namely (a) geometry, (b) astronomy, (c) arithmetic and
(d) music.

Magnitude, which means quantum continuum or continuous quantity in the
above passage, is the subject matter of geometry and astronomy. Geometry studies
magnitude and quantity abstracted from matter in the mind, even if they are ac-
companied by matter in the external world. It means that quantum continuum is
accompanied by matter in the real world, but mind can separate it from matter and
considers its properties. In astronomy, magnitude is accompanied by matter, both
in mind and in the real world. A similar distinction holds between arithmetic and
music. In arithmetic, the abstract number is studied, and in music the number and
relations between them are discussed when accompanied by sounds.

It is clear that if the subject matter of mathematics is magnitude (quantum con-
tinuum) or number (quantum discretum), there is no place in mathematics for
questions like “what is the nature of magnitude?” or “is magnitude a substance or
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an accident?” or “whether quantum discretum must be realized in matter or out-
side of matter?” etc. Since in mathematics, the accidents of magnitude and num-
bers are studied, not their essence and states of existence. These questions lie in
the domain of philosophy or metaphysics.

There is a minor point in the above citation that is worth mentioning. The con-
cept of “abstract” used in the above passage is not the same as the one Ibn Sina
uses often elsewhere in his philosophy. In his philosophical research, when Ibn
Sina uses this concept, it is in opposition with “material”. What he means here by
“abstraction” is the possibility for the estimation (wahm) to seize magnitude and
number apart from matter. When we discuss the epistemology of Ibn Sina, we will
come back to this again.

Coming back to the subject matter of mathematics,® we can say that according
to Ibn Sing, it consists of things that are accompanied by matter in the external
world and are abstracted from matter in mind. He continues:

But number can be applied to both sensible objects and non-sensible objects, so number,
in so far as it is number, does not belong to sensible objects (Ibn Sina 1997, book 1,
chapter 2, pp. 19-20).

His main point here is that discussion about number and its relations should be
understood as abstracted from sensible objects, not when it may belong to sensible
objects. So discussion about numbers is not about sensible objects. About “magni-
tude”, the question whether it is a “substance” or an “accident” is less clear:

But magnitude, [then] is a common name. Some times it is referred to dimension, which is
the substratum of natural body, and sometimes, what is meant by it is the quantum contin-
uum, which is referred to line, surface and solid. You have already learned the difference
between these two meanings (Ibn Sina 1997, book 1, chapter 2, p. 20).

Here Ibn Sina recalls his previous discussion of the difference between these
two meanings of “magnitude”. 1 believe he refers the logic of al-Shifa” (third sec-
tion, chapter 4), where he says two bodies that are different with respect to size,
are not different in receiving three dimensions; this is exactly the first meaning of
magnitude. What is the source of difference in any two bodies and is subject of
change is the quantum continuum susceptible of admitting three directions, that is,
length, width and depth.

Then Ibn Sina continues his discussion on the subject matter of metaphysics.
He says:

From what is said until now, it became clear that existent, as existent, is the basis of all
these subjects, and it must be the subject matter of this science [philosophy], for the reason
we mentioned (lbn Sina 1997, book 1, chapter 2, p. 21).

It is a well-known fact in the tradition of Islamic philosophy that the “prob-
lems” of every science are “the essential accidents of the subject matter” of that
science (see, e.g., Ibn Sina 1997, book 1, chapter 2). The essential accidents of
“existence” includes, in the first place, among other things, “unit and plural”, “po-
tential and actual”, “universal and particular” and “necessary and possible” (see
Ibn Sina 1997, book 1, chapter 1).
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It is very interesting to know that when Ibn Sina tries to explain the reason for
which metaphysics is called maba ‘d-az-fabi‘iyyi (whatever is after physics), he
encounters to some difficulties with regard to mathematics.

And the meaning of [“meta” in]”metaphysics” is relative with respect to our perception,
since when we observe the world for the first time, we perceive the natural existence. But
if we consider this knowledge in itself [not in relation to us], it is better to be named as
“prephysics” (magabl-az-rabi iyyi), since it discusses matter that is prior to physics, in
both its substantial (bi-dhat) and conceptual (bi-al- 'umum) aspects (Ibn Sina 1997, book 1,
chapter 3, p. 31).

Ibn Sina argues that the prefix “meta” in “metaphysics” is related to the stages
of our perception. As we will see later in his epistemology, sense perception is the
first level in human understanding of the world. This level of perception and some
other levels that are closer to sense perception than to intellection, are ways of
knowing physics or nature. On the other hand, if we consider philosophy in itself,
it is prior to physics, since its questions are about matters that have priority rela-
tive to natural objects. For example, philosophy discusses the Separate, or ab-
stracts that are the cause of nature, and every cause is prior to its effect. Moreover,
in philosophy we discuss subjects that are more general than natural objects and
every general matter is prior to a particular one. He then says:

But perhaps somebody may claim: the subjects of pure mathematics (riyadiyyat-al-
makda) which are discussed in arithmetic and geometry, are also before physics and in
particular, number, whose existence is not related to physics, since it sometimes exists
even in non-physical objects, so the sciences of arithmetic and geometry might be counted
as “prephysics” (Ibn Sina 1997, book 1, chapter 3, p. 31).

It is worthwhile to note that Ibn Sina distinguishes pure mathematics from the
other parts of mathematics, which nowadays are known as applied mathematics.
We don’t know if that is the first time in the history of science that this distinction
is made. However, what interests us here is that he does not count astronomy and
music as belonging to pure mathematics. According to Ibn Sina, in arithmetic
“number” is discussed exactly as “the pure magnitude” is in geometry. In astron-
omy and music, on the contrary, the subject is quantities and numerical propor-
tions between stars in astronomy, or numerical proportions between sounds in mu-
sic. The main point of the above critique is that arithmetic and geometry discuss
their objects without any relation to external objects exactly as subjects discussed
in metaphysics. We count things in the Separate as well.

In answering to the above critique concerning the subject matter of
metaphysics, Ibn Sina first considers geometry:

What can be said as answer to this critic is this: the subject of that part of geometry in
which lines, surfaces and solids are studied is clearly not separated from physics as
regards existence, so the predicates of such subjects are not separated from physics, a
fortiori (1bn Sina 1997, book 1, chapter 3, p. 32).

In this part of geometry, he says, line is divided, for example, into straight,
curved and other types of lines and surface is divided into affine surface or non-
affine surface and also non-affine surface is divided into convex and concave. It is
clear that the subject matter of this part of geometry is based on matter, since in
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the universe of abstracts there does not exist line, surface or solid. We can only
have lines, surfaces and solids in physical objects. Line without surface, surface
without solid and solid without body is unrealizable.* For the other part of geome-
try, whose subject matter is “absolute magnitude”, Ibn Sina argues:

In parts of geometry where the subject matter is absolute magnitude [not line, or surface or
solid], the absolute magnitude is the subject with respect to its potentiality for every
proportion, and this potentiality for proportions is realized not for magnitude that is a form
for body or a principle for physics, but for magnitude that is an accident (lbn Sina 1997,
book 1, chapter 3, p. 32).

Ibn Sina says that we sometimes study “absolute magnitude” in geometry, and
not special properties of lines, surfaces or solids. If we consider this part of
geometry, the above critique becomes more serious. We did not accept geometry
as part of metaphysics, since lines, surfaces and solids are realized only in nature
whereas “absolute magnitude” does not depend on physical world and is
something abstracted from matter. Does this mean that we should consider this
part of geometry as a part of metaphysics? Ibn Sina’s answer is negative. He
argues that when we discuss absolute magnitude in geometry, we mean magnitude
in so far as it accepts different relations. That finds determination in lines, surfaces
and solids. The other meaning of absolute magnitude, namely, the form of body, is
not related to geometry. This meaning of absolute magnitude as the form of body
is the principle of natural objects and prior to them, and so discussion about it
belongs to metaphysics.

Mulla Sadra does not accept Ibn Sina’s argument and argues

Magnitude, as it is, does not exist unless in one of these three species; as every genus is re-
lated to its species. How then he [Ibn Sina] believes that the absolute magnitude [as a genus]
is possible to be apart from physics but apartness of line, surface and solid [as species] from
physics is not allowed in physics? Moreover, each of these species is realizable in non-
physical world - as it will become clear later -, so the right answer is this: each one of these
three species of magnitude is the subject of geometer exactly when it accepts proportions and
divisions, like squaring, cubing and other attributions and it accepts these proportions when it
belongs to and depends on physical objects (Mulla Sadra 1925, p. 20).

We believe that the above discussion on the meaning of “absolute magnitude”
is debatable, and is outside of the scope of this chapter.
Let us see Ibn Sina’s argument against including arithmetic in metaphysics.

And as regards number, the critique is more serious and it seems that the science of
number [arithmetic] may be counted as [part of] metaphysics... But the reason why
arithmetic is not a part of metaphysics will be clear to you soon. The subject matter of
arithmetic is not number in all its aspects, since number, sometimes is found in the
Separate (mufariq) [like intellect (‘agl], sometimes in physical objects and sometimes in
estimation, in which it is abstracted from every accident [whether physical or abstracted],
although it is impossible for number to exist in the external world except in the state of an
accident. The number in the Separate is impossible to be the subject of increase or
decrease, but it remains only constant. Aye, number should be in such a way that has
potentiality of every increase and decrease or every proportion, [and this] is possible only
if number be realized in bodies, which has the potentiality of being counted, or number be
realized in estimation, and in both cases [realization of number in bodies or in faculty of
estimation], number is not out of physics (Ibn Sina 1997, book 1, chapter 3, p. 32).
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The answer of Ibn Sina to the critics that the science of arithmetic is
metaphysical may be explained as follows: we may consider number in different
ways, asking questions like “has number a real existence?” or “is the existence
of number essential or accidental?” etc; and seeking answers for these questions is
outside of the science of arithmetic and lies within the sphere of metaphysics.

Number as it is considered in arithmetic is such that it accepts variations and
changes. In arithmetic, when we add, subtract or divide two numbers, in fact we
look at it as a decrease or an increase of number. Such concept of number is not
the same as the one discussed in metaphysics, where it is considered to be con-
stant. The reason that such numbers are constant is based on the fact that their
referents, i.e., separated matters, are not subject to any change. So the natural
question is this: what kind of number is subject to change, i.e., to be increased or
decreased? The answer is: in two cases humber has the potency of different pro-
portions. In one case where number is related to physical objects, and since the
physical universe is subject to changes, then the number, i.e., the quantity of
those objects, will necessarily change. The other case is when number has po-
tency of different proportions in estimation (wahm). That means the estimative
faculty is able to abstract a number from every numbered object, and to add,
subtract and multiply it by other numbers. Even in this case, Ibn Sina believes
that the source of these changes in the estimation faculty is states and proportions of
the physical universe, and if there were no changes in the physical universe, the es-
timative faculty would not be able to imagine the abstracted numbers with different
proportions.®

2.2 Ontology of Mathematical Objects

According to the tradition of Islamic philosophy, the objects of mathematics are
quantities and quantities are not substances. In his al-Shifa’ (al-llahiyat, chapters 3
and 4), lbn Sina argues that both number, as a discrete quantity and magnitude as a
continuous quantity, are accidents. That means quantities do not have an independ-
ent existence in the external world, and so they need some substrata to exist.

It is worth knowing that in chapter 2 of the same book, he explains the different
meanings of the concept of “unit”, which is the basis of his notion of quantity.
Despite different meanings, the concept of “unit” shares the property of “not being
divisible actually” (see Ibn Sina 1997, book 3, chapter 3), and “not accepting
plurality” (ibid). He divides the notion of “unit” into “essential unit” and
“accidental unit”. The notion of “numerical unit” is defined as a kind of “essential
unit”, which is sometimes called “particular unit”.

And as regards plurality, it is evident that it must be defined in terms of unity, since the
unit, is the principle of plurality and existence, and the essence of plurality derives from
that [unit]. Besides, in order to give any definition of plurality, we use the term “unit”.
And it is for this reason that in the definition of plurality, you may say: “plurality is
exactly the set (mujtama’) of units”. You note that in this definition of plurality, “unit” is
used, and something else, which is the notion of set (Ibn Sina 1997, book 3, chapter 3,
p. 112).
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Ibn Sina then criticizes the people who believe that the above explanation is an
essential (or real) definition of “plurality”. By an essential definition, he means,
like other Islamic philosophers and logicians, a definition by terms (hadd), which
refers to the essence of the defined object (definiendum). A common example for
an essential definition is the definition of “human” as “rational animal”. Ibn Sina
argues that the concept of “set”, which is used in the above definition, conceptu-
ally includes “counting” and “repetition”. In his argument against any possible es-
sential definition of the concept of “unit”, he uses some epistemological premises.

But it seems that plurality is more known in the imagination (khayal) than unity, as unity
is more known in the intellect than plurality, and both are universal matters and are imme-
diately imagined, nevertheless we first imagine “plurality” through sensible things, and we
understand unity without any “intellectual” principle, and even if we believe some “intel-
lectual” principle for that, it is an imaginative one. So our definition of plurality in terms
of unity is an “intellectual” definition, in the sense that the term “unity” in the definition is
immediately imagined (Ibn Sina 1997, book 3, chapter 3, p. 113).

Ibn Sina admits that our perception of “plurality” happens before “unity”, and
that is because “plurality” comes directly from sensible objects. The first notion of
“plurality” is made when we see something that is not “this”. Contrary to “plurality”,
“unity” takes place in imagination as a negation of “plurality”, so it will be formed
in perception in the next step. Since our perception of “unity” is immediate and non-
theoretical, we may define “plurality” in terms of “unity” only through intellection.
When it is said that “unity” is something that does not have “plurality”, it means that
the meaning of “unity”, which is self-evident for us, is against the meaning of “plu-
rality”. So in this setting, it hints that “unity” is the negation of “plurality”.

He finally argues that the above explanation is just a clarification of the concepts
“unit” and “plural”, and that “plurality” is just another name for “a set of units”.

He then says:

Now, we investigate the nature of numbers and its properties... Number exists in the
external existent objects, and it also exists in our soul (mind), and this saying: “number
has no existence, except in our soul” is not noteworthy. Aye, if he [who holds this view]
means that number has no existence apart from any existent object, except in our soul,
then he is right, since we have already proved that it is impossible for the unit to have
external existence, and naturally, number which its existence is based on unit, is also the
like (Ibn Sina 1997, book 3, chapter 5, p. 126).

So, according to Ibn Sina, we may say that number has two levels of existence.
On the first level, it exists only in the mind, that is, abstracted from any existent
matter, on the second level, it exists with the external objects. His argument for
the existence of the second level is the following: in non-unit objective things, i.e.,
a collection including more than one object, there are clearly some® units. So
number necessarily exists, since number is nothing except units that possesses
some place in the order of numbers, and each place, itself, is a unique species. In
this way, each number, as a species, is itself a unit, and so it has some special
properties attributed to its unity. It is clearly impossible to prove some properties
for something that has no reality in the outside world.

So each number has a particular nature and a form, and the imagination of that in the soul
comes from that nature, and that nature is the unity, which constitutes the essence of that
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number. And the meaning of a number is not a plurality without a form of unity. So it is not
true to say: “number is the sum of units, not unit”, since a number, as it is a sum, is a unit that
carries some properties such that a number with other sum and order does not have. And it is
not surprising for something to be unit with respect to its kind, like 10 or 3, and also to be
plural, with respect to other aspects (Ibn Sina 1997, book 3, chapter 5, p. 127).

A number like 10, as a species-unit, has a special form and so possesses
properties of being 10, but as a plurality, it may not be the subject of those
properties. Instead it has some properties of plurality in opposition to that unity.
That is exactly the meaning of “plurality in unity” and “unity in plurality”, and
there is no contradiction here. We view a number in two different ways.

Ibn Sina believes that the definition of, for example, 10 as the sum of 9 and 1 is
wrong. His argument is:

It is not true to say that: the number 10 is 9 and 1, or that is 5 and 5, or that is 1 and 1 and ...
until it ends up to 10; since in the statement “ten is nine and one”, nine is predicated of
ten, and then you conjoin to it the one. This is similar to say “ten is black and sweet”,
which in this sense, the meaning of the original claim will be: “ten, is both nine and one”,
and if what you mean by that conjunction is not a definition, but it [has the meaning] like
the statement “human is animal and rational”, namely, human is such an animal that is
rational. In this sense, the meaning of your claim will be: “the number ten, is nine, and it is
also one”, and this is impossible (lbn Sina 1997, book 3, chapter 5, pp. 127-8).

It is clear that Ibn Sina is considering here the case where conjunctions play a
logical role. A statement like “A is B and C”, logically means that “A is B” and
“Ais C”. By this interpretation for “and”, it is impossible that both statements “10
is 9” and “10 is 1” be true. But there is a mathematical interpretation for “and”
which simply means “addition”. That is what Ibn Sina ignores. We will explain
the origin of his ignorance after the next passage.

Ibn Sina then considers other possible meanings that the above definition may
have. He concludes that,

And the number ten is the sum of nine and one, when both are present and the conclusion
is something different from each one of them (Ibn Sina 1997, book 3, chapter 5, p. 128).

Contrary to modern axiomatic definition of natural numbers, where for exam-
ple, 10 is defined by 9 + 1, namely, ten is the successor of nine, Ibn Sina will not
accept it as an essential definition. The notion of addition for natural numbers as is
defined in set theory, is finally in term of two primitive (undefined) concepts, i.e.,
set and membership, with familiar symbol “”. It may be suggestive to interpret
“set” in lbn Sina’s philosophy, by “plurality”. This interpretation, of course, is de-
batable. Even if we have some support for the mentioned interpretation, it is too
hard to find a similar interpretation for the set theoretical notion of membership,
which is a two-place relation. It is a well-known fact that Ibn Sina’s logic does not
permit two-place relations.’

He finally goes to the conclusion that we are not able to present an essential
definition for number, i.e., it is undefinable.

And since it is hard to imagine a definition for number in terms of units, its definition neces-
sarily is nothing more than a description (rasm) (lbn Sina 1997, book 3, chapter 5, p. 128).
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Recall that a description (rasm) is a definition in terms of accidental properties
of definiendum. lbn Sina then concludes that

As the great ancient philosopher, the First Teacher [Aristotle] said: “Do not suppose that
the number six is three and three, but it is six, at once and immediately” (Ibn Sina 1997,
book 3, chapter 5, p. 129).

2.3 Existent and Object

In book 1, chapter 5 of al-Shifa’, Ibn Sina begins a long discussion on the relation
between “existent” and “object”. His objective is, among other things, to establish
the following two facts:

(1) “Existent” and “Object” are self-evident and immediately imagined concepts.
(2) “Existent” and “Object” are conceptually different, but extensionally the same.

On the first fact, Ibn Sina emphasizes the epistemological value of the two
concepts, in the sense that they are the most general concepts.

So we say that the meanings of existent, object and necessity are immediately pictured in
soul, namely, their imagination do not need any more known objects to be imagined (Ibn
Sina 1997, book 1, chapter 5, p. 39).

In this section we are more interested in the second fact. He asserts:

We say: the meanings of “existent” and “object” are both imagined in soul and they have
two different meanings. So “existent” and “affirmed” (positive), (al-muthbat) and
“realized” (al-muhassal), are [different] names with the same meaning, and we are
confident that the meanings of these words are present to the soul of anyone who reads
this book. Sometimes “object” and all its synonyms in all other languages refer to another
meaning [other than “existent”], since everything has a reality [an essence], which is due
to that reality [essence], that the object is what it should be. So a triangle has the reality
[essence] of being a triangle, and whiteness has the reality [essence] of being white, and
this is a meaning of “object” which sometimes we call as “specific existent”, and by
“specific existent”, we do not mean an affirmative existent. The word “existent” also
refers to several meanings, one of which is the reality [essence] an object has, as if the
specific existent of a thing is exactly the reality [essence] that the thing were based on it
(Ibn Sina 1997, book 1, chapter 5, pp. 41-2).

We may summarize lbn Sina’s view in this way: “object” is the same as
“specific existent”, and they both refer to the essence of things. So, in some sense,
“object” or “specific existent” refer to the essence of things, and “existent” refers
to the things themselves.

Ibn Sina continues his argument to establish that “object” and “existent” are
conceptually different. He then provides an argument to show that these two con-
cepts have the same extension, i.e., we can consider something as the extension of
the concept of “object”, if and only if it is an extension of the concept of “exis-
tent”, i.e., “object™ and *“existent™ are extensionally equivalent.
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And the necessity of the meaning of existence cannot be separated from “object”, namely,
the meaning of existent is always necessary for an object, since an object either exists in the
external world, or in estimation or in the intellect (Ibn Sina 1997, book 1, chapter 5, p. 43).

As lbn Sina says, if an object is in the external world, it satisfies the predicate
“existent”, and if it is not in the external world, it can be considered as existent
only when we imagine it in the mind, and if something exists neither in the exter-
nal world nor in the mind, it is not an object at all. So the necessary condition for
something, which does not exist in the external world, to be an object is to exist in
the mind (estimation or intellect).

Before closing this section, we would like to consider another ontology of
mathematical objects that we believe is wrongly attributed to Ibn Sina. In Rashed
1984, R. Rashed argued that Ibn Sina codified a comprehensive doctrine of phi-
losophy such that embraces al-Farabi’s admission of irrational numbers as mathe-
matical objects. In Rashed 1984, it is argued that since algebra is the intersection
of arithmetic and geometry, its tool, i.e., “an algebraic unknown”, can be read as
an “object”, which represents a number or a geometric magnitude. Something
more can be said, since a number may be irrational, so an object can represent a
quantity that can only be known by approximations. Although this algebraists’
tool must be universal enough to cover different contents, it also must exist inde-
pendent of what is determined so that getting better approximations be possible.

Roshdi Rashed rightly believes that an Aristotelian theory is not able to have
such ontology, so it is necessary to suggest a new ontology by which we are able
to speak of an object without any specific property, an ontology that permits us to
know an object without being able to represent it in an exact way. He finally
claims:

Ainsi, tout existent est une chose, mais la réciproque n’est pas exacte, bien qu’il soit impos-
sible qu’une chose n’existe ni comme sujet concret, ni dans I’esprit (Rashed 1984, p. 35).

But Ibn Sina argues against people who claim: “the concept of object is more
general than of existent” (Ibn Sina 1997, book 1, chapter 5). His argument is based
on this fact that in predication in statements and in our knowledge of objects,
knowledge is about concepts that are in our mind, so they have mental existence,
although they may not exist in the external world. In fact, as already mentioned, a
necessary condition for something to be an object is that it should exist mentally.

And this happened to them, because of their ignorance to this truth that [the subject of]
predication is something that has existence in soul, although they may be nothing in the
external world, and the meaning of predication of such things is that they have some
relations with the [external] existent (Ibn Sina 1997, Article 1, book 5, p. 45).

3 Epistemology of Mathematical Sciences

In this section we briefly explain Ibn Sina’s epistemology to find the answer to our
second question, i.e., “how can we know mathematical objects”? As D. Gutas
pointed out (Gutas 2001), Ibn Sina’s epistemology was under “inevitable shifts of
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emphasis and terminology over the years”. These modifications culminated in the
writings of the final period of Ibn Sina’s philosophical activity, especially in
Pointers and Reminders (al-Isharat wat-tanbzhat). In description of his epistemo-
logical theory, we essentially make use of this book.

In this book, as elsewhere, Ibn Sina identifies the mental faculties of the soul in
terms of their epistemological function. According to Ibn Sina, knowledge begins
with abstraction. The concept of “abstraction” (tajrid) in Islamic Philosophy, and
in epistemology in particular, is a significant notion. In fact what distinguishes the
levels of perception boils down to the degree of “abstraction” (tajrid). We briefly
mention that contrary to Arabic word “tajrid”, the word “abstraction” loses the
sense of the intensification of existence and reality that takes place as the degree
of tajrid increases. So a better translation for the Arabic word “tajrid” may be the
English word “disengagement”, or “detachment”. Nevertheless, in this chapter we
use the common word “abstraction” and its derivatives for “tajrid” and its corre-
sponding derivatives. There are vast investigations on different possible meanings
of “abstraction” in the Islamic philosophy, and in Ibn Sina’s philosophy in particu-
lar. We refer the reader to a survey of this topic in Hasse 2001.

In the purest sense, “abstract” (mujarrad) is an attribute of God, the Necessary
Existence in itself, since the Necessary Existence has no attachment to or
dependence upon anything other than itself.

More specifically, “abstract” is the attribute of the intellect that is able to see
things as they actually are, that is, without their entanglement in the obscurities of
imagination and sense perception. It is also the essential attribute of the forms or
quiddities that the intellect perceives (In this final use, it comes close to the term
“abstracted”).

Perception (idrak) of an object consists in attaining a true image (idea) (mithal) of the
object by the one who perceives (mudrik) [subject], and the mudrik observes that. So
either when that is perceived object is exactly the same object outside of the mudrik,
which possibility is incorrect; since then something which does not exist outside [of the
mudrik], should necessarily exist [outside]. The examples are many geometrical figures, or
many impossible hypotheses - things that do not exist. Or the perception [of an object] is a
true image of the object pictured on the mudrik himself in such a way that it has no
difference in quiddity (mahiyya) with that [the object], and it is the form, which remains
(Ibn Sina 1960, physics, chapter 3, p. 33).

What Ibn Sina intends here is an explanation of the concept of perception
(idrak), not presenting a (real) definition. He explains that perception of an object
may be described in two ways. He argues against the possibility that perception
consists in transferring of things outside of the mudrik to mudrik. His argument is
based on some evident counterexamples, e.g., assumptions in geometry, which we
know that they do not exist in the outside world, but we know them. He then
accepts the other possibility, according to which perception is to attain the form
and the quiddity of the object. An immediate consequence of his description for
perception is that we may perceive objects that may not exist outside us, and only
the form of the objects are perceived by mudrik.
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Now let us see how Ibn Sina stratifies the levels of perception:

Sometimes an object is sensible, and that is when it is seen; [and] sometimes it is imag-
ined, and that is when the object itself is absent and its form is present in mudrik; as when
you have seen Zayd; and then when he is absent from you, you imagine him. Sometimes
an object is intelligible (ma‘qul), and that is [like] when you understand the meaning of
human from Zayd, a meaning that holds for other things as well. When Zayd is sensible, it
is with appearances [which are different from his quiddity] which do not affect his quid-
dity, whenever they [appearances] have been disappeared; like to have place, position,
quality and determined quantity, such that if they are replaced by something else, the real-
ity of human’s quiddity would not have been changed. Sense will perceive Zayd in a state
that has these appearances, namely, appearances which are interconnected with him, be-
cause of the matter from which he was created. Sense will not remove those appearances
from Zayd and will not perceive him unless by the connection that exists between sense
and its matter; for this reason, whenever this connection is lost, the form of that [Zayd]
will not be present to the sense. But imaginative faculty imagines Zayd with all these ap-
pearances and cannot abstract him absolutely from these appearances. But it can abstract
him from the positional relation upon which sense was dependent; so Zayd is present in
imagination even when his positional relation is absent. But intellect can abstract a
quiddity from all its personal appearances and establish it in such a way as if it [intel-
lect] manipulates the sensible to a form of intelligible. But an object without these ap-
pearances - appearances not necessary for its quiddity — is intelligible in itself and does not
need any manipulation to be prepared to be intelligible; but it may need to be abstracted by a
faculty that is responsible for intellection (Ibn Sina 1960, physics, chapter 3, p. 34).

In this passage, Ibn Sina is going to describe different stages of perception. In
his description, perception is classified into four stages based essentially on a hier-
archy of abstractions of objects. These four stages are: (1) sense perception (/4iss),
(2) imagination (takhayyul), (3) estimation (wahm) and (4) intellection (ta ‘aqqul).
A natural objection may be the absence of the third type, i.e., estimation, in the
passage quoted from al-Isharat wat-tanbzhat. The answer is this: in the above pas-
sage, Ibn Sina, as a definite example, considers “Zayd”, that cannot be perceived
by estimation, as we will see the reason when we explain the meaning of the term
“estimation” according to Ibn Sina. In his other books, like al-Shifa’, he does not
take any definite example, and so he is able to distinguish all four types of percep-
tion. Now we explain these four types of perception in more details:

(1) Sense-perception (hiss): Sense perception responds to the particular with
its given form and material accidents, such as place, time, position, quality, etc. As
a mental event, being a perception of an object rather than the object itself, percep-
tion occurs in the particular. So a sensible object has three conditions: (i) presence
of the object, (ii) with material accidents, and (iii) particularity. All these condi-
tions hold for a definite object like Zayd, when we see him. Then such a concept is
definite and does not hold for more than a person. Now let us analyze this activity
of the soul in details. To classify the formal features in abstraction from material
accidents, we must retain the images given by sensation and also manipulate them
by disconnecting parts and aligning them according to their formal and other
properties. However, retention and manipulation are distinct epistemological func-
tions, and cannot depend on the same psychological faculty; therefore Ibn Sina
distinguishes faculties of relation and manipulation as appropriate to those diverse
epistemological functions.
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(2) Imagination (khayal): In imagination, among three above conditions, the first
condition does not hold, i.e., the same Zayd is absent. Ibn Sina identifies the reten-
tive faculty as ‘representation’ and charges the imagination with the task of re-
producing and manipulating images. To conceptualize our sense perception and
to order it according to its quiddities, we must have and be able to re-invoke im-
ages of what we experienced but is now absent. For this we need sensation and
imagination; in addition, to order and classify the content of representation, we
must be able to discriminate, separate out and re-combine parts of images, and
therefore must possess imagination and reason. By carrying out this manipulation,
imagination allows us to produce images of objects we have not already seen out
of the images of things we have experienced. So imagination can also generate
images of intelligibles.

(3) Estimation (wahm): That is to perceive the particular meaning of non-
sensible, like perception of kindness a father has for his child. So estimation is
also of particular concepts, which have not been perceived by any senses. Among
the conditions necessary for sense perception, only the condition (iii) holds for es-
timation. This is a faculty for perceiving non-sensible “intentions that exist in the
individual sensible objects”. A sheep fears a wolf because it estimates that the
animal may do it harm; this estimation is more than representation and imagina-
tion, since it includes an intention that is additional to the perceived and abstracted
form and concept of the animal.

(4) Intellection (ta‘agqul): Intellection is the final stage of perception in which
none of the three conditions hold. It is to perceive the universal concepts, e.g.,
“human” by abstraction of Zayd, removing all material appearances that will not
change the quiddity of “human”.

According to Ibn Sina, intelligibles divide into two kinds, material intelligibles
and immaterial intelligibles. So we have two kinds of intellection, depending on
the corresponding objects. In material intellection, we first perceive a particular
human, like Zayd, by sense perception in the presence of the material object, as
described in the stage of sense perception. Then it is understood by common sense
while the object is absent; and then the object will be abstracted from all material
features such that it will be prepared to be understood by intellection. In immate-
rial intellection, the object itself is intelligible such that it does not need to be ab-
stracted from material accidents, like abstract realities, souls, etc.

Now our main question reduces itself to “on what stage of perception we per-
ceive Mathematical objects, in particular, number and magnitude?”

Corresponding to the classification of philosophical sciences in terms of their
subject matter, intellection is divided into two kinds, theoretical intellection and
practical intellection. Theoretical intellection is responsible for knowledge and
perception of intelligibles, and practical intellection is like a ladder to attain moral
values, .... Ibn Sina distinguish four levels or layers for theoretical intellection,
(a) potential intellection (al-'agl al-hayoulani), a stage where no intelligible is
perceived yet, but it has the capacity or potentiality to accept primary intelligibles,
(b) dispositional intellection (al- ‘agl bi-al-malaka), a stage where intellection has
passed from the pure potentiality and has perceived the primary intelligibles, and
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is prepared to acquire the secondary intelligibles,? either by thinking or by intui-
tion (hads), (c) actual intellection (al- ‘agl bi-al-fi 'l), a stage where the intellection
knows that he has acquired the secondary intelligibles, and finally, (d) active intel-
lection (‘agl murlag), where the inellection observes the secondary intelligibles
(see Ibn Sina 1960, physics, chapter 3, section 10).

So in the levels (a) and (b), intellection has only the potentiality to acquire the
secondary intelligibles whereas in the levels (c) and (d), it can present, observe
and study them. For acquiring the secondary intelligibles in the stage (b), Ibn Sina
mentions two ways, first thinking, and the second intuition. In the next chapter of
the same book, he describes four differences between “thinking” and “intuition”.
These characteristics may be summarized as the following: (i) contrary to “think-
ing”, there is no search in “intuition”, and that is when, without enough background
or premises, we sometimes acquire the middle term [of a syllogism], intentionally,
or unintentionally, (and in both cases, without any movement of the mind), (ii) in
contrast to “thinking” which may be unsuccessful in its search, “intuition” hits
spontaneously the middle term and comes to the point immediately, (iii) “think-
ing” is often about particulars, since it searches by the assistance of the imagina-
tive faculty, and (iv) “thinking” takes place in time but “intuition” is immediate
and spontaneous.

According to Ibn Sina, knowledge is acquired in the second level of theoretical
intellection, which is in contact with the third level, i.e., the active intellect
through thinking and intuition. For the mathematical sciences, the meaning of
thinking is not much debatable. Ibn Sina himself was a well-known logician of his
time and also knew the Elements of Euclid. So it is clear that, for him, “thinking”
in mathematical sciences is nothing else than deductions or proofs of mathemati-
cal propositions by means of axioms and rules. This simple or formal picture of
mathematical thinking does not explain what really is going on in the mathemati-
cian’s mind. The process of catching the middle terms, as the medium or means, to
prove the main claim or proposition, is not explained by this simple picture of the
mathematical thinking. In the mathematical science, lemmata play the same role
as middle terms in a syllogism. Here Ibn Sina introduces a new way or method to
fill the gap. That is called “intuition”. His description of the concept of intuition
establishes a crucial element in the process of mathematical discovery. It is worth
mentioning that, as D. Gutas interprets in Gutas 2001, Ibn Sina probably came up
to his theory of intuition by his own experience as a mathematician. His example
to explain different ways where intuition occurs is the states of problems solving
in geometry. As D. Gutas explained in Gutas 2001, in standard version of Ibn
Sina’s theory of intuition, all intelligible knowledge is acquired only through intui-
tion. In his “revised” version, which is met with in the writings of the later period
of Ibn Sina’s philosophical activity, “a second way of acquiring the middle terms
and the intelligibles is introduced. This is thinking, which is now defined as a
movement of the soul in search of the middle terms, thus taking over a large part
of the former definition of intuition.” (See Gutas 2001, for details)

The theory of intuition in epistemology of mathematical sciences is very in-
volved and complicated. In modern epistemology of mathematical sciences,
there are different and various interpretations and explanations for the concept
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of “intuition”. The most attractive ones are Gdédel’s and Brouwer’s concepts of in-
tuition. Each one of these concepts of intuition has been interpreted in different
ways. For the Gddel’s notion of intuition, see, e.g., Maddy 1996 and Parsons
1996, and for the Brouwer’s concept of intuition, see, e.g., van Stigt 1990. To lo-
cate the place of Ibn Sina’s theory of intuition in this complicated geography of
theories of intuitions needs a separate chapter.

Before closing this chapter, we will briefly investigate the status of mathemati-
cal propositions in Ibn Sina’s philosophy. According to his logic, universals, as
predicates in propositions, are either essences or accidentals. Note that the concept
of “accidental” here is different from the concept of “accident” (‘arad), which is
against the concept of “substance” (jawhar). The concept of “accidental” (‘aradi)
is in opposition to the concept of “essential” (dhati). Accidentals are divided into
two types, necessary and unnecessary accidentals. A necessary accidental is de-
fined as an accidental which is impossible to be separated from the essence. In
fact, every science discusses the necessary accidentals of its subject matter. A nec-
essary accidental is necessary either for existence or for quiddity. For example,
“heat” is a necessary accidental for the existence of the “fire”. On the other hand,
the necessary accidentals for quiddity are divided again into two types, self-
evident necessary and non-self-evident necessary. A self-evident necessary acci-
dental itself is divided into two smaller types, it may be strictly self-evident or
non-strictly self-evident. Instead of giving definitions of theses nested terms, let us
look at some examples (Ibn Sina 1960, logic, chapter 2):

1. In the proposition “A triangle has angles”, the predicate “angle” is a strictly
self-evident necessary accidental for the subject “triangle”.

2. In the proposition “The number four is even”, the predicate “even” is a non-
strictly self-evident necessary accidental for the subject “the number four”.

3. In the proposition “The sum of angles of a triangle is equal to two right angles”,
the predicate “the sum of angles being equal to two right angles” is a non-self-
evident necessary accidental for the subject “triangle”.

According to Ibn Sina, a demonstration transfers truth, certainty and necessity
from the premises to the conclusions. Premises or first principles are generally di-
vided into two parts, the first principles for all sciences are called common princi-
ples (al-usizl al-muta‘grafa), and the first principles for every special science
called postulates (al-uszl al-mawdii ‘a). For example, “whole is bigger than [its]
part” or “contradiction is impossible”, etc are common principles, and “the short-
est line between two points is a straight line” is a postulate for the science of ge-
ometry. Ibn Sina has a vast investigation in his different writings on the ways the
common principles are acquired by the mind. A class of these common principles
called as awwaliyyat, are acquired only through the intellective faculty. These are
propositions that are obvious for the intellective faculty and accepting them is nec-
essary. The above two examples of the common principles are of this category.
Contrary to the common principles, which are certain, the postulates are suscepti-
ble of doubt (mashkk).

Mathematical science is one of the main parts of the demonstrative sciences,
which is based on the certain premises and demonstrations or proofs which
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transfer certainty from premises to conclusions. Mathematical premises are either
the common principles (awwaliyyat), like the proposition “the whole is bigger
than [its] part”, or innates (fizr), like the proposition “the number four is even”
(see Ibn Sina 1960, logic, chapter 9). According to Ibn Sina, mathematical propo-
sitions are certain, necessary and have essential truth.

A natural question for a philosopher of mathematics is:

What relations may exist between lbn Sina’s characterization of mathematical
propositions and mathematical knowledge, on the one hand, and Kant’s classifica-
tion of propositions into analytic and synthetic propositions and mathematical
knowledge into a priori and a posteriori knowledge, on the other hand?

The following quotation gives a partial answer to the above question:

It is not the case that every science uses postulates, but in some sciences only definitions
and awwaliyyat are used, for example in arithmetic. But in geometry, all kinds of princi-
ples [definitions, common principles and postulates] are used (Ibn Sina 1956, chapter 12).

The immediate conclusion is, according to Ibn Sina, that arithmetical
knowledge is a priori and geometrical propositions are synthetic in the sense of
Kant. Moreover we can conclude that, by lbn Sina’s analysis, arithmetical
propositions are not analytic, since the negations of arithmetical propositions are
not self-contradictory. So according to Ibn Sina, arithmetical propositions are
synthetic in the sense of Kant as well. We admit that our conclusion about non-
analyticity of arithmetical propositions is debatable. One may argue that Ibn
Sina’s concept of the common principles (awwaliyyat) is wider than the usual set
of the logical axioms. That would imply that arithmetical propositions are
analytic. We leave open this problem.®

We have not found any explicit claim of Ibn Sina on priority or posteriority of
geometrical postulates. However, based on his writings, in particular his
discussion on the difference between common principles and postulates, and an
example from geometry in Ibn Sina 1956, chapter 12, we believe that, most
probably, he will admit geometrical knowledge as a priori knowledge.*
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Notes

1. All translations from Arabic into Farsi are my translations, and all terms and expressions
inside [ ] are my interpretations.

2. Mathematics is translated into “al-Ta‘limiyyat”, which literally means “what is related to
“ta’'lim”, and “ta’lim” itself means “teaching and learning”. This translation of
“mathematics” into Arabic is very close to the original meaning of the word “mathema”.

3. It should be mentioned that after having presented his definitions of the subject matter of
three branches of philosophical sciences, i.e., physics, mathematics and metaphysics, Ibn
Sina immediately discusses the subject matter of logic. Apart from how he describes that, the
point is that he includes “Logic” in theoretical philosophy, at least as far as the description of
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its subject matter is concerned. That is, somehow implausible in his doctrine. Note that
metaphysics of al-Shifa’ is as called “thirteenth art” (fann). The best way to justify counting
the different parts of al-Shifa’, is to start with physics including 8 arts, and then mathematics
including 4 arts, and finally metaphysics starts from thirteenth art. In this way, metaphysics
matches with the overall plan of the book. There is no place for logic in metaphysics of al-
Shifa’. That means, according to Ibn Sina, logic is not a branch of theoretical sciences (See
also Sabra 1980 for more details).

According to Mulla Sadra the estimative faculty abstracts line, surface and solid from matter,
but these are not separated from matter in external existence (see Mulla Sadra 1925, p. 20).
He then concludes that, at least, this part of geometry cannot be counted as a part of meta-
physics.

Here Mulla Sadra has a third reason for not considering arithmetic as part of metaphysics.
He says that number, which is the subject of arithmetic, and the unity, which is the principle
of arithmetical numbers, is different from the unity that exists in the Separate and, moreover,
the Separate does have numbers constructed of units. A number, which is a quantity, may
have proportions and such a number can be only found in matter, since such a number is an
accident of physics, not something as a principle of the physical objects (see Mulla Sadra
1925, p. 20).

Here “some” means “at least two”. It is worth knowing that according to lbn Sina, “number”
is another name for “plurality” and this concept is applied only for sets with at least two ele-
ments, so “numbers” starts from 2, i.e., zero and one are not numbers. Unit is the building
block of all numbers, but it is not a number itself (see Ibn Sina 1997, book 3, chapter 3). So
empty set and singletons do not exist even in the mind.

See, for example, the admissible syllogisms in Ibn Sina 1956.

A natural question may arise here: Is there any relation between “secondary intelligibles”
and “immaterial intellection™? It is plausible to assume that the objects of immaterial
intellection that can be perceived through “forms” of objects are necessarily secondary
intelligibles. However, there are also objects of immaterial intellection that are perceived
without having “forms”, like ego (See also Sabra 1980).

Kant’s notion of intuition is interpretable in the concept of construction, and his conclusion
on the synthetic (a priori) property of mathematical statements is based on his notion of in-
tuition. The term “construction” in Kant’s time had an established use in at least one part of
mathematics, i.e., in geometry. It is natural to assume that what Kant primarily has in mind
are constructions in geometry (see Hintikka 1992 for more details). As is mentioned before,
Ibn Sina came up to his notion of intuition mainly through his experiences in geometry. So
Ibn Sina’s notion of intuition may have relation to what is called construction of middle
terms.

There are many other important questions in philosophy of mathematics that are not consid-
ered in this chapter. One of the most controversial is the concept of “infinity”. Ibn Sina’s
theory of infinity is very similar to Aristotle’s, in the sense that he does not believe in actual
infinity, and he believes in potential infinity as a procedural character, see, e.g., Ibn Sina
1960, at-Tabi 'iyyat.
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Avicenna on Self-Awareness and Knowing
that One Knows

Deborah L. Black

Abstract One of the most well-known elements of Avicenna’s philosophy is the
famous thought experiment known as the “Flying Man.” The Flying Man argument
attempts to show that the soul possesses innate awareness of itself, and it has often
been viewed as forerunner to the Cartesian cogito. But Avicenna’s reflections on
the nature of self-awareness and self-consciousness are by no means confined to
the various versions of the Flying Man. Two of Avicenna’s latest works, the
Investigations and the Notes, contain numerous discussions of the soul’s awareness
of itself. From an examination of these works I show that Avicenna recognizes two
distinct levels of self-knowledge: (1) primitive self-awareness, which is illustrated
by the Flying Man; and (2) reflexive self-awareness, which comes from our
awareness of cognizing some object other than ourselves. While Avicenna assigns
primitive self-awareness a central role in ensuring the unity of the soul’s operations,
he encounters a number of difficulties in his efforts to explicate the relation of
primitive self-awareness to the reflexive varieties of self-knowledge that he inherits
from the Aristotelian tradition.

It is a commonplace in the history of philosophy that issues surrounding self-
awareness, consciousness, and self-knowledge do not become prominent until the
early modern period. For medieval philosophers, particularly those in the Aristote-
lian tradition, the nature of self-knowledge plays only an ancillary role in psychol-
ogy and epistemology. This is a natural consequence of Aristotle’s characteriza-
tion of the intellect as a pure capacity that has no nature of its own: “Thus that in
the soul which is called mind ... is, before it thinks, not actually any real thing.”*
Until the intellect has been actualized by some object, there is nothing for it to re-
flect upon; hence self-knowledge for Aristotle—at least in the case of human
knowers—is derivative upon knowledge of other things: “Thought is itself think-
able in exactly the same way as its objects are.”?
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Like all historical generalizations, of course, this truism admits of striking in-
dividual exceptions. The most obvious and well-known exception in the medieval
Islamic tradition is Avicenna (Ibn Sina, 980-1037), whose famous thought ex-
periment known as the “Flying Man” centres on the human soul’s awareness of it-
self. But Avicenna’s reflections on the problems of awareness and consciousness
are by no means confined to the various versions of the Flying Man.? In particular,
two of Avicenna’s latest works, the Investigations and the Notes—both of which
are in the form of remarks compiled by Avicenna’s students*—contain a wealth of
tantalizing and often problematic reflections on the soul’s awareness of itself
(shu zr bi-al-dhat).” The purpose of the present study is to consider the account of
self-awareness that emerges from these works against the backdrop of Avicenna’s
Flying Man. | will show that Avicenna recognizes two distinct levels of self-
knowledge, the most basic of which is exemplified in the experience of the Flying
Man, which | will label “primitive self-awareness.”® Primitive self-awareness vio-
lates many of the strictures placed on self-knowledge by the Aristotelian princi-
ples rehearsed above, and Avicenna differentiates it from the reflexive awareness
of oneself via one’s awareness of an object that is characteristic of Aristotelian-
ism. He also distinguishes primitive self-awareness from our knowledge of our
bodies and psychological faculties and from our scientific understanding of our
essential natures as humans; and he explicitly recognizes the capacity for “know-
ing that we know” as a distinctive form of self-knowledge. Primitive self-awareness
plays a central role in ensuring the unity of the soul’s operations, especially its
cognitive ones, and Avicenna appears to have seen the absence of such a unifying
centre of awareness as a major lacuna within Aristotelian psychology. But in the
end it remains unclear whether Avicenna is able to provide a coherent account of
the relations among primitive self-awareness and the other varieties of self-
knowledge that he inherits from the Aristotelian tradition.

1 The Flying Man: A Sketch

The broad contours of the Flying Man are generally well-known, so | will merely
summarize the salient points here. To set up the thought experiment, Avicenna
admonishes the reader to imagine herself in a state in which all forms of sensible
perception are impossible, and he identifies two fundamental sources of sense
knowledge to be bracketed: (1) everything previously acquired from experience,
that is, all knowledge anchored in memory and imagination; and (2) any occurrent
sensations. In order to accomplish this, she is supposed to imagine herself: (1) in a
pristine, newly-created state, but fully mature (kamilan);’ this allows her to disre-
gard all empirical knowledge, while presupposing an intellect with full rational
capacities; and (2') suspended in a void so that her limbs do not touch one another
and she can neither see, hear, touch, smell, nor taste anything. This prevents her
both from feeling her own body and from sensing external objects.? Avicenna then
asks whether self-awareness would be absent in such a state. Would a person,
while deprived of all sensory experience, be entirely lacking in self-awareness?
Avicenna believes that no one “endowed with insight” would deny that her aware-
ness of herself would remain stable even in these conditions.” He is confident that
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even under these extreme conditions, the subject would continue to affirm “the ex-
istence of his self” (wujid dhati-hi).*> Assuming that we share his intuition on this
point, Avicenna points out that this affirmation takes place despite the fact that all
sense perception, both internal and external, is cut off. We remain aware of the ex-
istence of our selves, but under the state hypothesized in the Flying Man we are
entirely oblivious to the existence of our bodies; hence this affirmation of our ex-
istence cannot be dependent upon the experience of having a body. Avicenna thus
concludes that since “it is not possible for the thing of which one is aware and not
aware to be one in any respect,” it follows that the self cannot be either the whole
body nor any one of its parts.*

This last move in the Flying Man, which is repeated in all of its versions, is of
course problematic, since it seems to contain the obviously fallacious inference pat-
tern, “If | know x but I do not know y, then x cannot be the same as y.” The question
of whether Avicenna explicitly or implicitly commits this fallacy—a charge often
laid against the Cartesian cogito as well—has been much discussed. It is not a ques-
tion that | plan to take up here for its own sake, however, since it is primarily of
relevance to the question of Avicennian dualism. It is noteworthy, however, that
while the Flying Man argument focuses primarily on the impossibility that self-
awareness is a mode of sense perception, the primitive character of the experience
exemplified in the Flying Man poses parallel and equal difficulties for the claim that
it could be a mode of intellectual understanding as well, as we will see below.*?

2 Primitive Self-Awareness

The scenario imagined in the Flying Man is designed to show that self-awareness is
always present in the human soul, independently of our awareness of other objects,
in particular the objects of sense faculties. In the Notes and Discussions, Avicenna
attempts to provide a more systematic account of the epistemic primitiveness of self-
awareness over all other forms of knowledge by employing the fundamental episte-
mological distinction between innate and acquired knowledge.*® Self-awareness is
placed in the realm of innate knowledge, and comparisons are drawn between self-
awareness and other paradigmatic cases of innate knowledge:

Self-awareness is essential to the soul (al-shu‘ar bi-al-dhat dhatr li-1-nafs), it is not ac-
quired from outside. It is as if, when the self comes to be, awareness comes to be along
with it. Nor are we aware of [the self] through an instrument, but rather, we are aware of it
through itself and from itself. And our awareness is an awareness without qualification,
that is, there is no condition for it in any way; and it is always aware, not at one time and
not another.*

A bit later in this passage, he makes this same assertion in even more striking
terms, identifying self-awareness with the soul’s very existence:

Our awareness of ourselves is our very existence (shu ‘@r-na bi-dhat-na huwa nafs wujid-
na). ... Self-awareness is natural (gharizah) to the self, for it is its existence itself, so there
is no need of anything external by which we perceive the self. Rather, the self is that by
which we perceive the self.®
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We can isolate a number of claims made in these passages regarding the nature of
primitive self-awareness and what it means to say that it is “innate” or “natural”:

1. It is essential to the soul; nothing could be a (human) soul if it did not possess
self-awareness;

2. There is no cause outside the soul from which it acquires awareness of itself;

. No instrument or medium is required in order to become self-aware; we
perceive the self “through itself”;

. Self-awareness is direct and unconditioned;

. Itis present in the soul from the beginning of its existence;

. Itis continual, not intermittent and episodic; and

. The self just is awareness: for the self to exist at all is for it to be aware of itself.
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These points are closely interrelated and can be further reduced to two groups:
1, 5, 6, and 7 all articulate the basic thesis that the self-awareness is an essential
attribute of human existence, constitutive of the very fabric of our being; 2, 3, and
4 express the principal consequence of this basic thesis, namely, that self-
awareness cannot be causally dependent upon anything at all outside the soul.
Self-awareness is direct and unmediated in any way.

It seems obvious that such a view is entirely at odds with the Aristotelian thesis
that the human soul can only have knowledge of itself concomitant with its
awareness of an object. Indeed, the points that Avicenna emphasizes in these pas-
sages seem deliberately formulated so as to invoke and at the same time to reject
the Aristotelian claim that self-awareness is a derivative psychological state. But
what are the grounds which entitle Avicenna to make this claim? If Avicenna is
correct that self-awareness is indeed innate, not acquired, then it will have the
epistemic status of a self-evident principle or axiom which need not and cannot be
demonstrated on the basis of prior principles. Yet even self-evident principles can
become subject to doubt, and in such cases they will require something in the way
of argumentative support. Thought experiments are one technique that can be
called upon in such circumstances, so we might expect Avicenna to appeal to the
experience of the Flying Man to confirm the primitiveness of self-awareness. Yet
the Flying Man, colourful though it may be, does not go far enough towards estab-
lishing the primitiveness thesis, since it merely prescinds from all sensory aware-
ness. The claim made here is a stronger one epistemologically, since it asserts that
self-awareness is not merely prior to and independent of corporeality and sensibil-
ity, but of all forms of cognitive awareness of other objects. Hence, Avicenna still
needs to show that self-awareness is absolutely primitive in every respect, in the
sense that it is presupposed by our capacity to understand anything at all. As evi-
dence for this claim, Avicenna offers the following analysis of the conditions un-
der which awareness of other objects is possible:

My apprehension (idrak-7) of myself is something which subsists in me, it does not arise
in me from the consideration of something else. For if | say: “I did this,” | express my
apprehension of myself even if | am heedless of my awareness of it. But from where could
I know that | did this, unless | had first considered my self? Therefore | first considered
my self, not its activity, nor did I consider anything by which I apprehended myself.*°
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A bit later, Avicenna repeats the same point:

Whenever we know something, there is in our knowledge of our apprehension of it an
awareness of ourselves, though we do not know that our selves apprehended it. For we are
aware primarily of ourselves. Otherwise when would we know that we had apprehended it
if we had not first been aware of ourselves? This is as it were evidence (bayyinah), not a
demonstration (burhan), that the soul is aware of itself."”

Self-awareness is innate to the soul and cognitively primary because only if |
first know my self can I: (1) know anything else about myself; and (2) become
aware of other things. Self-awareness is presupposed by any attribution of proper-
ties or actions to myself, since such attributions presume the existence of a subject
for those attributes; and self-awareness is equally implicit in all the soul’s acts of
knowing other things, since it is a condition for the recognition of these objects as
objects distinct from ourselves. Though Avicenna does not explicitly say so here,
his position seems to allow that one can be aware of oneself without being con-
comitantly aware of any object. Self-awareness seems to be an exception to the
general rule that all thinking is in some way intentional and directed toward an ob-
ject. In contrast to the Aristotelian orthodoxy, then, the primary object of self-
awareness is the self as a bare subject, not its activity of thinking.

3 Awareness and Consciousness

If primitive self-awareness is absolutely primary, as Avicenna urges, indeed even
identical with the soul’s existence, why would we ever need to be alerted to such a
basic datum of experience? Avicenna himself admits that despite its primitive
status, self-awareness is often something of which, paradoxically, we remain igno-
rant. Thus in the Notes he remarks: “A human being may be inattentive to his self-
awareness, and [thereafter] be alerted to it”; and again, “But the soul may be
oblivious to [itself] (dhahilah), and need to be alerted, just as it may be oblivious
to the primaries, and need to be alerted to them.”*® The implication, then, is that
consciousness is not the same thing as self-awareness, and that we often fail to be
conscious of our own selves.

The most striking illustration of the distinction between consciousness and self-
awareness is Avicenna’s assertion that even in sleep or drunkenness no one would
fail to affirm his own existence. This declaration occurs in the version of the Fly-
ing Man found in the Directives,® and a similar point is made in the Investiga-
tions. In the latter work, Avicenna appeals to the existence of imaginative activity
in sleep (i.e., dreaming), and he argues that self-awareness must necessarily be
present in a person in whom there is cognitive activity of any kind. The fact that
we are not fully conscious of that activity, and that we may fail to recall it when
we awaken, is irrelevant. Thus understood, consciousness is not awareness, but
rather, a second-order, reflexive operation for which primitive self-awareness is a
necessary but insufficient condition:

A doubt was raised to him that someone who is asleep is not aware of himself. So he said:
the person who is asleep acts upon his images just as he acts upon his sensibles while
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awake. And oftentimes he acts upon cogitative intellectual matters just as he does in wak-
ing. And in this state of his acting he is aware that he is the one acting, just as he is in the
waking state. For if he awakens and remembers his acting, he remembers his awareness of
himself, and if he awakens and he does not remember this, he will not remember his self-
awareness. And this is not a proof that he was not aware of himself, for the memory of
self-awareness is different from self-awareness, or rather, the awareness of self-awareness
is different from self-awareness.?’

The claim that we can be unconsciously aware of ourselves at first glance
seems an oxymoron. Yet the property of being an object of awareness even in the
absence of conscious thought is a basic feature of all innate or primary knowledge
for Avicenna, and primitive self-awareness too possesses this property in virtue of
being innate. Thus the primary concepts and propositions on which all our thought
depends are likewise absolutely basic, and we often take them for granted because
of their pervasive role in all our cognitive operations.* We are seldom consciously
aware of our employment of the principle of contradiction, for example, even
though we cannot entertain any proposition unless it conforms to that principle.
By the same token, we cannot think of any object unless we are at the same time
aware of our selves as the underlying subject of the thought. But in neither of
these cases need we be conscious of the role played by our innate knowledge in
our knowledge of other things. Indeed, Avicenna seems to imply that it is unusual
for innate knowledge of any sort to rise to the level of full consciousness.

Still, the separation of consciousness from awareness is problematic in an
Avicennian context, since Avicenna does not have open to him the obvious appeal
to memory as a means of explaining how | can be aware of objects of knowledge
which | am not consciously entertaining.? For it is a key tenet of Avicenna’s cog-
nitive psychology that the concept of memory applied to the intellect is meaning-
less. Avicenna argues for this controversial conclusion on the grounds that “it is
impossible that [an intelligible] form should be existent in complete actuality in
the soul but [the soul] not understand it in complete actuality, since ‘it understands
it” means nothing other than that the form is existent in it.” What, then, can it
mean to claim that | am aware of any object—including my self—and yet not ac-
tually, that is, consciously, understanding it?

In the case of other examples of innate knowledge, this problem is fairly easily
resolved. For primary intelligibles are not fully innate for Avicenna in the way we
ordinarily understand innateness. In this respect, the legacy of the Aristotelian
identification of the human intellect as in pure potency to its intelligibles retains
its hold on Avicenna.?* There are two principal characteristics of innate knowl-
edge as it is manifested in the primary intelligibles: (1) we never actively seek to
learn them and we are not conscious of when they are acquired; and (2) under
normal circumstances we do not consciously differentiate these intelligibles from
the derivative intelligibles in which they are implicitly contained. The second of
these two characteristics is what allows Avicenna to make sense of the claim that
we are aware of innate intelligibles—in the sense that they are actually present in
our minds—even though we are not consciously thinking of them. Their innate
presence in us is in virtue of their containment in other concepts, and hence they
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do not violate Avicenna’s rejection of intellectual memory. If our minds were to-
tally empty of all other thoughts, we would not possess these ideas either.

This solution is open to Avicenna to a limited extent in the case of primitive
self-awareness, since self-awareness is a precondition for thinking about any ob-
ject other than the self. But Avicenna has made the stronger claim that self-
awareness is the soul’s very subsistence and existence. At no point can the soul
exist unless it is aware of itself, even if it is not consciously or actively thinking of
itself. This is not true even of the most fundamental of primary intelligibles. Self-
awareness, then, cannot be the soul’s implicit consideration of itself as the subject
of other thoughts, since that would, in effect, reduce primitive self-awareness to
Aristotelian reflexive awareness. In primitive self-awareness the self is not present
to itself as an intelligible object in the way that other objects are present in its
thought. Of what then, is the soul aware when it is aware of nothing but the exis-
tence of itself?

4 Awareness and ldentity: What Self-Awareness is not

In my overview of the Flying Man argument, | noted that Avicenna identifies the
object to which we are alerted by the thought experiment as the existence (wujid)
or individual existence (anniyah) of the self or soul (dhat; nafs). While the same
terminology is also found in the Notes and Investigations, in these works
Avicenna prefers to speak of our awareness of our huwiyah or “individual iden-
tity.” Like the various terms for “existence,” “identity” serves to convey the primi-
tiveness of self-awareness, the fact that it is empty of any specific cognitive con-
tent. But the term “identity” also captures two additional properties that are
distinctive of primitive self-awareness. First and most fundamentally, self-
awareness is the only form of knowledge in which cognitive identification—the
identity of knower and known—is on Avicenna’s view completely realized in hu-
man thought.?

When you are aware of yourself, it is necessary that there is identity (huwiyah) here be-
tween the one aware and the thing of which there is awareness. ... And if you are aware of
something other than yourself, in this case there will be an otherness between the one who
is aware the object of awareness. ... As for awareness of the self, the one who is aware of
that Wt;gch he is, is his very self, so here there is identity and no otherness in any re-
spect.”

The second property follows as a corollary of the complete identity between
knower and known: self-awareness must be direct and cannot be mediated in any
way at all. While the denial of intermediaries in self-awareness is usually linked
with attempts to show that self-awareness cannot be a form of sense perception,
this is nonetheless a basic feature of primitive self-awareness whose consequences
extend to the intellectual as well as the sensible sphere.””

In the course of elaborating upon the claim that we are primitively aware only
of our individual identity and existence, Avicenna eliminates three distinct but
closely related theses regarding the nature of self-awareness and in particular the
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sort of knowledge of the self that can be gained in this primitive act. According to
Avicenna, primitive self-awareness is neither: (1) an activity of any discrete part
or faculty within the soul; hence it does not have any particular part of the soul as
its object; nor (2) is it awareness of the soul’s essential nature or quiddity; nor (3)
is it awareness of the aggregate or totality of the soul’s collected parts.

4.1 Parts and Faculties

That self-awareness cannot pertain to a part of the soul in the sense of a particular
faculty within the soul follows directly from the claim that the sole object of
primitive self-awareness is one’s individual identity. Since the self is not identical
with any one of its parts or faculties, self-awareness cannot be reducible to any
limited form of reflexive understanding by one cognitive faculty to the exclusion
of the others, even though the individual faculties of the soul are all capable, at
least in a limited way, of reflexive awareness of their own activities. When such
reflexive awareness occurs, it is not primitive, but a form of second-order aware-
ness or knowing that one knows:

And as for awareness, you are aware of your identity (huwiyah-ka), but yet you are not
aware of any one of your faculties such that it is the object of awareness. For then you
would not be aware of yourself but of some part of yourself. And if you were aware of
yourself not through your self, but rather through a faculty such as sensation or imagina-
tion, then the object of awareness would not be [the same as] that which is aware, and
along with your awareness of yourself you would be aware that you are aware of your soul
(bi-nafsi-ka) and that you are the one who is aware of your soul.?®

In this passage and remarks elsewhere, Avicenna tends to focus on the impossi-
bility of the corporeal faculties of sensation and imagination being the powers by
which the soul is aware of itself, in the same way that he tends to associate the
unmediated character of self-awareness with the denial that self-awareness is a
sensory act. Nonetheless, the analysis on which Avicenna’s point is based does not
depend in any special way upon the corporeal basis of sensation—the senses sim-
ply provide the most vivid examples of mediated and partial knowledge of the
self. Thus, even in one passage where he is responding to a specific question about
the soul’s ability to understand itself intellectually, Avicenna quickly reverts to
counter-examples based upon the limitations of the senses. The response here adds
another dimension to the denial that self-awareness can be attributed to the activity
of any particular faculty within the soul, for Avicenna eliminates not only reflex-
ive awareness by a faculty of its own acts, but also the grasp of any one part of the
soul by another. In such cases the identity criterion for self-awareness is doubly
violated, since neither the subject nor the object of awareness is identical with the
soul in its totality:

And if this power is subsistent through a body, and your soul is not subsistent in this body,
then that which is aware of this body through that faculty would belong to something
separate through another form. So there is no awareness of yourself in this case in an

way, and no apprehension of yourself through what is proper to it (bi-khuszsiyati-hz).””
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Rather, some body would sense with something other than itself, in the way that you sense
your leg with your hand. ®

While the example here centres on the limitations of the senses, the conclusion
would seem to be universally applicable to all parts of the soul. To the extent that
any cognitive faculty functions as an instrument by which the soul performs a de-
terminate range of activities directed towards a determinate class of objects, its
operations will violate the identity criterion for self-awareness, regardless of
whether or not the faculty in question uses bodily organs in the performance of
those acts.

4.2 Universal and Quidditative Knowledge

Despite his tendency to focus on examples drawn from the senses, Avicenna does
admit that primitive self-awareness cannot be an act of the intellect in any stan-
dard sense. He denies, for example, that self-awareness is implicit in the act of
understanding the general concept “soul” or “humanity” which | exemplify as a
particular instance, on the grounds that one cannot simultaneously be aware of a
whole as well as one of parts. In this case the “whole” is not the self, however, but
the universal, and the “part” is not a faculty of the soul, but rather, my self as a
particular instance falling under a universal class:

Next he was asked, “And how do | perceive the general intention of the soul; and am | at
the same time also aware of my individual soul?” He answered, “No, it is not possible to
be aware of something as well as one of its divisions (wa-tajzi’ah-hu).”*

While the denial that self-awareness can be accomplished by any isolated part
or faculty of the soul thus applies as much to the intellect as to the senses, it is
more common to find Avicenna arguing against the identification of self-
awareness as an act of intellection on the grounds that self-awareness neither con-
sists in nor supervenes upon universal knowledge of the soul’s essential nature:

After this he was asked: “And if | understand the soul through the general intention, am |
in that case a soul absolutely, not a particularized, individuated soul; so am I therefore
every soul?” The reply: “There is a difference between the absolute considered in itself
and universality. For universality is what is said of every soul which has another
consideration; and one of these two is a part of my soul, the other is not.*

In this passage Avicenna appeals to the distinction between quiddity and uni-
versality articulated in Book 5 of the Metaphysics of the Healing. On this account
of universals, any object that |1 know exists in my intellect, and in virtue of that
mental existence its quiddity acquires the additional property of universality. An
intelligible universal is thus an instance of some quiddity—in this case “human-
ity”—enjoying a form of conceptual existence in which it is combined with the
properties peculiar to that realm of existence.*® This entails, as Avicenna here in-
dicates, that when any absolute quiddity is instantiated in mental existence it is but
one part or constituent of the resultant universal. By the same token, when the
quiddity “humanity” is combined with a set of properties peculiar to concrete,
extramental existence to form an individual human, it once again is but a part or
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constituent of an entirely distinct entity. Thus, while my own proper self and my
universal concept of “human being” share the same essence or quiddity, “human-
ity,” “humanity” itself is not completely identical with either my self nor that con-
cept. While there is partial identity between my universal concept of “human” or
“soul” and my self, then, the identity is not complete. So on these grounds too in-
tellectual knowledge even of my own nature fails to meet the identity criterion for
primitive self-awareness.

The understanding of the universal under which my own nature falls is thus nei-
ther necessary nor sufficient for self-awareness. Indeed, as Avicenna notes in the
first of the two passages cited above,* to the extent that the universal and the par-
ticular are two different sorts of cognitive objects, when | am actively contemplat-
ing the universal “human,” any explicit awareness of my individual self will be
precluded by another axiom of Avicenna’s cognitive psychology, namely, that the
soul can only consciously think of one intelligible at a time: “For it is not in the
capacity of our souls to understand intelligible things together in a single in-
stant.”®® With this we have yet another explanation for Avicenna’s claim that
primitive self-awareness must in most instances be differentiated from conscious
attention. For by and large my everyday conscious thoughts are focused on objects
other than my own individual identity and existence, and | cannot, on Avicennian
principles, actively and consciously attend to my individual existence while at the
same time actively thinking other thoughts. That is why, one presumes, thought
experiments like the Flying Man are needed.

4.3 Collections of Parts

Thus far | have considered Avicenna’s grounds for rejecting two of the three can-
didates that might be put forward as sources of self-awareness—one of the soul’s
particular cognitive faculties, or its intellectual understanding of its own essential
nature. But Avicenna also rejects the claim that self-awareness might be nothing
more than our perception of the total aggregate or collection of our various parts.
One question posed in the Investigations wonders whether a human being just is
the collection of his parts (jumlah-hu), and if so, whether the totality of that collec-
tion constitutes the object of his awareness. In response Avicenna argues that self-
awareness cannot be equated with awareness of the sum total of one’s parts, since
it is possible to be aware of one’s individual existence while lacking awareness of
the collection in its entirety. This follows from Avicenna’s claim that self-
awareness is the very existence of the self and thus something that is always pre-
sent at every moment in which the self subsists. But the totality of one’s parts does
not display any stability and continuity, for those parts change over time, and
many of them are hidden from us under ordinary circumstances. Avicenna casts
the “hidden parts” argument as an inference based on the mutability and hidden-
ness of our internal organs, an emphasis that might once again lead us to suppose
that the main impediment to self-awareness here derives from the bodily side of
our selves:*



Avicenna on Self-Awareness 73

For many a person who is aware of the being of his existence (bi-wujadi aniyati-hi) is not
aware of the collection, and were it not for autopsy there would have been no knowledge
of a heart, nor a brain, nor any principal nor subordinate organ. Whereas before all this he
was aware of his existence. Moreover, if the object of awareness remains an object of
awareness while, for example, something of the collection is separated in such a way that
there is no sensing of it, in the way that a limb is cut off from an anaesthetized amputee,
then it is conceivable that this could happen to him and he would not sense it, nor be
aware that the collection has been altered, whereas he would be aware of his self, that it is
his self, as if he had not been altered. And as for the thing from the collection which is
other than the collection, it is either the case that it is an internal organ or an external
organ. And it may be that none of the internal organs is an object of awareness at all, but
existence (al-aniyah) is an object of awareness prior to autopsy. And that of which there is
awareness is different from that of which there is no awareness. And the external organs
may be missing or changed, whereas the existence of which we are aware is one thing in
its being an object of awareness as an individual unity (wakdatan shakhsiyatan).*’

In its appeal to the constancy of my awareness of the individual unity that is my
self, even in the absence of complete awareness of my bodily members, this line
of reasoning appears to commit the same suspect fallacy of which the Flying Man
argument is often accused: | am aware of my self; | am not aware of the totality of
my parts; therefore my self is distinct from the totality. But Avicenna’s distinction
between primitive self-awareness and conscious thought lessens the sophistical
appearance of the argument in the present context, and it allows us to give the ar-
gument a purely epistemological interpretation. On the basis of that distinction,
the “ignorance” of our brains or hearts to which Avicenna refers cannot be under-
stood as a simple failure to be conscious of them. So the argument merely illus-
trates the epistemological conclusion that primitive self-awareness is not the same
kind of knowledge as bodily consciousness: it tells us nothing about the underly-
ing nature of the self nor its distinction from the collection.

Yet if we follow this line of interpretation, we will also be prohibited from
identifying primitive self-awareness as identical with any conscious state of an
immaterial mind or soul. For it can surely be claimed that non-philosophers and
materialists lack consciousness of their non-material parts as well, that is, of their
immaterial minds and rational souls, despite the continuity of their self-awareness.
That is, after all, what allows them to be materialists. So if Avicenna’s argument
here is meant to apply to bodily parts in particular, and not equally to the immate-
rial faculties of the soul, it is inadequate. What it does establish is that if self-
awareness is indeed a necessary concomitant of our existence underlying all our
derivative conscious states, it must be an entirely different mode of knowing from
any of those states, be they sensible or intellectual.

5 Individuation and Self-Awareness

We have seen, then, that despite a few indications to the contrary, Avicenna gen-
erally appears to recognize that he cannot draw any determinate conclusions re-
garding the nature of the self based on his analysis of self-awareness alone.
Given the very primitiveness of that state, the most one can do is to establish
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what self-awareness is not. But there is one suspect presupposition that continues
to inform Avicenna’s discussions of primitive self-awareness, and that is the as-
sumption that there is an underlying self of some sort which is, at a bare mini-
mum, a single, individual unity to which all the soul’s manifold activities are
somehow ultimately referred.

The problem that is lurking here is one which brings Avicenna up against the
anomalies in his dualistic account of human nature. Avicenna claims that human
souls are subsistent entities in their own right, and yet, since there are multiple in-
dividuals in the species “human,” those individuals can only be distinguished from
one another by the diversity of their matter.® If the self is indeed a unity, as
Avicenna’s account of self-awareness implies, and if its unifying function is in-
compatible with corporeality, then self-awareness would seem to be a function of
the soul itself.** But Avicenna has admitted, perhaps reluctantly, that self-
awareness cannot be a function of the intellect, since the self is not a universal. So
we are faced with the question, what mode of cognition corresponds to a self that
is at once subsistent and individual, but not entirely immaterial, and not the sole
exemplar of its own nature or quiddity? The dilemma that Avicenna faces here is
nicely captured in the Investigations:

He was asked: By what faculty do we perceive our particular selves? For the soul’s appre-
hension of intentions is either through the intellective faculty—but the awareness of the
particular self (al-dhat al-juz’iy) is not intellected; or through the estimative faculty—but
the estimative faculty apprehends intentions conjoined to images. And it has been shown
that Igm aware of my essence even if | am not aware of my limbs and do not imagine my
body.

Avicenna’s immediate response to the problem is simply to note that the im-
pediment to the intellectual understanding of an individual is matter, which is in-
trinsically unintelligible, not individuality per se. Hence, if there is some aspect of
the human soul’s individuation that is not simply reducible to matter and material
accidents, the individual self may in some way be intelligible. Still, Avicenna re-
mains non-committal as to the exact faculty to which primitive self-awareness
should be traced:

He answered: It has been shown that the universal intention is not apprehended through a
body, and that the individual intention which is individuated through material accidents to
a determinate magnitude and a determinate place is not perceived without a body; but it
has not been shown that the particular cannot be apprehended at all without a body, nor
that the particular cannot be converted into the judgement of the universal. Rather, when
the individuation of the particular is not by means of magnitude, place, and the like, then
there is no hindrance to the one’s being aware of it—so | suppose it would be the intellect.
The impossibility of this has not been shown anywhere. And there is no harm in there be-
ing a material cause of this individual, and of its being a material thing in some respect, so
long as the concomitant individuating form is not itself a material form, but is instead one
of the forms characteristic of that whose individuation is not through a body. The intellect
or the intellective soul cannot, however, perceive an individual particular by means of ma-
terial forms with magnitude.**

Even if we grant that the material aspects of human nature in and of themselves
do not rule out the possibility of an intellectual grasp of ourselves as individuals, it
is difficult to see how such knowledge would fit the account that Avicenna has
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given of primitive self-awareness. When Avicenna does attempt to describe more
precisely how such intellectual self-awareness might be accomplished, the expla-
nation turns on the possibility of singling out an individual by means of its acci-
dents through a process whereby | understand myself by combining my grasp of
“humanity” with my understanding of properties that are peculiar to me:*

So he replied: If this self-awareness is not called an “intellection” (‘aglan), but rather, the
term “intellection” is proper to what belongs to the awareness of the abstract universal,
then one could say that my awareness of myself is not an intellection and that | do not un-
derstand my self. But if every perception of what subsists abstractly is called an “intellec-
tion,” it need not be granted that every intelligible of everything is a universal intention
subsisting through its definition. Though perhaps if it is to be granted, it is only granted in
the case of external intelligibles; nonetheless it is certain this is not to be granted abso-
lutely. For not everything has a definition, nor is every intelligible just a simple concept,
but rather, the thing may be understood through its states, so that its definition is perceived
mixed with its accidents. In this way, when | understand my self | understand a definition
to which is conjoined an inseparable accident (‘arid lazim).*

Avicenna’s point, then, seems to be we can conceptualize complex intelligibles
such as “laughing human” or “political human,” and that these concepts can pro-
vide a model for intellectual self-awareness of our individual identities. My under-
standing of my self on that model would consist of the definition of “human” plus
a series of necessary accidents conjoined to that definition, which in concert
would contract that definition to pick out me alone.** But there are obvious diffi-
culties with this solution. From a metaphysical perspective, it is not clear what
property or set of properties could count as a necessary accident singling out my
individual self, since Avicenna generally rejects bundle theories of individuation.*
More importantly in the present context, however, this model seems to lack entirely
the immediacy which is the characteristic feature of primitive self-awareness. Even
if it is indeed possible for me to grasp my own individuality intellectually through
a process such as the one just described, such an intellection could in no sense be
counted as one in which | am simply aware of my individual existence and iden-
tity prior to any conscious awareness | have of either my essence or my attributes.

Avicenna’s account of primitive self-awareness thus seems to require a differ-
ent paradigm of intelligibility which would allow for direct acquaintance with an
immaterial particular. In a few places Avicenna indicates that such an account
might be developed on the basis of parallels between self-awareness and sensible
observation. This, at least, is implied by Avicenna’s inclusion of propositions ex-
pressing self-awareness under the category of “observational” (al-mushahadat)
premises in the Directives, a category which is principally comprised of sensible
propositions such as “the sun is shining,” and “fire is hot.” In this context, how-
ever, Avicenna does not distinguish sharply between primitive self-awareness and
our awareness of our mental states, since the task at hand is to classify proposi-
tions based upon their reliability, rather than to explore the cognitive processes
that underlie them.“® So these propositions have already been filtered by the intel-
lect and no longer display the immediacy of the perceptual acts on which they are
based. In the Notes too Avicenna compares self-awareness to the knowledge we
gain of an individual by direct acquaintance (al-ma ‘rifah) and through observation
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(al-mushahadah).*” But ultimately Avicenna fails to develop these suggestions in
any comprehensive way, so that the exact nature of primitive self-awareness re-
mains somewhat mysterious.

6 Second-Order Awareness and Knowing that One knows

Thus far | have focused solely on Avicenna’s account of primitive self-awareness,
since that is the form of self-knowledge to which Avicenna devotes the most at-
tention. But Avicenna does not entirely neglect other forms of self-knowledge,
and in the course of his accounts of self-awareness he often invokes the distinction
between primitive self-awareness on the one hand, and awareness that we are
aware on the other hand. Whereas primitive self-awareness is a form of innate
knowledge and thus is of a piece with the soul’s very existence, awareness of
awareness is something which we must acquire through conscious effort:

As for its awareness that it is aware of itself, this it has through acquisition. And for this
reason it does not know that it is aware of itself, and likewise for the rest of the things for
which it acquires the power to become aware. And this is something which is not existent
in it, which it needs to procure for itself.*®

Unlike primitive self-awareness, whose exact character remains obscure despite
its pervasiveness, awareness that we are aware is an intellectual act, and hence it is
always at the level of actual conscious thought:

But our being aware that we are aware is an activity of the intellect. Self-awareness be-
longs to the soul in actuality, for it is always aware of itself. And as for the awareness of
the awareness, it is potential. And if the awareness of the awareness were actual, it would
always be [s0], and there would be no need for the consideration of the intellect.*

At first glance it might appear that this acquired form of awareness is the
Avicennian counterpart to the traditional Aristotelian conception of self-
awareness as an act concomitant with the understanding of other things. Yet
there are reasons to think that such a comparison is not entirely apt. Avicenna’s
model is clearly a propositional one, whereas the Aristotelian notion of an
awareness that is concomitant with our knowledge of an object seems prior to
any propositional judgment. | suspect, however, that Avicenna would claim that
there really is no such thing as reflexive self-awareness in the Aristotelian sense,
since he rejects both of the principles upon which the Aristotelian account is
based.™® So Avicenna would probably agree that Aristotelian reflexive knowl-
edge is either nothing but awareness that we are aware, and hence it is indeed
propositional; or that it offers a flawed account of primitive self-awareness and
is to be rejected outright. Similarly, it is not clear whether our intellectual grasp
of our own natures or quiddities—i.e., our simple understanding of the intelligi-
bles “human” and “soul”—would count as instances of awareness that we are
aware in Avicenna’s eyes. Here too it seems unlikely that Avicenna would con-
sider such knowledge to be a form of second-order awareness. For in order to
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count as “awareness,” it would seem necessary for the knower to apply the con-
cept “human” to her understanding of herself. Failing that, her knowledge of hu-
manity would seem to constitute self-knowledge only incidentally.

Despite his relative silence on the exact scope and nature of second-order
awareness, there are a couple of short and provocative passages in which
Avicenna attempts to offer some account the role it plays within human knowl-
edge. Two functions seem paramount: (1) second-order awareness is necessary for
conscious thought to occur; and (2) second-order awareness plays a role in the at-
tainment of certitude (al-yagm).

With respect to (1), Avicenna argues that the complete identity that character-
izes primitive self-awareness necessitates that a different sort of cognitive act must
occur in order to acquire knowledge that one is aware: “For so long as you know
(tarifu) yourself, you do not know that this awareness of it from yourself is your-
self.”! This is a direct consequence of Avicenna’s distinction between awareness
and consciousness. Since self-awareness under normal circumstances is something
that we are not attentive to, it must be made the subject of conscious reflection by
the intellect in order to play an active role in our cognitive pursuits. And the role
that second-order awareness plays in those pursuits seems to be in its own way a
central and foundational one, especially for the philosopher. For certitude, the
epistemic goal at which philosophy is supposed to aim, is defined as an act of
second-order knowledge.

Hence, with respect to (2), Avicenna argues, in a very compact statement pref-
aced to one of his accounts of primitive self-awareness, that insofar as certitude
entails knowing that one knows, it is akin to and perhaps dependent on second-
order awareness:

Certitude is to know that you know, and to know that you know that you know, ad
infinitum. And the apprehension of one’s self is like this. For you apprehend your self, and
you know g?at you apprehend it, and you know that you know that you apprehend it—ad
infinitum.”

Avicenna does not make it entirely clear here whether “knowing that one
knows” and “being aware that one is aware” are synonymous. Does Avicenna be-
lieve that knowing that one knows is simply a special case of second-order aware-
ness focused on one’s awareness of a particular object, or does he intend to make
the stronger claim that certitude is ultimately dependent upon our capacity to bring
primitive self-awareness to the level of conscious attention? Some remarks on the
nature of our feeling of certitude in the Psychology give us reason to think that
Avicenna would indeed assign self-awareness a foundational role in all certain
knowledge.

In the passage in question, Avicenna presents the phenomenon of a person who
feels certain that she knows the answer to some question as soon as it is posed to
her, even when she has never actually worked out the point at issue before. In ef-
fect, she teaches herself as well as her audience during the course of her articula-
tion of the reply. Avicenna’s account of what is going on in such cases is some-
what problematic, although it coheres well with the general principles that are laid
out in this part of the Psychology. What Avicenna argues is that in cases such as
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these the knower is actually certain of the reply she is about to give, and that ac-
tual certitude is only possible if one’s belief is indeed true and one’s knowledge
actual. Given the respondent’s actual certitude, the knowledge in question cannot
be potential, even proximately so, “because it is impossible to be certain that
something actually unknown is known by him but stored away. For how could you
be certain of the state of something unless the thing (al-amr) itself in relation to
which you were certain were known?"?

Now in the case of our knowledge of things other than ourselves, the inference
from the strength of our psychological certitude to the reality of that about which
we are certain is clearly suspicious. But the point does shed light on the role that
Avicenna envisages for self-awareness in the attainment of certitude. For as we’ve
seen, primitive self-awareness is the only form of knowledge that is, from the first
moment of our existence, always actually present in us. And certitude, as here de-
scribed, rests on an actual relation between the knower and that of which she is
certain. Primitive self-awareness, then, is the only form of knowledge in which the
actual relation between the knower and the object known is guaranteed. Moreover,
since the person who is actually certain of anything must grasp the relation be-
tween herself and the other objects of which she is certain, primitive self-
awareness would also seem to be an ingredient within any additional claims we
have to be certain of the nature of things other than ourselves. Certitude thus con-
sists in the awareness that we are aware; it is not a distinct form of second-order
knowledge in which primitive self-awareness plays no central role.

7 Knowing that We Know and the Problem of Infinite Regress

Avicenna’s identification of certitude as a form of knowing that one knows is not
unprecedented in the Islamic philosophical tradition. Al-Farabi (ca. 870-950) had
already stipulated this as one of the conditions of certitude in his discussions of the
nature of demonstrative science:

Certitude is for us to believe concerning the truth to which assent has been given that it is
not at all possible for the existence of what we believe of this thing to be different from
what we believe; and in addition to this, we believe concerning this belief that another
[belief] than it is not possible, even to the extent that whenever there is formed some belief
concerning the first belief, it is not possible in one’s view for it to be otherwise, and so on
ad infinitum.**

The principal function that this claim plays in al-Farabi’s epistemology is to
differentiate knowledge from true opinion: while true opinions may indeed corre-
spond with reality, al-Farabi argues that only when we know that our belief in their
correspondence is necessary does our opinion rise to the level of certitude. Al-
Farabi himself often uses the term “awareness” (shu ‘ir) to explicate this second-
order-knowledge, and what he appears to have in mind is a criterion that involves
the subject’s direct acquaintance with the evidence upon which her belief is based,
the fact that it rests on the subject’s “own vision.”® This in turn entails concomi-
tant self-awareness, al-Farabt suggests, since | must also recognize that it is my
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knowledge that is the guarantor of my belief. If a subject is certain of his belief,
his cognitive state must be that of “someone who considers the thing at the time
when he is considering it and is aware that he is considering it.”*®

One striking feature of al-Farabi’s account of knowing that one knows is the
claim that certitude entails an infinite regress of second-order acts of awareness. It
is this feature of al-Farabi’s criterion that Avicenna himself echoes in the Notes,
and it is also a point of contention in a debate over second-order knowledge be-
tween al-Ghazalt (1058-1111) and Averroes (Ibn Rushd, 1126-1198). Al-Farabi
himself does not comment much on the infinity condition: he does not state
whether the infinity is potential or actual, for example. Given the Aristotelian pro-
hibition against actual infinites, we might presume that the regress here is neces-
sarily potential. If | am certain of something, then | will be able, if challenged, to
assert second-order, third-order, etc. claims as required, but | need not and perhaps
cannot actually accept an infinity of meta-propositions. The second-order claim is
sufficient to establish certain knowledge, since it secures my grasp on the eviden-
tiary basis for my belief. Hence, there is no danger that a sophistical challenger
might disturb my certitude by charging that while I may know that | know p, |
may not really know that my knowledge won’t falter when | reach a tenth-order or
hundredth-order claim, for example.

Yet some version of the possibility of an infinite regress of self-awareness
claims does seem to worry Avicenna. It is not, however, the infinite regress of
second-order awareness that concerns him, but rather, the view that holds that our
becoming alerted to our primitive self-awareness (as, for example, by performing
the Flying Man), constitutes a repetition of the act of primitive self-awareness it-
self. This Avicenna denies: “A human being may be inattentive to his self-
awareness, and be alerted to it; but he is not aware of himself twice.”™’ Here, the
core of Avicenna’s concern seems to be the preservation of the privileged charac-
ter of self-awareness amongst the soul’s cognitive acts. But the prohibition against
the “repetition” of our selves in ourselves does not prevent an infinite regress of
acts of knowing that we know. Rather, second-order awareness must necessarily
be of a different kind from primitive self-awareness and have a distinct object
from it: there must be some form of epistemic ascent here.

The problem posed by the infinite regress of awareness resurfaces in an ex-
change between Avicenna’s critics, al-Ghazali and Averroes. This debate is espe-
cially instructive for our purposes since many of al-Ghazali’s claims presuppose
the Avicennian paradigm of self-awareness, in which second-order awareness is a
distinct act of understanding from primitive self-awareness, whereas Averroes’s
responses are more faithful to the traditional Aristotelian picture. Unlike Avicenna
and al-Farabi, however, al-Ghazali, explicitly rejects the possibility of an infinite
regress of second-order acts: *®

Rather, he knows his being a knower by another knowledge, [and so on] until this termi-
nates in a knowledge of which he is oblivious and does not know. We do not say that this
regresses ad infinitum but that it stops [at a point] with a knowledge relating to its object,
where [the individual] is oblivious to the existence of the knowledge but not [to that] of the
object known, This is similar to a person who knows blackness, being, in his state of know-
ing, psychologically absorbed with the object of his knowledge — namely, blackness — but
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unaware of his [act of] knowing blackness, paying no heed to it. If he pays heed to it, it
will require another knowledge [and so on] until his heeding ceases.*

Al-Ghazali’s perspective here is ultimately far removed from Avicenna’s. Al-
Ghazali seems to make self-awareness entirely dispensable to human knowledge,
and its incidental character is even more pronounced than in the classical Aristote-
lian picture, where reflexive self-awareness, while not a necessary condition pre-
supposed by all other knowledge, is nonetheless an inevitable by-product of it.
Certainly al-Ghazali’s remarks are incompatible with the claim that certitude—
that is, demonstrated, scientific knowledge—depends upon second-order acts of
awareness. On al-Ghazali’s view, second-order awareness actually seems to be an
impediment to complete awareness of the object of one’s thought. For according to
the above passage, in order to thwart the objectionable infinite regress of reflexive
acts, we eventually posit a stage in which our absorption in the object known and
our attention to it is so all-embracing that we lose ourselves entirely in the object
and fail to note the otherness between it and ourselves.

Averroes’s response to al-Ghazali’s remarks in the Incoherence of the “Inco-
herence™ staunchly defends the Aristotelian view that self-knowledge is indistin-
guishable from our concomitant awareness of other things. Averroes does allow
for an exception to this claim in cases where we are talking about my knowledge
of my individual soul (‘ilm bi-nafsi-hi al-shakhsiyah), by which Averroes means
nothing but my ability to perceive my own individuating states and actions.*® But
on Averroes’s view this sort of individual self-knowledge is clearly inferior to the
self-knowledge that is identical with what is known, since in the latter case the
knower has universal, essential knowledge of “the quiddity which is proper to
him.” Averroes’s point here is not simply that we only truly know ourselves when
we have attained a scientific understanding of human nature. Rather, Averroes
makes the following assertion based upon the identification of rationality as the
essential difference of humanity:

The essence of a human being (dhat-hu) is nothing but his knowledge of things (‘ilm al-
ashya’). ... The quiddity of a human is knowledge, and knowledge is the thing known in
one respect and something different in another. And if he is ignorant of a certain object of
knowledge (ma ‘lim ma), he is ignorant of a part of his essence (juz’an min-dhati-hi), and
if he is ignorant of all knowables, he is ignorant of his essence.”*

Despite its reliance on the identity of knower and known, Averroes’s claim here
is stronger than the Aristotelian position that the soul knows itself in the same way
that it knows other things. The Aristotelian claim is simply that self-awareness can
only occur reflexively, once another object is known. Aristotelian self-knowledge
in this sense is episodic. Avicennian self-awareness, by contrast, is continuous and
uninterrupted. Averroist self-knowledge, unlike either of these models, is progres-
sive and cumulative: the acquisition of knowledge is a form of self-realization for
Averroes, and hence my self-knowledge increases in proportion to the increase in
my overall store of knowledge.®

On the basis of this stronger understanding of the identity of knower and
known, Averroes denies that there could be any problem in positing an infinite re-
gress of meta-levels of awareness. There is no need to cut off an infinite regress by
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positing some mysterious stage at which the knower fails entirely to be conscious
of herself, because there is nothing problematic about the sort of infinity that is
implied by a series of claims that a subject knows that she knows:

Now al-Ghazali’s answer, that this knowledge is a second knowledge ( ‘ilm thani) and that
there is no infinite series here, is devoid of sense, for it is self-evident that this implies
such a series, and it does not follow from the fact that when a man knows a thing but is
not conscious that he knows the fact that he knows, that in the case when he knows that he
knows, this second knowledge is an additional knowledge to the first; no, the second
knowledge is one of the conditions of the first knowledge, and its infinite regress is,
therefore, not impossible; if, however, it were a knowledge existing by itself and
additional to the first knowledge, an infinite series could not occur.®®

I take Averroes’s point here to be the following: since my knowledge of an ob-
ject is one and the same act of knowledge as my knowledge of myself, there is
implicitly contained in that single knowledge a potentially infinite series of propo-
sitions asserting my knowledge that | know, that | know that | know, and so on.
Self-knowledge is an ingredient within our knowledge of other things to the extent
that certitude requires us to know that we know. Knowing that we know does not,
then, generate an infinite series of distinct acts of knowing as al-Ghazali main-
tains, and hence there is no need to terminate the series by positing some act of
awareness in which self-knowledge is entirely absent. Such a move is absurd in
Averroes’s eyes, not the least because it places a form of ignorance at the core of
the explanation of knowledge. There is no little irony in the fact that much the
same objection could be made against the function that Avicenna assigns to primi-
tive self-awareness: both primitive self-awareness and self-absorption into the ob-
ject known rest our knowledge on modes of awareness that lie below the threshold
of consciousness and that, as such, remain actually unknown.

8 Conclusion

It is clear from the many attempts that Avicenna makes to clarify the nature of
primitive self-awareness that he considered it to be a fundamental principle in his
own philosophy and a necessary and important corrective of the prevailing
philosophical view that made self-awareness of secondary importance in the
explication of human knowledge. It appears from his various characterizations of
primitive self-awareness that emphasize its utter basicality and complete self-
identity that Avicenna believed that some such state of pre-conscious awareness was
necessary to ground the unity of the human being as the single knowing subject to
which her diverse cognitions, grounded in various faculties, are referred. It is this
concern with the unity of awareness, rather than the desire to establish the
immateriality of that unifying subject, that is of paramount importance to Avicenna,
even in the Flying Man experiment—a point which is attested to by Avicenna’s
decision to incorporate two of the three versions of the Flying Man into arguments
for the unity of the soul.®
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Nonetheless, it is impossible to deny that Avicenna is strongly attracted by the
possibility of moving from an analysis of the primitiveness and simplicity of self-
awareness to the conclusion that a being possessed of this capacity cannot be es-
sentially corporeal. Thus in both the contexts in which the Flying Man is used to
support the unity of the soul Avicenna eventually makes the additional claim that
no body could act as the unifying or binding entity that he has discovered. And
while Avicenna is in general careful to differentiate primitive self-awareness from
simple intellectual understanding, his focus is in most instances fixed on establish-
ing its non-sensory character.

More fundamentally, it seems reasonable to suppose that Avicenna’s insistence
on the necessity of positing some unifying principle of awareness is itself rooted
in his commitment to the subsistence of the human soul and the merely relational
character of its link to the body. It can hardly be an empirical inference, after all,
for by Avicenna’s own admission primitive self-awareness, as such, is prior to all
conscious thought. Yet Avicenna’s claim that self-awareness is indistinguishable
from the very existence of the human soul follows quite naturally on the assump-
tion that the fundamental attribute of the separate intellects—that of being always
actually engaged in a “thinking of thinking”—must also be manifested in hu-
man intellects if they are to be intellects at all.%® While Avicenna may agree with
Aristotle that the human soul is indeed in mere potency to objects of knowledge
other than itself, if the soul is essentially immaterial and rational, then there can be
no point in its existence at which it is not in some sense actually cognitive. To the
extent that the human soul is truly an intellective soul, it must have the character-
istic property of all subsistent intellects, that of being actually intelligible to itself.
No intellect can ever be empty of this bare minimum of self-awareness. The Aris-
totelian view of self-knowledge, then, can be accommodated into Avicennian psy-
chology to a limited extent. But that view, like the more basic characterization of
the soul as the form or perfection of the body, captures only those limited aspects
of human knowledge that pertain to its temporal—and temporary—physical state.

Notes

1. De anima 3.4, 429a23-24.

2. Aristotle, De anima 3.4, 430al-2, and more generally to 430a9. Cf. 429b5-9. All transla-
tions of Aristotle are from Barnes 1984. For parallel remarks regarding sensible self-
awareness, see De anima 3.2, 425b12-13, and more generally to 426a26. The claim that the
intellect can only think itself after it has thought some other object is in turn a consequence
of the principle of cognitive identification according to which the knower in some way be-
comes the object known in the act of perceiving or thinking. See De anima 2.5, 417a18-20;
418a3-6; 3.4, 429h29-30al; 3.7, 431al-6; 3.8, 431h20-432al.

3. The Flying Man was popular amongst medieval readers of the Latin Avicenna, and modern
commentators have often compared it to the cogito of Descartes. It occurs three times in
Avicenna’s major philosophical writings: twice in the Psychology of the Healing (1.1, p. 13
and 5.7, p. 225), and once in Directives p. 119. There is a vast literature on the Flying
Man. Some important recent articles are Marmura 1986; Druart 1988; Hasnawi 1997. For
the influence on the Latin West, see Gilson 1929-30, pp. 39-42; Hasse 2000, pp. 80-92.



Avicenna on Self-Awareness 83

11.
12.
13.

14.
. Ibid., p. 161.
16.

17.

18.
19.

20.

The label “Flying Man” is not Avicenna’s; as far as | can tell, it originates with Gilson
1929-30, p. 41 n. 1.

For the nature of these works and their place in Avicenna’s philosophical development, see
Gutas 1988, pp. 141-44, and Reisman 2002. Many relevant passages from the Investigations
have been discussed and translated into French in Pines 1954.

| translate shu ‘@r throughout as “awareness,” which is the most natural English equivalent.
While the term usually denotes self-awareness, it is occasionally used more broadly for
awareness of other objects. See Notes pp. 30, 148, 162. In such cases it is close in meaning
to idrak, “apprehension” or “perception” (taken broadly without restriction to sensation).

The Notes and Discussions also consider the relation between animal and human self-
awareness, where the former includes a human being’s awareness of the activities taking
place within the animal powers of her soul. On this see Black 1993, especially pp. 236-39.
Kamil is a technical term in Islamic philosophy, and in Avicenna’s psychology the cognate
term kamal is equivalent to the Greek entelecheia—*“perfection” or “actuality”—used
by Aristotle in the definition of the soul as the “first perfection of a natural body” (f woxn
£oTLv Eviedéela M| TPOTN chpotog euotkod; De anima 2.1, 412a27-29; 412b5-6). Given
that one version of the Flying Man occurs at the end of Avicenna’s discussion of soul as en-
telechy (Psychology 1.1), one might suppose that Avicenna intends us to take kamil here in
its technical sense. But | am inclined to read it more colloquially as meaning something like
“mature.” The purpose of this portion of the thought experiment is to force us to bracket any
knowledge we have gained from experience, while still presupposing we have the full intel-
lectual capacities of an adult. But if kamil refers to the soul as a “first perfection,” then the
state of a newly born infant would also be included; and if it refers to the soul as a “second
perfection,” then the soul would no longer seem to be in a pristine state, and this would ren-
der the experiment unable to alert us to the primitiveness of self-awareness. For a compre-
hensive study of Avicenna’s account of the soul as perfection, and of his teleology in gen-
eral, see Wisnovsky 2003, especially pp. 113-41.

Anscombe 1975, pp. 152, 156 proposes a similar thought experiment involving sensory dep-
rivation. One interesting difference between the Flying Man and accounts of self-awareness
and personal identity in modern philosophy is Avicenna’s claim that memories as well as oc-
current sensations can be bracketed without threatening personal identity.

Directives 119.

. This is the language of Psychology 1.1, p. 13. Avicenna uses the phrase wujizd dhati-ka as

well as wujad anniyati-hi in 5.7, p. 225; at Directives p. 119, anniyati-ha is used. Anniyah is
a technical neologism within classical Islamic philosophy commonly rendered as “existence”
or “individual existence.” For its origins see Frank 1956; d’Alverny 1959.

Psychology 5.7, p. 226.

See below at nn. 28-31.

This distinction is a variation on the distinction between necessary or innate (darri) and ac-
quired (muktasab) knowledge common among the mutakallimzn. On this see Marmura 1975,
pp. 104-5; Dhanani 1994, pp. 22-38. For the role of the Flying Man argument in Avicenna’s
attempts to refute the Mu‘tazilite view of the soul and its self-awareness, see Marmura 1986,
pp. 383-84.

Notes p. 160; cf. Notes pp. 30 and 79.

Ibid., p. 161. Avicenna goes on to draw an analogy with our need to know who Zayd is prior
to identifying any properties as belonging to him. See n. 47 below.

Ibid., p. 161.

Notes pp. 147 and 79-80.

Directives p. 119: “The self of the sleeper in his sleep and the drunkard in his drunkenness
will not slip away from himself, even if its representation to himself is not fixed in his
memory.”

Investigations, 8380, p. 210.
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217.

33.

34.
35.
36.

37.

38.
39.
40.
. Ibid., §371, p. 208.
42.

43.

D.L. Black

For the parallel between primary intelligibles and the Flying Man, cf. Marmura 1986, p. 394
n. 6.

Compare Avicenna’s distinction between awareness and conscious thought with a similar
distinction later drawn by Leibniz, in which memory plays a key role: “Mais je suis étonné
comment il ne vous est pas venus dans la pensée que nous avons une infinité de connaissan-
ces, dont nous ne nous apercevons pas toujours, pas méme lorsque nous en avons besoin,
c’est a la mémoire de les garder, et a la réminiscence de nous les répresenter” (New Essays,
pp. 76-77). For the comparison with Leibniz, cf. Pines, 1954, p. 31.

Psychology 5.6, p. 217. As far as sense memory is concerned, we should recall that the Fly-
ing Man explicitly brackets sense memories as well as occurrent sensations.

See Psychology 5.5, pp. 208-9, for example.

For Avicenna’s refutation of cognitive identification as a general feature of human cognition,
see Psychology 5.6, pp. 212-213, and Directives p. 180. Avicenna does not recognize the
identity of knower and known as an Aristotelian principle—which it obviously is—and he
claims instead that it is an innovation of Porphyry. For discussion of this point see Black
1999b, pp. 58-60.

Notes, pp. 147-48. While this passage uses huwiyah to describe relation between the subject
and object of self-awareness, other texts also use huwiyah to designate the object itself. See
Investigations 855, p. 134; §370, p. 207; and 8424, pp. 221-222.

Sensible awareness is by definition mediated, since both the external and internal senses require
bodily organs. On this point see Investigations 8349, p. 196; §358, p. 199; §367, p. 204; §375,
p. 209; Notes p. 80; Directives p. 119. The related claim that dependence on bodily organs
entails that the senses cannot be fully reflexive or aware of themselves is made in Psychology
5.2, pp. 191-94. For the Neoplatonic background to this claim, see Gerson 1997. Rahman 1952,
pp. 103-104, pp. 111-114 discusses the parallels in the Greek commentators.

. Investigations 855, p. 134. Cf. §424, p. 221.
. This expression is not common in the texts on self-awareness that | have examined, but it

appears to be more or less synonymous with huwizyah. Cf. the use of mutakhassah at Investi-
gations 8427, p. 223.

. Investigations §424, pp. 221-222.
. Ibid., §332, p. 192.
. Ibid., 8331, p. 192. Similar allusions to Avicenna’s accounts of quiddity and universality are

found in several other passages on the nature of self-awareness, for example, Investigations
§372, pp. 208-9 (cited at n. 43 below); §422, p. 221; and §426, pp. 222-223.

Metaphysics 5.1-2. For a general overview of this aspect of Avicenna’s metaphysics, see
Marmura 1992; for the theory of mental existence implied by this account, see Black 1999b,
pp. 48-62.

At n. 31 above.

Psychology 5.6, p. 214.

Likewise, in Psychology 5.5, p. 209, the term jumlah—"aggregate” or “collection”—is em-
ployed to explain the limited capacity of the senses to grasp true unity.

Investigations, §370, p. 207; the question posed here refers explicitly to the Flying Man “hy-
pothesis” (al-fard) in the Shifa’. Cf. Investigations, §8357-358, p. 199; Directives pp. 119-121;
Psychology 5.7, pp. 225-26.

For a recent discussion of the philosophical issues facing Avicenna on this point, see Druart
2000.

Avicenna argues at length for the unity of the soul in Psychology 5.7, and both this version
of the Flying Man and the version in the Directives are intended to focus attention on the
unity of the self as much as on its incorporeality.

Investigations 8371, p. 208.

At Investigations 8427, p. 223, Avicenna suggests that this is also the model whereby we
should understand how the separated soul would be aware of itself.
Investigations 8372, p 208.
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44,

45.

46.
47.

63.
64.
65.

Cf. Investigations 8426, pp. 222-23, in which Avicenna makes a similar point in the course
of comparing self-awareness with our knowledge of other humans.

See especially Isagoge 1.12, pp. 70-71; translation in Marmura 1979, pp. 50-52; for an
overview of Avicenna’s account of individuation, see Back 1994, pp. 39-53.

Directives p. 56.

Notes p. 161. “Acquaintance” (ma rifah) is usually identified by Avicenna as a perceptual
act performed by the senses and differentiated from intellectual knowledge. See especially
Demonstration 1.3, p. 58: “The perception of particulars is not knowledge, but rather, ac-
quaintance (laysa ‘ilman bal ma'rifatan).” But as is noted in Marmura 1986, p. 387,
Avicenna also uses the cognate term ‘arif, common in discussions of mystical knowledge, to
describe the act of self-awareness one experiences in the Flying Man.

. Notes p. 30; cf. Notes p. 147.
. Notes p. 161. Cf. Investigations §380, p. 210 (cited at n. 20 above), where Avicenna treats

the memory of self-awareness as a form of awareness that we are aware.

. That is: (1) cognitive identification; and (2) the claim that the rational soul has no nature of

its own prior to thinking of other objects. Cf. above at nn. 1, 2, and 25.

. Notes p. 161.

. Ibid., p. 79.

. Psychology 5.6, pp. 214-15.

. Al-Farabi, Demonstration, p. 20. Cf. Conditions p. 97.

. For al-Farabi’s use of shu ir and cognates, see Conditions pp. 98-99.

. Conditions, pp. 100-101.

. Notes p. 147; cf. Investigations §425-26, pp. 222-223; and 8422: “And attention [to the real-

ity known] is not existent for it three times, but rather, its abstraction itself is in us; otherwise
it would proceed to infinity.”

. It is worth noting, however, that in Niche c.1, 818, p. 8. Al-Ghazalt paints the possibility of

such a regress in more positive terms: “Finally, it perceives its own knowledge of something,
the knowledge of its knowledge of that thing, and its knowledge of its knowledge of its
knowledge. Hence, in this single instance the intellect’s capacity is infinite.”

. Al-Ghazali, Incoherence, Discussion 6, 8§37, p. 106.

. Averroes, Incoherence, Discussion 6, 8§51, pp. 335-336; VVan Den Bergh 1954, pp. 200-201.

. Ibid., p. 336; VVan Den Bergh 1954, p. 201, slightly modified.

. This is not surprising, of course, since the cumulative view of self-knowledge forms the core

of the traditional doctrines of the acquired intellect (al-‘agl al-mustafad) and conjunction
(ittisal) with the Agent Intellect; on this see Black 1999a.

Averroes, Incoherence 8§81, p. 351; Van Den Bergh 1954, p. 211.

Those in Psychology 5.7 and Directives p. 121; cf. n. 39 above.

So in Psychology 5.6, Avicenna’s most sustained discussion of human knowledge, he consis-
tently evokes the cognition of the separate intellects as his model of what understanding is,
and then modifies this model where necessary in order to fit the exigencies of “ensouled
knowledge”(‘ilm nafsaniyah, p. 215).

Abbreviations

Primary Texts are Cited by the Following Abbreviated Titles

Averroes: 1930 (1954), Incoherence: Tahafut al-Tahafut (The Incoherence of “The

Incoherence”), ed. by M. Bouyges, Beirut, Imprimerie Catholique, Trans. in Van Den Bergh
1954.

Avicenna: 1892, Directives: Al-Isharat wa-t-tanbihat (Directives and Reminders), ed. by J.

Forget, Leiden.
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Avicenna: 1956, Al-Shifa’: Al-Burhan, ed. by A. E. Affifi and I. Madkour, Cairo, General
Egyptian Book Organization.

Avicenna: 1947, Investigations: Al-Mubahathat in A. R. Badawi (ed.), Aristi‘inda al-"Arab,
Cairo, pp. 122-239; | have not had access to the more recent and more complete edition of
the Mubahathat by M. Bidarfar, Qum, 1992.

Avicenna: 1952, Isagoge: Al-Shifa’, Al-Madkhal, ed. by G. Anawati, M. El-Khodeiri, F. al-Ahwani,
and |. Madkour, Cairo, General Egyptian Book Organization.

Avicenna: 1960, Metaphysics: Al-Shifa’, Al-llahiyat, ed. by G. C. Anawati, S. Dunya, M. Y. Musa,
and S. Zayid, vol. 2, Cairo, General Egyptian Book Organization.

Avicenna: 1973, Notes: Al-Ta 'ligat, ed. by A. R. Badawi, Cairo.

Avicenna: 1975, Psychology: Al-Shifa’, Al-Tabiiyat, Part 6, Al-Nafs, ed. by G. C. Anawati and
S. Zayed, Cairo.

Al-Farabt: 1986-87, Conditions: Shara’is al-yagin (Conditions of Certitude), ed. by Majid
Fakhry in R. Al-'Ajam and M. Fakhry (eds.), Al-Manyiq ‘inda al-Farabi, vol. 4, Beirut, Dar
el-Machreq.

Al-Farabt: 1986-87, Kitab al-Burha, ed. by Majid Fakhry in R. Al-‘Ajam and M. Fakhry (eds.),
Al-Manziq ‘inda al-Farabi, vol. 4, Beirut, Dar el-Machreq.

Al-Ghazalt: 2000, Incoherence: Tahafut al falasifah (Incoherence of the Philosophers), ed. and
trans. by M. E. Marmura, Provo, Utah, Brigham Young University Press.

Al-Ghazali: 1998, Niche: Mishkat al-anwar (The Niche of Lights), ed. and trans. by David
Buchman, Provo, Utah, Brigham Young University Press.

Leibniz: 1962, New Essays: Nouveaux essais sur I’entendement humain, ed. by A. Robinet and
H. Schepers in Samtliche Schriften und Briefe VI: Philosophische Schriften, Bd. 6 Berlin,
Akademie-Verlag.
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A Conceptual Analysis of Early Arabic Algebra

Albrecht Heeffer

Abstract Arabic algebra derives its epistemic value not from proofs but from
correctly performing calculations using coequal polynomials. This idea of
‘mathematics as calculation” had an important influence on the epistemological
status of European mathematics until the seventeenth century. We analyze the basic
concepts of early Arabic algebra such as the unknown and the equation and their
subsequent changes within the Italian abacus tradition. We demonstrate that the use
of these concepts has been problematic in several aspects. Early Arabic algebra
reveals anomalies which can be attributed to the diversity of influences in which the
al-jabr practice flourished. We argue that the concept of a symbolic equation as it
emerges in algebra textbooks around 1550 is fundamentally different from the
‘equation’ as known in Arabic algebra.

1 Introduction

The most common epistemology account of mathematics is based on the idea of
apriorism. Mathematical knowledge is considered to be independent of experi-
ence. The fundamental argument for an apriorist assessment of mathematics is
founded on the concept of a formal proof. Truth in mathematics can be demon-
strated by deductive reasoning within an axiomatic system. All theorems derivable
from the axioms have to be accepted solely on basis of the formal structure. The
great mathematician Hardy cogently formulates it as follows (Hardy 1929):

It seems to me that no philosophy can possibly be sympathetic to a mathematician which
does not admit, in one manner or another, the immutable and unconditional validity of
mathematical truth. Mathematical theorems are true or false; their truth or falsity is abso-
lute and independent of our knowledge of them. In some sense, mathematical truth is part
of objective reality.

When some years later, Gddel proved that there are true statements in any con-
sistent formal system that cannot be proved within that system, truth became

A. Heeffer

Post-doctoral research fellow of the Research Foundation-Flanders (FWO-vlaanderen)
Center for Logic and Philosophy of Science, Ghent University, Belgium

e-mail: albrecht.heeffer@ugent.be

S. Rahman et al. (eds.), The Unity of Science in the Arabic Tradition, 89
© Springer Science+Business Media B.V. 2008



90 A. Heeffer

peremptory decoupled of provability. Despite the fact that Godel’s proof under-
mined the foundament of apriorism it had little impact on the mainstream epistemo-
logical view on mathematics. Only during the past decades the apriorist account was
challenged by mathematical empiricism, through influential works from Lakatos
(1976), Kitcher (1984) and Mancosu (1996). These authors share a strong believe in
the relevance of the history of mathematics for an epistemology of mathematics.

The apriorist view on mathematics has not always been predominant in western
thinking. It only became so by the growing influence of the Euclidean axiomatic
method from the seventeenth century onwards. With respect to algebra, John Wallis
was the first to introduce the axioms in an early work, called Mathesis Universalis,
included in his Operum mathematicorum (1657, 85). With specific reference to
Euclid’s Elements, he gives nine Axiomata, also called communes notationes.
From then on, the epistemological status of algebra was transformed into one de-
riving its truth from proof based on the axiomatic method. Before the seventeenth
century, truth and validity of an algebraic derivation depended on correctly per-
forming the calculations using an unknown quantity. While Wittgenstein was
heavily criticized for his statement that “Die Mathematik besteht ganz aus
Rechnung” (Mathematics consists entirely of calculations), (1978, 924; 468), his
image of mathematics as procedures performed on the abacus, fits in very well
with pre-seventeenth-century conceptions of mathematical knowledge. Algebrai-
cal problem-solving consisted of formulating the problem in terms of the unknown
and reducing the form to one of the known cases. Early Arabic algebra had rules
for each of six known cases. While geometrical demonstrations exist for three
quadratic types of problems, the validity of the rules was accepted on basis of their
performance in problem-solving.

The idea that European mathematics has always been rooted in Euclidean ge-
ometry is a myth cultivated by humanist writings on the history of mathematics. In
fact, the very idea that Greek mathematics is our (western) mathematics is based
on the same myth, as argued by Jens Hayrup (Hayrup 1996, 103):

According to conventional wisdom, European mathematics originated among the Greeks
between the epochs of Thales and Euclid, was borrowed and well preserved by the Arabs
in the early Middle Ages, and brought back to its authentic homeland by Europeans in the
twelfth and thirteenth century. Since then, it has pursued its career triumphantly.

Heyrup shows that “Medieval scholastic university did produce an unprece-
dented, and hence specifically European kind of mathematics” (ibid.). But also
outside the universities, in the abacus schools of Florence, Siena and other Italian
cities, a new kind of mathematics flourished supporting the practical needs of
merchants, craftsman, surveyors and even the military man.

Symbolic algebra, the western mathematics par excellence, emerged from
algebraic practice within this abacus tradition, situated broadly between Fibonacci’s
Liber Abbaci (1202, Sigler (2002)) and Pacioli’s Summa (1494). Practice of alge-
braic problem-solving within this tradition grew out of Arabic sources. The
epistemic foundations of a mathematics-as-calculation was formed in the Arab
world. An explication of these foundations is the prime motivation of our analysis of
the basic concepts of early Arabic algebra.
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2 Starting Point

While the original meaning of the Arabic concepts of algebra will be an important
guideline for this study, we relinquish the search for the “exact meaning”. Several
scholars have published studies on the origin of the term algebra, the meaning of
al-jabr and al-muchgbala and the Arabic terms for an unknown. Some have done
so with the aim of establishing the correct meaning with the aid of Arabic etymol-
ogy and linguistics (e.g. Gandz 1926, Saliba 1972, Oaks and Alkhateeb 2005).
Strictly taken, the precise meaning of these Arabic terms and concepts is irrelevant
for our study. Even if there would be one exact meaning to be established, it was
not available for practitioners of early algebra in Europe. With a few exceptions,
such as Fibonacci,* the flourishing of algebraic practice within the abacus tradition
depended on a handful of Latin translations and vernacular interpretations or re-
phrasing of these translations. Unquestionably, certain shifts in meaning took
place within the process of interpretation and diffusion during the twelfth and thir-
teenth centuries. Rather than the Arabic terms and concepts, the concepts con-
veyed by the first Latin translations will be our starting point.

2.1 Latin Translations of al-Khwarizmi’s Algebra

Three Latin translations of al-Khwarizm1’s Algebra are extant in sixteen manu-
scripts (Hughes 1982). These translations have been identified as from Robert of
Chester (c. 1145), Gerard of Cremona (c. 1150) and Guglielmo de Lunis (c. 1250),
although there is still discussion whether the latter translation was Latin or Italian.
What became available to the West was only the first part of al-Khwarizmt’s trea-
tise. The second part on surveying and the third on the calculation of legacies were
not included in these Latin translations. The full text of the Algebra became first
available with the edition of Frederic Rosen (1831) including an English transla-
tion. Rosen used a single Arabic manuscript, the Oxford, Bodleian CMXVIII
Hunt. 214, dated 1342. The value of his translation has been questioned by Ruska
(1917), Gandz (1932, 61-3) and Hayrup (1998, note 5). Some years later Guillaume
Libri (1838, Note XIllI, 253—-299) published a transcription of Gerard’s translation
from the Paris, BNF, Lat. 7377A, an edition that has been qualified as ‘faulty’ and
corrected on eighty accounts by Hughes (1986, 211, 231). Later during the cen-
tury, Boncompagni (1850) also edited a Latin translation from Gerard, but it was
later found that this manuscript was not Gerard’s but Guglielmo de Lunis’
(Hughes 1986). Robert of Chester’s translation was first published with an English
translation by Karpinski (1915). However, Karpinski used a manuscript copy by
Scheubel, which should be seen more as a revision of the original.

It is only during the past decades that critical editions of the three Latin transla-
tions have become available. The translation by Gerard of Cremona was edited by
Hughes (1986), based on seven manuscript copies. Hughes (1989) also published
a critical edition of the first translation from Robert of Chester based on the
three extant manuscripts. A third translation has been edited by Wolfgang
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Kaunzner (1986). Although this text (Oxford, Bodleian, Lyell 52) was originally
attributed to Gerard, it is now considered to be a translation from Guglielmo de
Lunis (Hughes 1982, 1989). An ltalian translation from the Latin is recently pub-
lished by Franci (2003). Hughes (1989) dates this translation at 1313, based on a
marginal note in the manuscript. However this dating has recently been refuted by
Hissette (2003) and the translation should be situated instead at the first half of the
fifteenth century. It has been argued by several scholars that Gerard of Cremona’s
translation is the best extant witness of the first Arabic algebra (Hayrup 1998).

2.2 Latin Translations of Other Arabic Works

Apart from al-Khwarizmi’s Algebra there have been Latin translations of other
works which contributed to the diffusion of Arabic algebra. The Liber algorismi
de pratica arismetrice by John of Seville (Johannes Hispalensis)® precedes the first
Latin translations and briefly mentions algebra (Boncompagni 1857, 112-3). Also
of importance is Aba Bakr’s Liber mensurationum, translated by Gerard of
Cremona in the twelfth century (Busard, 1968). Although this work deals primarily
with surveying problems it uses the methods as well as the terminology of the
early Arabic jabr tradition. Jens Hgyrup, who named the method “naive geometry”
or “the tradition of lay surveyors”, has pointed out the relation between this work
and Babylonian algebra (Hayrup, 1986, 1990, 1998, 2002). Following Busard, he
has convincingly demonstrated that the operations used to solve these problems
are concretely geometrical. Therefore this work can help us with the interpretation
of operations in early Arabic algebra.

The Algebra of Aba Kamil was written some decades after that of al-
Khwarizmi and bears the same title Kitab f7 al-Jabr wa al-mugabalah. Several
versions of the manuscript are extant. An Arabic version MS Kara Mustafa
Ktubhane 379 in Istanbul; a fourteenth-century copy of a Latin translation at the
BNF at Paris, Lat. 7377A, discussed with partial translations by Karpinski (1914)
and published in a critical edition by Sesiano (1993) who attributes the Latin
translation to Guglielmo de Lunis (1993, 322-3). However, the claim that de
Lunis was the translator is troublesome if not only for reasons of dating (Hissette,
1999). A fifteenth-century Hebrew version with a commentary by Mordecai Finzi,
is translated in German by Weinberg (1935) and in English by Levey (1966).
Levey also provides an English translation of some parts of the Arabic text.

Other texts include Ibn Badr’s Ikhtisar al-Jabr wa al-mugabala which was
translated into Spanish (Sanchez Pérez, 1916) and al-Karaji’s Fakhrz f7 al-Jabr wa
al-muqabalah with a partial French translation (Woepcke, 1853).

3 The Evolution of the Concept of an Unknown
3.1 The Unknown in Early Arabic Algebra

The unknown is used to solve arithmetical or geometrical problems. The solution
commences with posing an unknown quantity of the problem as the abstract
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unknown. By analytical reasoning using the unknown, one arrives at a value for it. In
algebraic problem-solving before Arabic algebra, the abstract unknown is not
always the symbolic entity as we now understand. As an essential part of the ana-
Iytical reasoning, it is an entity related to the context of the problem and the model
used for problem-solving. For Babylonian algebra, it is shown by Hgyrup (2002)
that the model was a geometrical one. The unknown thus refers to geometrical
elements such as the sides of a rectangle or a surface. In Indian algebra we find the
unknown (or unknowns) used for monetary values or possessions as in the rule of
gulikantara (Colebrooke 1817, 344). The terms used in Arabic algebra reflect both
the geometrical interpretation of the unknown as well as the one of a possession.
We will argue that the difficulties and confusions in the understanding of the con-
cept of the Arabic unknown are induced by diverse influences from Babylonian
and Indian traditions.

3.1.1 Arabic Terminology

The central terms in Arabic algebra are mal, shay’ and jidhr. In addition, the
monetary unit dirham is also used in problems and in their algebraic solutions. It
is generally accepted that the term mal refers to possession, or wealth or even a
specific sum of money. The shay’ is translated as ‘thing’ ever since the first com-
mentators wrote about it (Cossali 1797-9). From the beginning, shay’ was consid-
ered the unknown (Colebrooke 1817, xiii).

The difficulties of interpretation arise when we translate mal by ‘square’ and
shay’ by ‘root’. Rosen (1831) and Karpinski (1915) both use ‘square’ for mal on
most occasions. Karpinski even uses the symbolic x°. However, when the problem
can be stated without the use of a square term, they both change the interpretation
of the mal. For example in problem 111.11, Rosen uses ‘number’ and Karpinski
employs x instead of x* as used for the other problems.® This already contributes to
the confusion as the Latin translation uses the same word in both cases. Moreover
the choice of the word ‘square’ is misleading. Neither the geometrical meaning of
‘square’, nor the algebraical one, e.g. X%, are adequate to convey the meaning of
mal.* For the geometrical problems, al-Khwarizmi elaborates on the use of mal for
the algebraic representation of the area of a geometrical square. If the meaning of
mal would be a square, why going through the argumentation of posing mal for
the area?” The algebraic interpretation of a square is equally problematic. If mal
would be the same as the square of the unknown then jidhr or root would be the
unknown. However, this is in contradiction with the original texts in which mal, if
not the original unknown by itself, is at least transformed into the unknown.
Hoyrup (1998, 8) justly uses the argument that mal is used in linear problems in
al-Karaji’s Kafi (Hochheim 1878, iii, 14). This corresponds with the use of a pos-
session in Hindu algebra, in formulating algebraic rules for linear problems, such
as the gulikantara.
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Table 1 The terms used in early Latin translations of Arabic texts (compiled from the original
sources)

Arab mal shay’ jidhr dirham ‘adad mufrad
Je e da ) I pde 22e

Hispalensis res res radix radix/res numerus

Robert substancia res radix numerus numerus

Gerard census res radix drachmae numerus simplex

Guglielmo census res radix/res drachmae/unitates numerus

Abii Kamil (latin) census/quantitia® res/radix radix/res dragma numerus simplex

3.1.2 The Ambiguity of mal

The interpretation of mal as the unknown, pure and simple, is not as straightfor-
ward as often presented. While mal (in Robert’s translation substancia and in
Gerard’s census) is used to describe the problem, the algebraic derivation depends
on operations on other terms than the original ‘possession’. Also Hughes points
out the problem in his commentary of Robert of Chester’s edition:’

Terminology also must have jolted Robert’s readers. In problems four and six of Chapter |
and in five, ten, and thirteen of Chapter Il, substancia in the statement of the initial
equation becomes res or radix in its solution. Excursions such as these must have
challenged the reader.

Let us look more closely at problem 111.13, as it is instructive to point out what
constitutes a transformation in the original concept of mal:

Karpinski 1930, 118

I multiply a square by two-thirds of
itself and have five as a product.
Explanation. | multiply x by two-
thirds x, giving 2/3 x°, which equals
five. Complete 2/3 x* by adding to it
one-half of itself, and one x* is
obtained. Likewise add to five one-
half of itself, and you have 7 1/2,
which equals X2 The root of this, then,
is the number which when multiplied
by two-thirds of itself gives five.

Hughes 1989, 61

Substanciam in eius duabus terciis sic
multiplico, ut fiant 5. Exposicio est, ut rem
in duabus terciis rei multiplicem, et erunt
2/3 unius substancie 5 coequancia. Comple
ergo 2/3 substancie cum similitudine
earum medii, et erit substancia. Et similiter
comple 5 cum sua medietate, et erit
habebis substanciam vii et medium
coequantem. Eius ergo radix est res que
quando in suis duabus terciis multiplicata
feurit, ad quinarium excrescet numerum.

Substancia here is used in the problem text as well as the solution. But clearly it
must have a different meaning in these two contexts. In the beginning of the deri-
vation substancia is replaced by res. In the English translation, Karpinski switches
from ‘square’ to x. By multiplying the two res terms, x and 2/3x, two thirds of a
new substancia is created. This second substancia is an algebraic concept where
the first one, in the problem text, is a possession and may refer to a sum of money.
While Gerard of Cremona uses census instead of substancia, his translation has
the same ambiguity with regard to census.®
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3.1.2.1 The Root of Real Money

This anomaly of Arabic algebra is discussed now for almost two centuries. Libri
(1838), Chasles (1841, 509), and others have noticed the problem. Some have
chosen to ignore it while others pointed out the inconsistency, but did not provide
any satisfactory answer. Very recently, two analyses have reopened the discus-
sion. In the yet to be published Hgyrup (2006) and Oaks and Alkhateeb (2005) the
double meaning of the mal is prominently present in their interpretation of early
Arabic algebra.’ Hayrup (2006) adequately describes the anomaly as “the square
root of real money”. As mal or census originally is understood as a possession,
and the unknown is designated by shay’ or res, which is the root of the census,
problems looking for the value of a possession thus deal with the root of real
money when they use the shay’ in their solution. According to Hayrup the differ-
ence between the two was already a formality for al-Khwarizmi.

3.1.2.2 Abiz Kamil Towards a Resolution of the Ambiguity

We find the anomaly also in the algebra of Abti Kamil, almost a century later. But
Abt Kamil is the first to point out that the transformation of a value or possession
into an algebraic quantity is an arbitrary choice. His double solution to problem 52
is very instructive in this respect. The problem commences as follows (translation
from the Arabic text, f. 48"; Levey 1966, 164, note 167):

If one says to you that there is an amount [mal] to which is added the root of its %. Then
the sum is multiplied by itself to give 4 times the first amount. Put the amount you have
equal to a thing and to it is added the root of its % which is a thing plus the root of %2 a
thing, (then multiply it by itself) [sic]. It gives a thing plus the root of %2 a thing. Then one
multiplies it by itself to give a square plus ¥z a thing plus the root of 2 cubes [ka bin, a
dual of ka 'b] equal to 4 things.

The Latin translation makes the anomaly apparent (Sesiano 1993, 398,
2678-2683):

Et si dicemus tibi: Censui adde radicem medietatis eius; deinde duc additum in se, et
provenie[n]t quadruplum census. Exemplum. Fac censum tuum rem, et adde ei radicem
medietatis eius, et [prov-] erunt res et radix % rei. Que duc in se, et provenie[n]t census et
¥ rei et radix 2 cuborum, equales 4 rebus.

In symbolic representation the solution depends on:

2
1
x+\/jx =4x
2
As is common, the translator uses census for the possession or amount of
money in the problem formulation. The solution starts by stating literally ‘make
from the census your res’ (“Fac censum tuum rem”) which could easily be

misinterpreted as “make x from x?”. In the rest of the solution, res is used as the
unknown.
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Abi Kamil adds a second solution: “You might as well use census for the pos-
session”, he reassures the reader (Sesiano 1993, 399, 2701-2705),

Et, si volveris, fac censum tuum censum, et adde ei radicem medietatis ipsius, et erunt
census et radix medietatis census, equales radici 4 cens[ibusjuum, [et] quia di[x]cis:
“Quando ducimus e[umJa in se, [erit] proveniet quadruplum census”. Est ergo census et
radix ¥ census, equales radici 4”" censu[um]s. Et hoc est 2 res.

Here, the symbolic translation would be:

2
(xz +‘/%X2j =4x?

The census is now used for the possession. But there is still a difference be-
tween the census of the problem formulation and the census of the problem solu-
tion. “Fac censum tuum censum” should here be understood as “put the amount
you have equal to the square of a thing”. What Aba Kamil seems to imply by pro-
viding alternative solutions to a single problem, is that there are several ways to
‘translate’ a problem into algebraic form. The possession in the problem text is not
necessarily the unknown. You can use the unknown for the possession, but you
might as well use the square of the unknown. In the abacus tradition from the thir-
teenth to the sixteenth century, this freedom of choice was highly convenient for
devising clever solutions to problems of growing complexity. The ambiguity in
the concept of mal, by many understood as a nuisance of Arabic algebra, could
have facilitated the conceptual advance to the more abstract concept of an alge-
braic quantity.

3.1.3 Conclusion

There is definitely an anomaly with the original concept of an unknown in early
Arabic algebra. One the one hand, mal is used as the square term in quadratic
problems of the type ‘mal and roots equal number’ such as the prototypical case
four from al-Khwarizmi

x> +10x =39

Early Arabic algebra provides procedures for problems which can be reduced to
one of the six standard types. On the other hand, mal is also used for describing
the quantity of a problem, mostly a sum of money or a possession. Possibly, at
some time before al-Khwarizmi’s treatise, these two meanings were contained in a
single word and concept. As problems dealing with possessions were approached
by algebraic method from the al-jabr tradition, a transformation of the concept
mal became a necessity. We notice in al-Khwarizmi’s Algebra and all the more in
that of Aba Kamil, a shift towards mal as an algebraic concept different from a
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possession or a geometrical square. The confusion and discontent expressed by
several twentieth-century scholars with terminology in early Arabic algebra stems
from a failure to see the conceptual change of the mal.

We do not know much about the origin of the al-jabr tradition, preoccupied
with quadratic problems and their ‘naive’ geometric demonstrations. Jens Hayrup
(1994, 100-2) speculates on a merger of two traditions. The first is the class of
calculators employing the hisab for arithmetical problem-solving. The second
stems from the tradition of surveyors and practical geometers, going back to Old
Babylonian algebra. We would like to add the possible influence from Hindu al-
gebra. While the al-jabr tradition is definitely different from the Indian one in
methods and conceptualization, the type of problems dealing with possessions are
likely to have been imported from the Far East. The ambiguities within the con-
cept of mal reflects the variety of influences.

3.2 Multiple Solutions to Quadratic Problems

A second particularity of Arabic algebra is the acceptance of double solutions for
one type of quadratic problems. The recognition that every quadratic equation has
two roots is generally considered as an important conceptual advance in symbolic
algebra. We find this insight in the mostly unpublished works of Thomas Harriot
of the early seventeenth century. More influential in this respect, is Girard’s Inven-
tion Nouvelle en Algebre, published in 1629. However, it is less known that early
Arabic algebra fully accepted two positive solutions to certain types of quadratic
problems. It is significant that this achievement of Arabic algebra has largely been
neglected during the abacus tradition, while it might have functioned as a step-
ping stone to an earlier structural approach to equations. We believe there is an
explanation for this, which is related to the concept of an unknown of the abacus
masters. Let us first look at the first occurrence of double solutions in early Ara-
bic algebra.

3.2.1 Two Positive Roots in Arabic Algebra

Two positive solutions to quadratic problems are presented in al-Khwarizmi’s fifth
case of the quadratic problems of “possession and number equal to roots”. This
problem, in symbolic form, corresponds with the normalized equation

X% +21=10x

al-Khwarizmi talks about addition and subtraction leading to two solutions in
the following rule for solving the problem:
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From Robert’s translation
(Hughes 1989, 34):

Primum ergo radices per medium divi-
das et fient 5. Eas ergo in se multiplica
et erunt 25. Ex hiis ergo 21 diminuas
quem cum substancia iam pretaxaui-
mus, et remanebunt 4. Horum ergo ra-
dicem accipias id est 2, que ex medie-
tate radicum id est 5 diminuas et
remanebunt tria, vnam radicem huius
substancie constituencia, quam scilicet
substanciam novenus complet numerus.
Et si volueris ipsa duo que a medietate
radicum iam diminuisti, ipsi medietati id
est 5 ad 20 dicias, et fient 7.

A. Heeffer

The rule from the Arabic manuscript
(Rosen 1831, 42):

When you meet with an instance which refers you to
this case, try its solution by addition, and if that do not
serve, then subtraction certainly will. For in this case
both addition and subtraction may be employed, which
will not answer in any other of the three cases in which
the number of the roots must be halved. And know, that,
when in a question belonging to this case you have halved
the number of the roots and multiplied the moiety by itself,
if the product be less than the number of dirhems con-
nected with the square, then the instance is impossible; but
if the product be equal to the dirhems by themselves, then
the root of the square is equal to the moiety of the roots
alone, without either addition or subtraction.

The procedure thus corresponds with the following formula:

b b
S OE

2

al-Khwarizmi states that the problem becomes unsolvable when the discrimi-

nant becomes negative. When the square of b/2 equals the number (of dinars)
there is only one solution which is half the number of roots. The gloss in Gerard’s
translation of problem VII.1 gives a geometric demonstration with the two solu-
tions. This problem from al-Khwarizmi is also treated by Aba Kamil (Karpinski
1914, 42-3; Sesiano 1993, 330-6). A lesser known Arabic manuscript, which
most likely predates al-Khwarizmi, also has the geometric demonstration with
double solutions (Sayili 1985, 163-5).

Chasles (1841, 504) mentions a Latin translation of Gerard (Paris, BNF, anciens
fonds 7266) from a treatise on the measurement of surfaces, by an Arab called Sayd.
A problem of the same type, corresponding with the symbolic equation

x* +3=4x

is solved by addition and subtraction (“Hoc namque est secundum augmentum et
diminutionem™), referring to the values x =2 + 1 and x = 2 — 1, resulting in the
double solution x =3 and x = 1.

In conclusion: double positive solutions to one type of quadratic problems were
fully accepted in the earliest extant sources of Arabic algebra.

3.2.2 Speculation on the Origin of Double Solutions

Dealing with quadratic problems, Diophantus never arrives at double solutions. If
the problem has two positive solutions, he always finds the larger one (Nesselmann
1842, 319-21; Tropfke 1933-4, 45). So, where do the double solutions of Arabic



A Conceptual Analysis of Early Arabic Algebra 99

type V problems originate from? If not from Greek descent, the most likely origin
would be Hindu algebra. However, Rodet (1878) was the first to critically investi-
gate the possible influence of Hindu sources on Arabic algebra. One of his four
arguments against such lineage is the difference in approach to double solutions of
the quadratic equation. As the Hindus accepted negative values for roots and
numbers they had one single format for complete quadratic equations, namely

ax’thx=+c

whereas the Arabs had three types. The Hindu procedure for solving complete
quadratic problems accounts for double solutions as stated by Bhaskara (and his
predecessors):*°

If the root of the absolute side of the equation be less than the number, having the negative
sign, comprised in the root of the side involving the unknown, then putting it negative or
positive, a two-fold value is to be found of the unknown quantity: this [holds] in some
cases.

The “root of the absolute side of the equation” refers to the + ¢. The Hindu
procedure to find the roots of a quadratic equation can be illustrated by the
following example (Bhaskara stanza 139; Colebrooke 1817, 215-6):

The eighth part of a troop of monkeys, squared, was skipping in a grove and delighted

with their sport. Twelve remaining were seen on the hill, amused with chattering to each
other. How many were they in all?

Using the unknown ya 1 for the number of monkeys, Bhaskara solves the prob-
lem as follows:
yav 6_14 ya 0 ru12 I|te2rally transcribed:

X OX+12=0x2 + x40
yav0O vyal ru0 64

yavl ya64d ru0 bringing to the same denominator:
yavO0 yaO ru768 x* —64x =768
making the left side a perfect square:
(x—32)" =256
yal ru32 extracting the root results in:
ya0 rulé X—-32=116

The two solutions thus become x = 48 and x = 16.
In the next problem the acceptance of two solutions is more challenging
(Bhaskara stanza 140; Colebrooke 1817, 216):

The fifth part of the troop [of monkeys] less three, squared, had gone to a cave; and one
monkey was in sight, having climbed on a branch. Say how many they were.



100 A. Heeffer

This leads to the equation:

yavl ya55 ru0 literally transcribed:
yav0 yaO ru250 1x? —55x +0 = 0x* + 0x — 250

with solutions x = 50 and x = 5. Bhaskara has some reservations about the second
solution because one fifth of five minus three becomes negative.

The very different approach towards quadratic problems and the acceptance of
negative roots in Hindu algebra makes it an improbable source for the double so-
lutions of type V problems in Arabic algebra.

If not from Greek or Indian origin, there is only one candidate left. Solomon
Gandz, in an extensive, and for that time, exhaustive comparison of solutions to
quadratic problems from Babylonian, Greek and Arabic origin concluded (Gandz
1937, 543):

Greek and Arabic algebra are built upon the rock of the old Babylonian science and
wisdom. It is the legacy of the old Babylonian schools which remain the very foundation
and cornerstone of both the Greek and Arabic systems of algebra. The origin and early
development of the science cannot be understood without the knowledge of this old
Babylonian legacy.

Although the relation should now be qualified and differentiated more
cautiously, recent studies, such as the groundbreaking and novel interpretation by
Hoyrup (2002) endorse some line of influence. If we look again at the type V
problem from al-Khwarizmi, the resulting equation

X% +21=10x

which is given in its direct form, corresponds remarkably well with a standard
type of problem from Babylonian algebra:

a+b=10
ab=21

The important difference between the two is that Babylonian algebra uses a
geometrical model for solving problems. The two parts a and b are represented as
the sides of a rectangle ab and they function as two unknowns in the meaning we
have defined elsewhere.™ Arabic algebra uses geometry only as a demonstration of
the validity of the rules and its analytic part is limited to reducing a problem to one
of the standard forms using a single unknown. al-Khwarizmi systematically uses
the unknown for the smaller part. Thus in problem VII he proceeds as follows
(de Lunis; Kaunzner 1986, 78):

Ex quarum unius multiplicatione per alteram 21 proveniant. Sit una illarum res, altera 10
minus re, ex quarum multiplicatione proveniunt 10 res minus censu, que data sunt equalia
21. Per restaurationem igitur diminuti fiunt 10 res censui ac 21 equales ecce quintus
modus, resolve per eum et invenies partes 3 et 7.
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al-Khwarizmt multiplies x with 10 — x, FP LY = e Aot .
with value 21. After “restoration” this JSJ t? ""” e Lfrw.iu‘ L?‘,J e
leads to the standard form of the =¥ dtewfdl delddan, o o
equation above. While the rule for type < &/ o= Wéte dolia¥l i ooyl busiesls dlte
V prescribes trying addition first and Wype \in y B b o A
then subtraction (in the Robert
translation), the solutions arrived at here poy
are 3 first and then 7. We believe that \
the recognition of two solutions to this = s
type of quadratic problem is a direct = "
relic of the Babylonian solution method. s
Although the geometric proof for this —
problem, present in the Arabic texts and s <! € e g st e el
the three Latin translations, does not st i shaxd 5ae Joo ade ayp o Vo JUI
correspond with any known_Babonnian Loy oo} f‘“w“’ o e Bl ot 23\
tablets, some of al-Khwarizmi’s geo- . 4 . Sy AW
metric demonstrations ought to be 3% t"’_"‘“’t"“fh‘ﬁd’!’)h’ e
placed within the surveyor’s tradition W wais o &= ge oo aiey faer¥ 5o
which descends in all probability from IEEIINY PRSIV ‘—-’—‘é“‘i‘:)'wf*!r
Old Babylonian algebra. . . W ma
Hoyrup (2002, 412-4) points out that == e
al-Khwarizm’s provides two rather dif- W asee (o 23 s o JW e b )
ferent geometrical demonstrations to the Al ss J1 oy oy dnus o8 S8 N3t 2
case “possessions and roots equal num-
ber”. Only one corresponds with the
procedure described in the text. The  Fig. 1 A geometrical demonstration by
other, shown in Fig. 1, corresponds re-  al-Khwarizmi (from Rosen 1831, 10)
markably well with the Babylonian ta-
ble BM 13901, nr. 23.

WU g s 3 e 035 Ensts (3 Ruact By o plach

According to Hayrup, al-Khwarizm1’s proof must have been derived from this
tradition. This way of demonstrating may then have been more familiar than the
al-jabr itself.

3.2.3 Double Solutions in the Abacus Tradition

We continue to find double solutions in the early abacus tradition. The first ver-
nacular algebra by Jacopa da Firenze (1307, Vatican, Lat. 4826) mentions double
solutions to the fifth type, both in the rules and in the corresponding examples.
Maestro Dardi (1344, van Egmond 1983), in an extensive manuscript some decades
later, continues to account for double solutions (Franci 2001, 83-4). Significantly,
he leaves out the second positive solution for the geometrical demonstration of
x? +21=10x which is copied from the Arabic texts. Later treatises gradually drop
the second solution for this type of problem. For example, the anonymous
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Florence Fond. Prin. 11.V.152, later in the fourteenth century, has an intermediate
approach. The author writes that:

In some cases you have to add half the number of cosa, in others you have to subtract from
half the number of cosa and there are cases in which you have to do both.

However, when applying the rule to an example with two positive solutions, he
proceeds to perform only the addition.*? For the equation

x*+9=10x

he gives the solution x = 9 and does not mention the second root x = 1. Also
Maestro Biagio mentions addition and subtraction in his sixth rule but only applies
the addition operation, as in problem 3 where two positive solutions are possible
(Pieraccini 1983, 3).

Later abacus masters abandon the second solution altogether. For example the
Riccar. 2263 gives only one solution to the problem a+b=10,ab=22 (Simi
1994, 33). Pacioli only uses addition for the fifth case of the quadratic problems
(Pacioli 1494, 145). Maestro Gori, in the early sixteenth century, generalizes his
rules to a form where the powers of the unknown are relative to each other. The
Arabic rule V corresponds with his rule 4 in which “one finds three terms in con-
tinuous proportion of which the major and the minor together equal the middle
one” (Siena L.IV.22, f. 75"; Toti Rigatteli 1984, 16). This corresponds with the
equation type

ax*" +c=hx"

Here Gori is in complete silence about a second possible solution, in the
explanation of the rule, as well as in the examples given.

3.2.4 Double Solutions Disappearing from Abacus Algebra

Why do we see these double solutions for quadratic problems fading away during
algebraic practice in the abacus tradition? It could be interpreted as an achieve-
ment of Arabic algebra which becomes obscure in vernacular writings. In our un-
derstanding, the abandonment of double solutions has to be explained through the
rhetorical structure employed by abacus writers. The strict, repetitive and almost
formalized structure of the problem solution text is a striking feature of many of
the algebraic manuscripts in Italian libraries. The solution always starts with a hy-
pothetical reformulation of the problem text by use of an unknown. For example,
Gori, as an illustration of the rule cited above, selects a division problem of ten
into two parts with certain conditions given. The solution commences in the typi-
cal way “suppose that the smaller part equals one cosa” (“pongho la minor parte
sia 1 co.”, ibid. p. 17). One particular value of the problem is thus represented by
the unknown. The unknown here is no indeterminate as in later algebra; it is an
abstract representation for one specific quantity of the problem. Given that this re-
curring rhetoric structure, which is so important for the abacus tradition, com-
mences by posing one specific value, it makes no sense to end up with two values
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for the unknown. For the type of division problems which have descended from
Babylonian algebra the quadratic expression leads to the two parts of the division.
However, if one starts an argumentation stating that the cosa represents the
smaller part, one does not expect to end up with the value of the larger part. The
concept of an unknown in the abacus tradition is closely connected with this rhe-
torical structure in which the choice of the unknown excludes double solutions by
definition.

3.3 The Unknown in the Abacus Tradition

With al-Khwarizmi’s treatise and more so with Aba Kamil’s Algebra, the un-
known became a more abstract concept, independent of a geometrical interpreta-
tion. While the unknown in one type of quadratic problems allowed for double
solutions, this was gradually reduced to a single value through the rhetorical struc-
ture of abacus treatises. Let us now summarize the development of the concept
unknown within the abacus tradition.

The ambiguity of the mal was carried over, to some degree, from the Arabic
texts to the abacus tradition by Fibonacci. Hgyrup (2000, 22-3) has pointed out
the inconsistent use of Latin words for shay’ and mal by Fibonacci.® For most of
the algebra part, Fibonacci uses the res and census terminology of Gerard of
Cremona. However, in the middle of chapter 15 he switches from census to avere
for mal (Sigler 2002, 578-601). For Hgyrup this is an indication that vernacular
treatises may have been circulating around 1228, the time of the second edition of
the Liber abbaci. The Milan Ambrosiano P 81 sup, (fols. 1'-22") is a later revision
of Gerard’s translation. Here the author uses cosa for res (Hughes 1986, 229).
While this manuscript is probably of later origin, the use of the vernacular cosa
rather than census or res is characteristic for the abacus tradition. With the first
vernacular algebra extant, by Jacopa da Firenze in 1307, the use of cosa removed
most of the original ambiguities. Where the conversion from the mal as a posses-
sion to the mal as an algebraic entity will have defied the student of Arabic alge-
bra, the vernacular tradition eliminated these difficulties. When Jacopa provides
the solution to a problem on loan interest calculation he commences as follows
(Hgyrup 2000, 30):

Fa cosi: pone che fusse prestata a una cosa el mese de denaro, si che vene a valere I’anno
la libra 12 cose de denaro, che 12 cose de denaro sonno el vigensimo de una libra, si che la
libra vale I’anno 1/20 [de cosa] de una libra.

By posing that the loan was lent at one cosa in denaro a month, the calculation
can be done in libra leading to a quadratic equation with a standard solution. The
rhetorical structure of the solution text starts from a conversion of a quantity of the
problem, in this case the number denari lent, to an unambiguous unknown cosa.
Reformulating the problem in terms of the unknown, the problem can be solved by
reducing the formulation to a known structure. In this case to censi and cosa equal
to numbers.
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This was basically the function and meaning of the cosa for the next two centu-
ries within the abacus tradition. In all, the notion of the unknown in the abacus
tradition was fairly constant and unproblematic.

4 Operations on Polynomials

Most current textbooks on the history of algebra consider operations on polyno-
mial expressions as natural to a degree that they do not question the circumstances
in which these operations emerged. This is rather peculiar as most algebra text-
books, from the late abacus tradition onwards, explain these operations at length in
their introduction. Focusing on the operations which have led to the formation of
new concepts, we consider operations on polynomials crucial in the understanding
of the equation as a mathematical concept. A possible reason for this neglect of
conceptual innovations is the structural equivalence of algebraic operations with
arithmetical or geometrical ones.

al-Khwarizmi (c. 850) introduces operations on polynomials in the Arabic
version of his Algebra after the geometrical proofs and before the solution to
problems. Strangely, he treats multiplication first, to be followed by a section on
addition and subtraction, and he ends with division. Algebraic and irrational bi-
nomials are discussed interchangeably. Geometrical demonstrations are provided
for the irrational cases. This order is followed in the three Latin translations. Aba
Kamil in his Algebra (c. 910) extends the formal treatment of operations on poly-
nomials from al-Khwarizmi with some geometrical demonstrations and some extra
examples, and moves division of surds to the first part. Al-Karkhi (c. 1000) im-
proves on the systematization, but still follows the order of multiplication, division,
root extraction, addition and subtraction. He treats surds after algebraic polynomials.

Hindu and Arabic treatments of operations on polynomials differ too widely to
suspect any influence from either side. The order of operations and the way
negative terms are treated are systematically dissimilar in both traditions.
Nonetheless, there is the historical coincidence in the introduction of operations on
polynomials in two dispersed traditions.

4.1 The Abacus and Cossic Tradition

Although Fibonacci’s algebraic solutions to problems use operations on polyno-
mials throughout chapter 15, he does not formally discuss the subject as known in
Arabic algebra. Typically, such preliminaries are skipped in early abacus writings
and the authors tend to move directly to their core business: problem-solving. A
formal treatment of operations on polynomials is found gradually from the four-
teenth century onwards.

Maestro Dardi in his Aliabraa argibra commences his treatise with an exten-
sive section dealing with operations on surds (1344, Siena 1.VI11.17, fols. 3'-14";
Franci 2001). A short paragraph deals with the multiplication of algebraic binomials
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in between the geometrical demonstrations and the problems (ibid. fol. 19Y). This
is the location where we found the subject in al-Khwarizmi’s Algebra. As far as
we know, the anonymous Florence Fond. prin. 11.VV.152 dated 1390, is the first
abacus text which has a comprehensive treatment on the multiplication of poly-
nomials (fols. 145-152"; Franci and Pancanti 1988, 3-44). It provides numerous
examples with binomials and trinomials, including roots and higher powers of the
unknown. Some curious examples are

(8x+0)(9x+5)

a form including a zero term we are familiar with from Hindu algebra, and the
complex form

(6x° +6X" +6X° +6X +6x+6)(6x5 +6x* +6x°+6X° +6X+6)

Still, the examples are limited to multiplying polynomials.

During the fourteenth century, such introduction becomes more common and
with the anonymous Modena 578 (1485, van Egmond 1986) we find a more
systematic treatment of the addition, subtraction and multiplication of unknowns
and polynomials. Finally, Pacioli (1494) raises the subject to the level of an
algebra textbook.

5 The Symbolic Equation as a Novel Concept

5.1 The Concept of an Equation in Arabic Algebra

Because the following paragraphs will deal with operations on equations, we have
to make clear what the meaning is of an equation in early Arabic algebra. In fact,
there are no equations in Arabic algebra as we currently know them. However,
some structures in Arabic algebra can be compared with our prevailing notion of
equations. Many textbooks dealing with the history of algebraic equations go back
to Babylonian algebra. So, if there are no equations in Arabic algebra, what are
they talking about? Let us therefore try and interpret the concept within Arabic al-
gebraic treatises.

Some basic observations on early Arabic algebra should not be ignored:

e The Latin translations do not talk about equations but about rules for solving
certain types of quadratic problems. This terminology is used throughout: “the
first rule”, “demonstration of the rules”, “examples illustrating the rules”,
“applying the fourth rule”, etc. Apparently, these rules can be transformed
directly into symbolic equations, but this is true for many other rules which
cannot even be considered algebraic, such as medieval arithmetical solution
recipes.™

e There is no separate algebraic entity in al-Khwarizmi’s treatise which
corresponds with an equation. The closest we get to an entity are “modes of



106 A. Heeffer

equating” or “the act of equating”, referring to actions, not to a mathematical
entity. The best way to characterize a mathematical entity is by the operations
which are allowed on it. In early Arabic algebra there are no operations on
equations. On the other hand, there are operations on polynomials. al-Khwarizmi
has separate chapters on these operations.

e FEarly Arabic algebra is preoccupied with quadratic problems. Although linear
problems are later approached algebraically by al-Karkhi, no rules are formu-
lated for solving linear problems, as common in Hindu algebra. Therefore, if
we consider the rules for solving quadratic problems equations, then there is no
analogous case for linear problems.

The correct characterization of the Arabic concept of an equation is the act of
keeping related polynomials equal. Guglielmo de Lunis and Robert of Chester
have a special term for this: coaequare. In the geometrical demonstration of the
fifth case, de Lunis proves the validity of the solution for the “equation”

X% +21=10x

The binomial x*+ 21 is coequal with the monomial 10x , as both are represented
by the surface of a rectangle (Kaunzner 1989, 60):

Ponam censum tetragonum abgd, cuius radicem ab multiplicabo in 10 dragmas, quae sunt
latus be, unde proveniat superficies ae; ex quo igitur 10 radices censui, una cum dragmis
21, coequantur.

Once two polynomials are connected because it is found that their arithmetical
value is equal, or, in this case, because they have the same geometrical interpreta-
tion, the continuation of the derivation requires them to be kept equal. Every op-
eration that is performed on one of them should be followed by a corresponding
operation to keep the coequal polynomial arithmetical equivalent. Instead of oper-
ating on equations, Arabic algebra and the abacus tradition operate on the coequal
polynomials, always keeping in mind their relation and arithmetical equivalence.
At some point in the history of algebra, coequal polynomials will transform into
an equation. Only by drawing the distinction, we will be able to discern and un-
derstand this important conceptual transformation. We will now investigate how
and when this transformation took place.

5.2 Operations on ‘equations’ in Early Arabic Algebra

Much has been written about the origin of the names al-jabr and al-muchabala,
and the etymological discussion is as old as the introduction of algebra into
western Europe itself. We are not interested in the etymology as such (as does
for example Gandz 1926) but in the concepts designated by the terms. The older
writings wrongly refer to the author or inventor of algebra by the name Geber.
Several humanist writers, such as Ramus, chose to neglect or reject the Arabic
roots of Renaissance algebra altogether (Hayrup 1998). Regiomontanus’s Padua
lecture of 1464 was probably the most damaging for a true history of algebra. John
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Wallis, who was well-informed on Arabic writings through Vossius, attributes the
name algebra to al-jabr w’al-muchabala in his Treatise on Algebra and points at
the mistaken origin of Geber’s name as common before the seventeenth century
(Wallis 1685, 5). He interprets the two words as operations and clearly not as
Arabic names:*

The Arabic verb Gjabara, or, as we should write that found in English letters, jabara
(from whence comes the noun al-gjabr), signifies, to restore ... The Arabic verb Kabala
(from whence comes the noun al-mulabala) signifies, to oppose, compare, or set one thing
against another.

Montucla (1799, I, 382) repeats Wallis’ comments on Geber by Wallis but
seems to interpret al-muchabala as the act of equating itself:

Suivant Golius, le mot arabe, gebera ou giabera, s’explique par religavit, consolidavit; et
mocabalat signifie comporatio, oppositio. Le dernier de ces mots se rapporte assez bien a
ce qu’on fait en algébre, dont une des principales opérations consiste a former une
opposition ou comparaison a laquelle nous avons donné le nom d’équation.

We want to understand the concept of the ‘equation” within the context of the
dissemination of early Arabic algebra in western Europe. We will approach this
conceptual reconstruction from the operations that were performed on the structures
we now call equations. Changes in the operations on these structures will allow us to
understand the changes in the concept of an equation. In a fairly recent publication,
Saliba (1972) analyzed the possible meanings of al-jabr and other operations in the
Avrabic text of the Kitab al-mukhtasar fi Hisab al-Jabr wa al-Mugabalah (c. 860) by
al-Khwarizmi, but also the lesser-known works Kitab al-Badi® fi al-Hisab
(Anbouba, 1964), Kitab al-Kafr fi al-Hisab by al-Karaji (c. 1025), and its
commentaries, the Kitab al-Bahir fr ‘ilm al-Hisab by lon ‘Abbas (twelfth century)
and the Kitab f7 al-Jabr wa al-Mugabalah from Ibn ‘Amr al-Tannakhi al-Ma arri.
Concerning the use of operations, Saliba concludes (1972, 190-1):

We deduce from them the most common definitions of the algebraic operations commonly
denoted in those texts by the words jabr, mugabala, radd and ikmal.

The understanding of the precise meaning of these operations is an ongoing
debate since the last century and earlier. There are basically two possible
explanations. Either the Arabic authors of algebra treatises terms used the term
inconsistently, or there are fundamental difficulties in understanding their
meaning. Saliba is clearly convinced of the former, and seizes every opportunity
to point at differences in interpretation and double uses of some terms. Others
believe that there are no inconsistent uses at all and attempt to give an
interpretation of their own. A recent discussion, on the Historia Mathematica
mailing list, has raised the issue of interpretation once again.'® Jeffrey Oaks writes
that:

the words used to describe the steps of algebraic simplification, ikmal (completion), radd
(returning), jabr (restoration) and mugabala (confrontation), are not technical terms for
specific operations, but are non-technical words used to name the immediate goals of
particular steps. It then follows, contrary to what was previously thought, that al-
Khwarizmi and other medieval algebraists were not confusing and inconsistent in their
uses of these words.
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We do not want to be unsporting by claiming that a middle position is here
more appropriate. We tend to defend the latter position. While there may be some
inconsistent uses of the terms between authors and possibly even within a single
treatise, the proper meaning of the operations can be well established within the
context in which they occur. We will show that some confusions can be explained
by translating or scribal errors and that a symbolic interpretation of the operations
as Saliba’s is highly problematic. We found out that while our interpretation of the
al-jabr operation is new with respect to most twentieth-century discussions, it is
not divergent from nineteenth-century studies, as Chasles’ (1841) and Rodet’s
(1878).

5.2.1 Al-jabr
5.2.1.1 Early Occurrences

The jabr operation is commonly interpreted as “adding equal terms to both sides
of an equation in order to eliminate negative terms”.)” It appears first in al-
Khwarizmi’s book in the first problem for the ‘equation’ x* =40x—4x?. In this
interpretation the al-jabr is understood as the addition of 4x? to both parts of the
equation in order to eliminate the negative term in the right-hand part. As a typical
symbolical interpretation we give the description from Saliba (1972, 192):

If f(x) — h(x) = g(x), then f(x) = g(x) + h(x); which is effected by adding h(x) to both sides
of the equation and where f(x), h(x), g(x) are monomials. E.g. if x*—10x=19 then
x? =19+10x

Saliba (1972) points out that the Arabic root jabara has a double meaning. On
the one hand ‘to reduce a fracture’, on the other ‘to force, to compel’. He believes
the second interpretation is justified as it corresponds with his mathematical un-
derstanding. We will argue the contrary.

Surprisingly, the symbolic interpretation such as van der Waerden’s (1985) and
Saliba’s has, until very recently, never been challenged. The rule corresponds with
one of the later axioms of algebra: you may add the same term to both sides of an
equation.’® As such, the rule seems to be in perfect correspondence with our
current understanding of algebra. However, we will show this is not the case.

Let us follow the available translations of the original text. The first of al-
Khwarizmt’s illustrative problems is formulated as the division of 10 into two
parts such that one part multiplied by itself becomes four times as much as the two
parts multiplied together. Using the unknown for one of the parts, the other is 10
minus the unknown. al-Khwarizmi proceeds as follows (Rosen 1831, 35-6):

Then multiply it by four, because the instance states “four times as much”. The result will
be four times the product of one of the parts multiplied by the other. This is forty things
minus four squares. After this you multiply thing by thing, that is to say one of the por-
tions by itself. This is a square, which is equal to forty things minus four squares. Reduce
it now by the four squares; and add them to the one square. Then the equation is: forty
things are equal to five squares; and one square will be equal to eight roots, that is,
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sixty-four; the root of this is eight, and this is one of the two portions, namely, that which
is to multiplied by itself.

The jabr operation is thus described by “reduce it now by the four squares, and
add them to the one square”. Remark that this description is somewhat odd. The
operation here seems to consist of two steps, first reducing the four squares from it
and secondly, adding them to the one square. For the second problem, Rosen (1831,
37) also uses the term reduce in the context “Reduce it to one square, through
division by nine twenty-fifths”, which is clearly a different type of operation of
division by a given factor. On most other occasions Rosen translates the jabr
operation as “separate the <negative part> from the <positive part>".'° Karpinski’s
translation gives a different interpretation. He used Scheubel’s copy of the Latin
translation by Robert of Chester and translates the passage as “Therefore restore or
complete the number, i.e. add four squares to one square, and you obtain five
squares equal to 40x” (Karpinski 1915, 105). Karpinski does not use ‘restore’ in the
second sense. In his view, restoring describes a one-step operation. The addition of
the four squares to the one square explains the act of restoration. Can we find this
interpretation confirmed by the first Latin translations?

Although we find in Hispalensis (Boncompagni 1857, 112-3) a corrupted ver-
sion of the title of al-Khwarizmi’s book, “Exceptiones de libro qui dicitur gleba
mutabilia”, al-jabr is not further discussed.®® The jabr operation is most com-
monly translated into Latin by the verb restaurare and appears only once in
Robert of Chester’s translation for this problem (Hughes 1989, 53): “Restaura
ergo numerum et super substanciam 4 substancias adicias” which literally means
“Therefore restore the number and to the square term add 4 square terms”. The
other occurrence is in the title Liber Algebre et Almuchabolae de Questionibus
Arithmetic(i)s et Geometricis. In nomine dei pii et misericordis incipit Liber
Restauracionis et Opposicionis Numeri quem edidit Mahumed filius Moysi
Algaurizmi. Robert also uses the verb complere twice as an alternative transla-
tion for al-jabr (Hughes 1989, 56:1, 57:21).

The second Latin translation by Gerard of Cremona (c. 1150) uses restaurare
eleven times. For the first problem Gerard formulates the jabr operation as
“deinde restaurabis quadraginta per quatuor census. Post hoc addes census censui,
et erit quod quadraginta res erunt equales quinque censibus”.?* Thus, the two Latin
translations agree. Translated in symbolic terms, when given 40x —4x? = x?, the
40x is restored by the 4x® and only then, post hoc, the 4x? is added to the X2. If we
look at the actual text used by Karpinski (published by Hughes 1989, 53)
“Restaura ergo numerum et super substancia, 40 rebus absque 4 substancias adi-
cias, fientque 40 res 5 substancias coequentes”, the same interpretation can be jus-
tified. The al-jabr or restoration operation consists of completing the original term
40x. It is considered to be incomplete by the missing four censi. The addition of
the four censi to the census is a second step in the process, basically different from
the al-jabr operation. The other occurrences of the operations within the problem
sections are listed in the Table 2.
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Table 2 All the occurrences of the restoration operation in al-Khwarizmi's’ Algebra in the Latin
translation by Robert of Chester

Prob  Meta-description Actual text pp.

VL1  x2 = 40x—4x2 Deinde restaurabis quadraginta per 247-248
quattuor census. Post hoc addes
census censui

VI3  4x=10-x Restaura itaque decem per rem, et adde 248
ipsam quattuor.
VI5  100+2x%—20x =55 Restaura ergo centum et duos census 249

per res que fuerunt diminute, et adde
eas quinquaginta octo.

VIL1  10x—x?=21 Restaura igitur decem excepta re per 250
censum, et adde censum viginti uno.

2 , 1 ) Restaura ergo illud, et adde duos census 251
VIL4 - 21x+ 3% 2% 6 100+2%"=2X ¢t sextam centum et duobus censibus
exceptis viginti rebus

Restaura igitur centum et adde viginti 252

1
VIS 100+X° _ZOXZEX res medietati rei.

VII.6 100+ X2 —20x =81x Restaura ergo centum, et adde viginti 252
radices octoginta uni.
1 1 ) Restaura ergo quinquaginta duo et 253
525_10§XZ10X_X semis per decem radices et semis, et
V1.8 adde eas decem radicibus excepto
1 1 2 censu.

SZEZZOEX_X Deinde restaura eas per censum et 253
adde censum quinquaginta duobus et
semis.

VIIL1 100+ x2—20x =81 Restaura ergo centum et adde viginti 257
radices octoginta uni et erunt centum et
census.

With this exhaustive list of all occurrences of the jabr operation in al-
Khwarizmi's” Algebra we can now draw an interpretation for the meaning of the
operation:*

e The restoration is an operation which reinstates a polynomial to its original
form. We use polynomial as a generalization of the several cases. In V1.4 itis a
simple number which is being restored. Also cases VII.5 and VI1.6 refer to the
single number 100, instead of 100 + x°. However in problem V1.5 is the
binomial 100 + 2x* which is restored. This is consistent with the other Latin
translations.

e The restoration consists of adding (back) the part which has been diminished
(“que fuerunt diminute”) to the polynomial. The restoring part can itself be a
polynomial, as in problem VI11.4 with 2x* — 1/6 as the restoring part.

e The restoration operation is always followed by the addition of the restoring
part to the other (coequal) polynomial.
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In such interpretation of Arabic algebra, the basic operation of al-jabr, from
which the name of algebra is derived, does not consist of adding a negative term to
the two parts of an equation. Instead, it refers to the completion of a polynomial
which is considered incomplete by the presence of what we now would call, a
negative term. An understanding of al-jabr in early Arabic algebra is inextricably
bound with a geometric interpretation. We conjecture the al-jabr operation to be a
generalization of the basic geometrical acts like cutting and pasting as we know
them from Babylonian algebra. The original use of the restoration may refer to the
restoration of a geometrical square. As we have discussed above, the mal as the
Arabic concept of the unknown is a mixture of the meaning of possession, known
from Hindi sources and from the geometrical square. While the original form of
the jabr operation may have been purely geometrical, the operation can easily be
generalized to simple numbers or polynomials. The demonstration of the solution
to the quadratic problems in chapter 7 of al-Khwarizmi’s Algebra gives us the
most likely context of interpretation. Given that x?+10x =39, the demonstration
depends on the completion of the polynomial (x+5)? 25 with value 39 (see
Fig. 2). The jabr operation restores the mal, the square term, in the polynomial.
Hence, the value of the completed square (x+5)? can be determined through a
separate operation of adding 25 to 39. Also the third translation, by Guglielmo de
Lunis (c. 1250), uses restauracio. In eight problems the operation is applied in the
same meaning as the two other translations. We will therefore not discuss these
further.?®

However, in two similar problems, 4 and 6, restaurare is also used for a differ-
ent kind of operation. This happens in situations where an expression involves a
fraction of the mal as in

1

Ll tioooand Ly oyioa
12 3 4 12

Bx mal

Fig. 2 completing the square (from al-Khwarizmi)
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In these two cases restaurare consists of multiplying the polynomials by 12.
This operation is called al-ikmal in Arabic and will be discussed below.

5.2.1.2 Al-jabr in Later Arabic Sources

Let us verify if this new interpretation of Arabic algebra can be sustained in later
texts.

Abt Kamil uses the term restaurare (as the Latin translation for jabare) forty
times in his Algebra. On other occasions he uses reintegrare or ikmal as a syno-
nym for restaurare. All occurrences have the same meaning as with al-Khwarizmi
and can be reconciled with our new interpretation. For the third problem Abt
Kamil constructs the ‘equation” 4x = 10 — x and proceeds “Restaura ergo 10 per
rem cum re, et appone adde rem 4 rebus; et erunt 5 res, equales 10 dragmis”
(Sesiano 1993, 361:1117).2* Also here the restoration consists of completing the
10 and the following step is adding x to the 4x. As with one case of al-Khwarizmi,
the jabr operation with Abxa Kamil frequently refers to the restoration of a poly-
nomial. For example the coequal polynomials

42%x—4%x2 =100+ 2x? —20x

are restored as follows (Sesiano 1993, 365:1285-91):

Restaura ergo 100 dragmas et 2 census cum 20 radicibus, et adde illas ad 42 res et % rei
diminutis 4 censibus et ¥4; et erunt 62 res et % rei diminutis 4 censibus et ¥ census,
equales 100 dragmis et 2 censibus. Restaura item 62 res et % rei cum 4 censibus et 1/4, et
adde illos 100 dragmis et 2 et censibus; et erunt 100 dragme et 6 census et % census, que
equantur 62 rebus et % rei.

The first restoration refers to the 100+ 2x?, the second to 621 X -
2

Interestingly, the critical edition adds some omissions in the Latin translation
which are present in an Arabic copy of the original. In this case the original had
“Restaura ergo 100 dragmas et 2 census diminitus 20 rebus cum 20 radicibus”.
This reaffirms our interpretation of restoration as “restore <the defected
polynomial> with <the part that was diminished>".

Jeffrey Oaks and Haitham Alkhateeb defend the position on the Historia
Mathematica forum, that the al-jabr operation for 10x — x? = 21 should be inter-
preted as follows:

Think of 10x — x? as a diminished 10x. Its identity as 10x is retained even though x* has
been taken away from it. Its restoration to its former self is accomplished by adding x* to
the other side of the equation.

This was answered by Luis Puig, who apparently raised the issue in a publica-
tion previously. In Puig’s reconstruction of the al-jabr operation for the same
problem, it is the 10x which is restored: “Restaura luego las diez cosas del tesoro
[substraido] y afiadelo a veintiuno. Resulta entonces diez cosas, que igualan vein-
tidn dirhams y un tesoro” (Puig 1998). On the discussion forum, Puig refers to the
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distinction made by al-Karkhi between nombres simples and hombres composés.
This distinction is indeed quite relevant for an interpretation of the al-jabr opera-
tion. In the Al-Fakhrz, partially translated by Woepcke, al-Karkhi gives an intro-
duction to algebra treating the multiplication of polynomials. A marginal comment
on the distinction of the two types of ‘numbers’ is as follows (Woepcke 1853, 50):

Il y a des personnes qui sont d’avis que ce nombre (10 — a) est composé, puisqu’il est
formé par deux expressions d’un ordre différent. Mais il n’est pas ainsi, parce que en
disant : dix moins chose, vous indiquez un seul nombre de I’ordre des unités ; si, au lieu
de cela, il y avait eu: dix plus chose, cela aurait été composé. Cependant, placez les
expressions de ce genre dans quelle catégorie vous voudrez, cela ne change rien aux
principes du calcul.

The special status of ‘incomplete’ or ‘defected’ simple numbers can further
explain the nature of the al-jabr operation. As the bone surgeon, algebrista in old
Spanish, splints a broken leg, so does the al-jabr operation restore an incomplete
number.?® While a negative term is considered a defect, the addition of a positive
term is considered a constructive step for a composed number. It also explains that
we should not consider the — x? in 10 — x? as a negative term, but as the defect of
the incomplete number 10. While al-Karkhi’s distinction between simple and
composed numbers is essential in contextualizing the al-jabr operation, it cannot
be stated that al-jabr refers to the completion of simple numbers only. In a
problem of Aba Kamil’s Algebra, we find an interesting case in which the
‘defected polynomial’ consists of four terms (Sesiano 1993, 390-1):

Et si dicemus tibi: Divisi 10 in duas partes, et multiplicavi unam [in aliam] duarum
partium in se et aliam in radicem 8; deinde proieci quod [agregatum] productum fuit ex
multiplicatione unius duarum partium in radicem 8 ex eo quod provenit ex multiplicatione
(alterius) in se, et remanserunt 40 dragme. Exemplum. Faciamus unam duarum partium
rem, reliquam vero 10 diminuta re. Et ducamus 10 diminuta re in se, et erunt 100 dragme
et census diminutis 20 rebus. Deinde multiplica rem in radicem de 8, et proveniet radix 8
censuum. Quam prohice ex 100 dragmis et censu diminutis 20 rebus, et remanebunt 100
dragme et census 20 [radicibus] rebus diminutis et diminuta radice 8 censuum, que
equantur 40 dragmis. Restaura ergo 100 et censum cum 20 [radicibus] rebus et radice 8
censuum, et adde (eas) ad 40 dragmas. Et habebis 100 dragmas et censum, que equantur
40 dragmis et 20 rebus et [rei] radici 8 censuum.

This solution of a division problem can be described symbolically as follows.
Consider the two parts to be x and 10 — x. Multiplying the second by itself and the
first by the root of 8, the difference equals 40. Thus:

(10— Xx)(10— X) —/8x = 40

Expanding the square of the second part and bringing the x within the square
root, this leads to

100+ x® —20x —+/8x* =40

So, now the question is, in al- Karkhi’s terminology: what is restored here, the
composed number 100+ x* or the simple number x?? The text of Aba Kamil
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leaves no doubt: “Restaura ergo 100 et censum cum 20 [radicibus] rebus et radice
8 censuum”. Thus the polynomial

100+ x? is restored by 20x++/8x* .

After that, the two terms are added to 40. So, if close reading of the original
text provides us with this divergent interpretation of the basic operation of Arabic
algebra, why did scholars, proficient in Islam sciences and algebra fail to see it?
Take for example Solomon Gandz, the leading expert on Arabic and Babylonian
algebra in the early days of Isis and Osiris. Devoting an article on “The origin of
the term ‘Algebra’”, Gandz (1926, 440) concludes that the al-jabr wa al-
muqabalah “ought to be rendered simply as Science of equations”. Arguing
against the older interpretation of restoration, he raises an intriguing question:
“Why should we use an artificial surgical term for a mathematical operation, when
there are such good plain words as zada and tamma for the operation of addition
and completion?” (ibid., 439). This should indeed ring a bell. Maybe al-jabr is not
just “a mathematical operation” as we tend to see it. Maybe the operation is some-
thing very different from addition. The specific choice of the term al-jabr instead
of other “good plain words” deserves an explanation within the context of early
Arabic algebra and is no argument against an interpretation as restoration.

5.2.1.3 Older Interpretations

Troubled by the question why the interpretation of al-jabr, as the restoration of a
defected polynomial, is virtually absent in the twentieth century, we looked at
some earlier studies. In Chasles (1841, 605-616) we recognize several important
aspects of our interpretation:

Quand, dans un membre d’une équation, une quantité positive est suivie ou affectée d’une
quantité négative, on restaure la quantité positive, c’est-a-dire qu’on la rétablit dans son
intégralité. Pour cela on ajoute aux deux membres de I’équation une quantité égale, au
signe prés, a la quantité négative. Dans le langage de notre algébre actuelle, nous dirions
qu’on fait passer la quantité négative, du membre ou elle se trouve, dans I’autre membre.
Mais les Arabes ne pouvaient s’éxprimer ainsi, parce qu’ils ne considéraient pas de
quantités négatives isolément. Quoi qu’il en soit, c’est, @ mon sens, cette opération de
restauration, telle que je viens de la définir, que les Arabes ont appelée jebr, et les
traducteurs algebra.

He considers al-jabr as a restoration of a positive quantity to its original integ-
rity. In doing so, one must “add an equal quantity to the two members of the equa-
tion”. Chasles rightly adds that isolated negative quantities are not recognized in
Avrabic algebra.

Woepcke (1854, 365) is less concerned with the aspect of restoration and con-
siders al-jabr as “the action of removing a negative particle and consequently re-
placing it at the other member to conserve the equality”.?” Rodet (1878, 38), based
on the authority of Freytag (1830) for a translation of jabara as “post paupertalum
ditivait”, uses enrichissant. Thus he interprets the restoration of 100 — 20x = 40 by
al-Khwarizmi as:
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11 commence par faire disparaitre le terme négatif — 20x, en enrichissant, comme il dit, les
100 unités de déficit que leur a causé la soustraction des 20x. Pour compenser cet enrichis-
sant, il doit naturallement ajouter 20x dans le second membre de I’equation.

Carra de Vaux (1897) wrote a short note on the meaning of al-jabr in Bib-
liotheca Mathematica after inspecting a manuscript of Ibn El-Haim in the
Ambrosiano Library in Milan (&, 64, sup. f. 28"). In that text the term is also ap-
plied to the restoration of a quantity with a missing fraction: “Thus to make 5/6
equal to one whole, you divide 1 by 5/6 which leads to 1 + 1/5 and then multiply it
with 5/6. Otherwise, you can take the difference of 1 — 5/6 and 5/6 which is 1/5
and this you add to 5/6 to obtain one”. There is one occasion in al-Khwarizmi’s
problems in which the same operation is performed. In problem 111.13, discussed
above complere was used in the same way. By using the same term for the opera-
tion, al-Khwarizmi shows that adding

1)(2 to X2 _EXZ
3 3

is basically the same act as restoration EXZ back to the form x?.%

3

Carra de Vaux’s note also includes a reference to the encyclopedia of the
Turkish historian Hadji Khalifa (c. 1650). Here a definition of djebr is given
strong support for our favored interpretation: “le djebr c’est ajouter ce qui manque
a I'une des deux quantités mises en équation pour qu’elle devienne égale a
I’autre”.

It is with some surprise that we have to admit the relevance of the nineteenth-
century analyses in the current discussions on the interpretation of Arabic algebra.
It seems that with Hankel and Cantor the interpretation as adding the term to both
parts of an equation, was generally accepted.*® Many twentieth-century authors
have neglected to look up the studies of nineteenth-century scholars and missed
their valuable comments.*

In summary, we believe that the al-jabr operation in early Arabic algebra can
be characterized as follows:

e An operation aiming at the restoration of a defected quantity to its original
completeness.

e The restored quantity could initially have been a simple number in the sense of
al-Karkhi, but for Aba Kamil it also applies to polynomials.

e The operation is probably derived from or to be interpreted in a geometrical
sense.

e The operation is not performed on an equation but on the affected part of one of
two coequal polynomials.

e The addition of the defected part to the coequal polynomial is not a part of but a
consequence of the operation.
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5.2.2 Al-mugabala

The second operation, al-mugabala, is generally understood as the addition of
homogeneous terms in a polynomial. So the operation allows to rewrite
100+ x* —20x+x*> as 100+2x?—20x (from al-Khwarizmt’s third problem,
Hughes 1989, 58). The Latin word for this is simply summa and derived from its
geometrical interpretation of adding areas together. A second, equally important
meaning of al-mugabala is the elimination of a term by subtracting it from the
coequal polynomial. The Latin term for this is opponere and is used in problem
111.5 of al-Khwarizmi’s Algebra (Hughes 1989, 56:3):

habebis 100 et duas substancias absque 20 radicibus 58 coequantes. Comple igitur 100 et
2 substancias cum re quam diximus et adde eam super 58, et fient 100 et due subtancie, 58
et 20 res coequancia. Hoc igitur oppone id est ex numero 29 proicias et remanebunt 21 et
substancia 10 res coequancia.

Thus al-Khwarizmi applies al-jabr to 100+ 2x? —20x =58 in order to restore
100+ x?, translated on this occasion by complere. Omitted here by the scribe is a
step which divides both polynomials by two to arrive at the coequal
50+ x? = 29+10x . Then he applies al-mugabala to eliminate the number 29 from
the second polynomial by subtracting it from the first, resulting in 21+ x* =10x.
Hughes (1989, 20) understands the division by two as complere, but we believe
this to be mistaken, as complere is also used, in the meaning described here, in
problem two of the second chapter “habebis 40 et 20 res 100 coequantes. Hec ergo
centeno opponas numero et 40 ex 100 auferas et remanebunt 60, 20 res coequan-
cia” (Hughes 1989, 57/23). Rosen (1831, 40), who used the Arabic manuscript,
does include the missing step as “Reduce this to one square, by taking the moiety
of all you have. It is then: fifty dirhems and a square, which are equal to twenty-
nine dirhems and ten things”. The Latin translation of Aba Kamil’s Algebra para-
phrases mugabala as mukabala or mucabele and explains it as oppositio (Sesiano
1993, lines 527 and 532), but does not use the term within the problems. The verb
complere only appears in its strict geometrical sense. Saliba (1972, 199) finds only
one occasion in which al-Karkhi uses muqgbala in the same sense as al-
Khwarizmi. He believes that al-Karkhi also uses mugabala for the two operations
discussed below.

While our interpretation of al-jabr considers the operation of completion as dis-
tinct from the subsequent step of adding the completed part to the coequal poly-
nomial, al-mugabala appears to operate on the coequal polynomials within the
same operation.

5.2.3 Al-radd and al-ikmal

The last two operations called al-radd and al-ikmal are less controversial. They
normally refer respectively the division or to the multiplication of coequal
polynomials by a constant. However, in some cases ikmal is used synonymously
with jabr by Aba Kamil and tamma (to complete) for the ikmal operation.
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Table 3 Terms for the basic operations of Arabic algebra compiled from the main Latin translations

Arab al-jabr al-mugabala gl-radd al-ikmal
Sl Alaa) "3 Jusy)

Rosen reduce reduce reduce complete

(from Arab) separate

Robert of Chester restaurare opponere converte complere
complere

Karpinski restore by opposition reduce complete

(from Robert) complete

Gerard restaurare opponere reducere reintegrare

Guglielmo restaurare eicere reducere restaurare

reliquitur integer

Abt Kamil restaurare opponere reducere complere

reintegrare (geometrical)

The best reference problem is problem I11.5, as it combines the first three
operations in a single problem solution. While Robert leaves out the al-radd step,
he uses the verb converte for reducing the square term in problems 111.3 and 111.12
(“ergo ad unam converte substanciam™). The completion of the square term
appears in problems 111.4 and I11.6.

5.3 Operations on Equations in the Abacus Tradition

In the course of the fourteenth century, the original context of al-jabr as restoring a
defected or incomplete quantity was almost entirely abandoned. The initial al-jabr
operation, acting on a single quantity was extended by Aba Kamil to be applied on
polynomials. While the Arabic understanding of the operation continues to be
present in some Latin treatises, we witness a clear shift in meaning of the operation.

With Fibonacci’s Liber Abbaci and the early vernacular algebra texts, the op-
eration acts simultaneously on two coequal polynomials. The relation between
the words used for restoration and its etymological root becomes disconnected. In
the beginning of the fourteenth century, restoration involves both the addition and
the subtraction of a term to coequal polynomials, sometimes within the same deri-
vation. With Maestro Biagio, from the fourteenth century onwards, the terminology
discards all references to the restoring aspect and simply operates on both parts in
order ‘to level out’ the positives as well as the negatives. The simultaneous opera-
tion on coequal polynomials is the beginning of what constitutes an algebraic
equation. We cannot yet consider ragguagliare as an operation on an equation, but
the simultaneous addition, subtraction, division and multiplication of coequal
polynomials by some quantity contributes to the further transformation of this
structure into a symbolic equation.
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6 Conclusion

The symbolic equation has resulted from a series of developments in algebraic
practice spanning a period of three centuries. The concept of a symbolic equation
as it emerges in algebra textbooks around 1550 is fundamentally different from the
‘equation’ as known before the sixteenth century. This transformation of the equa-
tion concept was completed through the practice of algebraic problem-solving. We
can distinguish several phases of development which were necessary to realize the
modern concept of an equation. We will now summarize these developments as
discussed here, and place them within a broader framework. We will present them
in logical order which does not perforce coincide with consecutive historical
events. Several of these developments overlap and have reinforced each other.

6.1 The Expansion of Arithmetical Operators to Polynomials

A process of expansion and generalization has allowed applying the operations of
addition, subtraction, division and multiplication to other entities than natural
numbers. This expansion process can be looked at from the viewpoint of the ob-
jects as well as of the operators. Operations on polynomial terms emerged as an
expansion of the operators. These were introduced in Hindu texts around 600 and
in Arabic algebra before 800. Essential differences in approach suggest an inde-
pendent development in these two traditions. The presentation of operations on
polynomials together with or following the operations on irrational binomials pro-
vides strong support for a historic process of generalization from irrationals to al-
gebraic polynomials. We have written evidence that operations on polynomials
were introduced in Europe through the Latin translations of Arabic works on alge-
bra. Possibly there has been some influence too from Hindu algebra through sub-
scientific traditions. The abacus tradition paid little attention to a formal treatment
of operations on polynomials. Only from the end of the fourteenth century some
abacus treatises devote a section to the multiplication of binomials or trinomials.
Early German cossist texts of the fifteenth century were the first to formally intro-
duce these operations. They reflect the structure of an algorism applied to terms
involving unknowns. By the beginning of the sixteenth century every serious work
on algebra has an introduction explaining at least addition, subtraction and multi-
plication of algebraic polynomials.

6.2 The Expansion of the Number Concept

The process of applying arithmetical operations on terms with unknowns invoked
an expansion of the number concept. The cossist tradition forwards the idea,
which later becomes omnipresent in algebra textbooks, that cossic numbers are
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some kind of number, next to whole numbers, fractions and surds. Systematic
treatments of arithmetic and algebra typically include binomials in the exposition
of the numeration, the types of numbers in arithmetic. This evolution culminates
in the Arithmetica of Cardano (1539). Cardano departs from the prevailing
structure and treats the operators one by one. For each operation he discusses its
application to whole numbers, fractions, irrationals and polynomial expressions.
Polynomials, which he calls de numeratione denominationem, are thus presented
as part of the number concept. The idea of polynomials as numbers is abandoned
by the end of the sixteenth century. Later interpretations of higher-order polyno-
mials with multiple roots and the unknown as a variable are in direct contradiction
with a cossic number having one determinate arithmetical value.

6.3 Equating Polynomial Expressions

The very idea of an equation is based on the act of equating polynomial expres-
sions. In fact, the Latin terms aequatio and aequationis refer to this action. Also
the Sanskrit words samikarana, samikara, or samikriya, used in Hindu algebra can
be interpreted in this way. The word sama means ‘equal’ and kri stands for ‘to
do’. The meaning of an equation in the first Latin texts is most correctly conveyed
by the terminology used by Guglielmo de Lunis and Robert of Chester. The term
coaequare denotes the act of keeping related polynomials equal. The whole rheto-
ric of abacus texts is based on the reformulation of a problem using the unknown
and the manipulation of coequal polynomials to arrive at a reducible expression in
the unknown. One looks in vain for equations in abacus texts. Every reference to
an equation is purely rhetorical, meaning that the only equation discussed is that
<coequal polynomial 1> equals <coequal polynomial 2>. If the manuscript con-
tains illustrations or marginal comments then these are always polynomials or
operations on polynomials. Only by the end of the fifteenth century do we find
equations in the non-rhetorical meaning. They first appear in German texts such as
the Dresden C 80. Apparently Italian algebra was too dependent on a rigid rhetori-
cal structure to view an equation as a separate entity. Pacioli’s Summa (1494), full
of marginal illustrations, does not give a single equation.*® In Rudolff (1525) and
Cardano (1539) we find the first illustrations of an equation in print. Both in the
literal and the historical sense, we find the construction of an equation by equating
polynomials (see Fig. 3, from Cardano 1539, 82).

196.P336 cO.P. 144 ce:
4’56 J.2604 Cﬂaﬁ-lll-sz Ce,

4160.2qualia 3240 co.ﬁ.:jpﬁ-cé..

Fig. 3 Cardano’s construction of an equation by equating polynomial expressions




120 A. Heeffer

6.4 Operations on Coequal Polynomials

The concept of an equation is shaped by the operations on coequal polynomials.
The early development of the equation concept is determined by the first Arabic
texts on algebra. Arabic algebra emerged from several competing traditions which
are reflected in the meaning of the unknown and the operations allowed on coequal
polynomials. These influences are most likely the “high” tradition of calculators and
the ‘low’ tradition of practical surveyors. A third influence of solving recreational
problems concerning possessions may stem from Indian practice. The conceptual
ambiguity of the mal, the unknown in Arabic algebra, can be explained through
this diversity of influences. Also the al-jabr, the basic operation of Arabic algebra
is challenging for a modern interpretation. Early Arabic texts interpret al-jabr as
the restoration of a defected polynomial. The restoration of such polynomial to its
integral (positive) form requires the subsequent step of adding the restored term to
the coequal polynomial. This operation has transformed into the more general ad-
dition of terms to coequal polynomials. The characterization of the al-jabr as the
restoration of one defected polynomial depends on the distinction made between
co-equal polynomials and equations. When viewing Arabic algebra as operating
on equations, such an interpretation would be meaningless.

Other operations such as bringing together homogeneous terms and dividing or
multiplying coequal polynomials by a common factor can be related directly to
their Arabic archetypes. These operations have been applied and discussed only
implicitly in abacus problem-solving. An explicit or formal exposition of the pos-
sible operations on coequal polynomials is first seen by the end of the fifteenth
century in Germany. The formulation of rules and making these operations ex-
plicit contributed to the idea of operating on a single algebraic entity. It will take
two more centuries to formulate these rules as axioms of algebra.

6.5 Expansion of Arithmetical Operators to Equations

The transformation of operations on coequal polynomials to operations on equa-
tions is a subtle one. Only by making the distinction between the two can we un-
derstand and discern the changes in the concept of an equation.

The first explicit use of a multiplica-
tion of an equation is found in Cardano vy 11
(1539, f. HH1") where he uses two un- ﬂmquaha-a ;'fq.ui"
knowns to solve a linear problem. Elimi- 35
nating one unknown, he arrives at an ia=T2.0u =
equation, expressed in the second un- 200 Iﬂ'{ 7 'clllirl‘
known, which he multiplies with 35, as w’ alor q

shown in Fig. 4. Operating on equations

here is closely connected with the use of Fig. 4 First operation on an equation in
the second unknown. Cardano’s Arithmetica Practicae
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6.6 Operations Between Equations

The second unknown has been the driving force behind the introduction of opera-
tions between equations. Cardano (1545) not only performs operations on equa-
tions but also he was the first two subtract equations in order to eliminate one of
the unknowns (Opera Omnia, 111, 241) (see Figure 5).

Using Cardano’s method of
eliminating a second unknown Y-, Po{'_ }; 3. quan. 132,
from the Ars Magna and .vol. 5. 2+ 2
Stifel’s extension of algebraic 7 PO( P- 255 Quan. 4943
symbolism for multiple un- ]1;-?3- quan. zqualcs 362+
knowns, Jacques Peletier (1554)
operates on an aggregate of lin- Fig. 5 Cardano (1545) subtracts the first equation from
ear equations. the second to result in the third

He adds and subtracts pairs of equations in a systematic way to solve a set of
linear equations. Buteo’s text (1559 corresponds closely with our meta-description
in modern symbolism. The concept of a symbolic equation can thus be regarded as
completed. The method was further refined by Gosselin (1577) from which we
know that he had some influence on Viete (Cifoletti 1993).

7 Epistemological Consequences

We have presented a detailed analysis of the basic concepts of algebra since the
first extant texts in the Arab world and their subsequent introduction in western
Europe. The basic concepts of algebra are the unknown and the equation. We have
demonstrated that the use of these concepts has been problematic in several as-
pects. Arabic algebra texts reveal anomalies which can be attributed to the diver-
sity of influences from which the al-jabr practice emerged. We have characterized
a symbolic equation as a later development which builds upon the basic Arabic
operations on coequal polynomials. The concept of an equation can be considered
as a solidification of the possible operations on coequal polynomials. In this way,
the equation sign, as it was introduced by Robert Recorde (1557), represents not
only the arithmetical equivalence of both parts, but at the same time symbolizes
the possible operations on that equation. The equation, the basis of symbolic alge-
bra, emerged from the basic operations on pre-symbolic structures, as we have
studied them within Arabic algebra. The equation became epistemological accept-
able by the confidence in the basic operations it represented. Knowledge depend-
ing on this new concept, such as later algebraic theorems or problems solved by
algebra, derived their credibility from the operations accepted as valid for the con-
cept. This new mathematics-as-calculation, derived from Arabic algebra, became
the interpretation of mathematical knowledge in the sixteenth and seventeenth
centuries. The introduction of symbolism allowed for a further abstraction
from the arithmetical content of the algebraic terms. Operating on and between
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equations became such powerful tool that it standed as a model for a mathesis
universalis, a normative discipline of arriving at certain knowledge. This is the func-
tion Descartes describes in Rule 1V of his Regulae. Later, Wallis (1657) uses Mathe-
sis Universalis as the title for his treatise on algebra. As a consequence, the study of
algebra delivered natural philosophers of the seventeenth century a tool for correct
reasoning in general. In the early modern period, algebra functioned as a model
for analysis, much more than Euclidean geometry did.
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Notes

1. Although it has been argued that Fibonacci used a Latin translation of al-Khwarizmi’s
Algebra, particularly Gerard of Cremona’s translation (Miura 1981, 60; Allard 1996, 566),
one has to account for the fact that he had direct access to Arabic sources. Leonardo was
educated in Bugia, at the north of Africa, now Bejaje in Algeria, and travelled to several
Arabic countries. He writes in his prologue of the Liber Abbaci that he “learnt from them,
whoever was learned in it, from nearby Egypt, Syria, Greece, Sicily and Provence, and their
various methods, to which locations of business | travelled considerably afterwards for much
study” (Sigler 2002, 15-6).

2. Possibly two different authors are referred to by that name. For more details see Burnett (2002).

3. al-Khwarizmi’s Algebra ®ntains several problems which have been numbered in some
translations. We will use the part numbers of the treatise as Roman numerals, followed by
the sequence number and refer to the Latin translation if the problem numbering differs.
Problem I11.11 in Robert’s translation is as follows: ‘Terciam substancie in eius quartam sic
multiplico, ut tota multiplicacionis summa ipsi coequetur substancie’ (Hughes 1989, 61).
The problem is given by Karpinski in modern symbolism as

()-m=() 2

would be more consistent with his interpretation of the mal.
4. Also argued by Hgyrup (1998, note 11).
5. For a representation of mal as a geometrical square see Fig. 2 in the discussion on al-jabr
below.
6. As pointed out by Allard (1997, 221) terminology is not always used consistently between
translators and even by a single translator.
7. Hughes (1989, 18-9). Apparently Hughes mixes up the chapter numbering. Read instead
“problems four and six of part Il and in five, ten, and thirteen of part 111”.
This problem is numbered 14 in chapter VIII of the Gerard’s translation (Hughes 1986, 260).
A preliminary version of both these articles came to our attention when this text was already
written. The analysis of Oaks and Alkhateeb (2005) and especially their section on ‘the deliber-
ate shift from the original mal to the algebraic mal’ agrees with our observation. In fact, they
discern three different meanings for mal. For the third meaning, they refer to the “division
rule”. If the result of the division of a by b is c, then the value of the mal a can be “recovered”
by multiplying b and c.

© ©
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10.
11.

12.

13.

14.

15.

16.
17.

18.
19.

20.

21.

22.

23.
. The line numbers from the Sesiano transcription are given after the column. Some other ex-

25.
26.
27.

28.

We will follow the analysis of Rodet (1878, 84-8). The English translation is from Colebrooke
(1817, 208).

Heeffer, A.: “The Regula Quantitatis: From the Second unknown to the Symbolic Equation”,
forthcoming.

f. 155"; Franci and Pancanti, 1988, 54: “Quando le chose sono iguali a censi ed al numero
prima si parta ne’ censi e poi si dimezi le chose e I’una meta si multripica per se medesimo e
di quella multripicazione si tralgha il numero, la radice del rimanente agiunto overo tratto
dall’altra meta delle chose, chotanto vara la chosa e tieni a mente che sono quistioni dove di
bisogno agiugnere la meta delle chose e sono di quelle che ano bisogno di trarre del la meta
delle chose e sono di quelle che per I’uno e per I’al tro si solvono. Esenpro al’agiugnere,
prima dird chosi”.

Fibonacci, Liber Abbaci, second edition of 1228, on which Boncompagni’s transcription is
based. Hayrup (2002) suggests that the inconsistencies stem from the later additions and be-
lieves there must have existed an Italian vernacular text from before 1228 in which the term
avere was used.

Although Hughes (1986, 1989) consistently talks about equations, he implicitly agrees with
this position when he writes that Gerard “uses the word questio to signify our term equation”
(Hughes 1986, 214).

From the English edition, Wallis 1685, 2. Chasles (1841, 612) criticises Wallis for the alge-
braic interpretation of the terms al-jabr and al-muchabala as synthesis and analysis. How-
ever, Chasles has been very selective in his reading of the Treatise on Algebra.

The discussion has been archived at http://mathforum.org/kb/forum.jspa?forumID=149&start=0

From van der Waerden (1985, 4). Compare with “Addition gleicher Terme zu beiden Seiten
einer Gleichung, um subtraktive Glieder zu elimineren”, Alten et al. (2003, 162) and “to add
the absolute value of a negative term from one side of an equation to itself and to the other
side”, Hughes 1986, 218. Hughes (1989, 20) defines the synonymous Latin term complere as
“to transfer a term from one side of the equation to another”.

Axioms play a role in the formulation of algebraic theory only from the seventeenth century.

Rosen 1831, 42, 43, 47, 48, 52, 52, for the problems discussed below. Problems of section
VIII (in Gerard’s translation) do not appear in the Arabic manuscript.

There exist two copies of an Arabic manuscript by Abd al-Hamid ibn Wasi® ibn Turk, called
Logical Necessities in Mixed Equations, studied by Sayili (1985). There are good reasons to
believe that this work on algebra predates the one of al-Khwarizmt’s. Interestingly, except
for the title, there is no reference to al-jabr.

This is the same formulation as the version of Libri (1938, I, 275), from the Paris Latin
T377A.

Some clarifications may be necessary. The solution to V1I.1 possibly contains a scribal error.
Before the restoration step, (10 — x) is multiplied with x. Consistent with the other cases, the
restoration thus refers to 10x, instead of 10 — x as in the text. Problem V1.5 refers to “the
roots that have been diminished”, thus 20x.

Problems 1, 3, 5, 7, 8, 9, 10 and 11 in the numbering by Kaunzner (1986).

amples from Sesiano (1993): “Restaura ergo eas cum 9 rebus” (1132), “Restaura 10 radices
per censum” (1174), “Restaura igitur 100 dragmas cum 20 rebus” (1243).

Puig 1998, 16, discussed in the Historia Mathematica mailing list.

For the meaning of algebrista see Smith (1958, 1, 389). For a quotation from Don Quixote
see Cantor 1907, I, 679, note 3, and Kline 1964, 95).

Woepcke 1854, 365 : “Algébre signifie dans la langue technique I’action, d’6ter la particule
de la négation et ce qui la suit, et de reporter, en conservant I’égalité dans I’autre membre”.
Hughes (1989, 18-9) misses the point when he writes in his commentary that al-Khwarizmi
“does not use the multiplicative inverse to obtain x? = 7%" and that this “must have jolted
Robert’s readers”. However, the performed operation is perfectly comprehensible given our
interpretation of al-jabr.
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29. Translation by Carra de Vaux, from Fliigel 1835-58, 11, 582.

30. Cantor (1907, I, 676) uses Wiederherstellung as the German translation of al-jabr and
defines it as follows: “Wiederherstellung ist genannt, wenn eine Gleichung der Art geordnet
wird, dass auf beiden Seiten des Gleichheitszeichens nur positive Glieder sich finden”. This
is a curious definition as the equation sign appeared only in Recorde (1557). Hankel even
cites the Arithmetica of Diophantus as a source for the al-jabr of the Arabs: “‘Wenn aber
auf der einen oder auf beiden Seiten negative Grossen vorkommen, so muss man diese auf
beiden Seiten addiren, bis man auf beiden Seiten positive Grossen erhalt’ und das ist al gebr”.
The quotation is taken from the Bachet (1621), Diophanti Alexandrini Arithmeticorum,
p. 11.

31. A notable exception is Tropfke (1933, Il, 66): “In dem Beispiele 13x —5 = 7x + 4 ist die
linke Seite unvolstandig, da ein fehlendes Glied vorkommt; si mup also mit 5 erganzt
werden, die dann auch rechts hinzuzufligen ist”. This interpretation is not respected by the
editors of the 1980 edition.

32. Except for the standard rules of algebra, the six Arabic types and two impossible cases
(Pacioli 1494, f. 149".
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Avicenna’s Naturalized Epistemology
and Scientific Method

Jon McGinnis

Abstract This study provides a survey of Avicenna’s theoretical or abstract
discussions of the methods of science and the psychological processes laying behind
them as they appear in his Kitab al-Burhan. Since that text has not been studied in-
depth, the chapter is primarily exegetical, focusing what might be termed Avicenna’s
‘naturalized epistemology’. The study is divided into two sections. The first treats
Avicenna’s theory of demonstrative knowledge, and how Avicenna envisions the
relation between logic and science, where it is argued that one of the primary
functions of Kitab al-Burhan is to provide heuristic aids to the scientist in his
investigation of the world. The second half concerns Avicenna’s empirical attitude in
Kitab al-Burhan towards acquiring the first principles of a science, where such
cognitive processes as abstraction, induction and methodic experience are considered.

No treatise by Avicenna, at least not among his major philosophical encyclopedias, is
exclusively dedicated to what might be called ‘traditional epistemology’; rather,
Avicenna’s theory of knowledge is found in his psychological works and his work on
scientific method, namely, Kitab al-Burhan. By ‘traditional epistemology’ | mean the
investigation into how knowledge or science is possible in the light of skeptical chal-
lenges. The traditional epistemological answer involves identifying a set of founda-
tional criteria—whether a priori truths, sense data or a combination of both—by
which one can justify or verify certain beliefs, and so can be said to have justified,
true beliefs, that is, knowledge or science. In contrast with traditional epistemological
approaches a naturalist approach to epistemology has re-emerged among contempo-
rary philosophers. Paul Roth describes this naturalized epistemology thus:

Naturalism in epistemology can be characterized negatively by its eschewal of any notions
of analytic or a priori truths. Positively, naturalism asserts a normative and methodologi-
cal continuity between epistemological and scientific inquiry. The techniques endemic to
the former are only a subset of the historically received and contingently held norms and
methods of the latter (Roth (1999, 88)).
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Bearing in mind these two opposing approaches to the theory of knowledge,
it is worth noting that in Avicenna’s works on psychology and scientific method
he does not obsess over how to respond to the skeptic, or how to provide an a
priori foundation for knowledge or even how to justify the knowledge one
claims to have.' His concern is with describing the psychological processes in-
volved in knowledge acquisition as well as the proper methods employed by
successful scientists within the various sciences. In short, for Avicenna the tradi-
tional epistemological question, “How ought we acquire our beliefs?” is replaced, or
at the very least is answered in part by, the question “How do we acquire our be-
liefs?”, where the normativity of reason is in fact grounded in the practices of
good science.

It is Avicenna’s emphasis on this latter descriptive question as opposed to the
former normative question, as well as his appeal to the a posterior as opposed to
the a priori that | am calling ‘Avicenna’s naturalized epistemology’.? In this re-
spect the type of foundationalism | am denying of Avicenna is a rather strong one,
namely, an epistemological theory that asserts that the justification or verification
of a body of beliefs must ultimately be based on what contemporary philosophers
have variously termed ‘a prior truths’, ‘self-evident truths’, ‘self-presenting
truths’, and ‘the given’. Foundationalism in this sense should not be confused with
the thesis that certain sciences may be subordinate to other sciences, as for ex-
ample physics might be thought to be more basic than chemistry. In the case of
subordinate sciences the higher science frequently provides the explanations of
various principles simply assumed in the lower science. This latter position more
properly belongs to projects of unifying the sciences rather than epistemic founda-
tionalism, and one can happily endorse one, while not endorsing the other, as in
fact Quine did.

As already noted those interested in Avicenna’s theory of knowledge must
look predominately to either his psychological works or his work on demon-
stration. Since most current research has focused on Avicenna’s psychological
treatises, | want to augment our understanding of Avicenna’s theory of knowl-
edge by considering his far less studied Kitab al-Burhan of the Shifa’. Since
this work has not been studied in-depth, my intent in this chapter is primarily
exegetical, namely, to present a number of the more salient features of Kitab
al-Burhan.® In addition, however, | shall argue for what | have called
Avicenna’s ‘naturalized epistemology’. This involves two stages. First, | treat
Avicenna’s theory of demonstrative knowledge, and how Avicenna envisions
the relation between logic and science, where | contend that Kitab al-Burhan,
far from endorsing any foundational project in epistemology, is primarily con-
cerned with providing heuristic aids to the scientist in his investigation of the
world. The second stage concerns Avicenna’s empirical attitude in Kitab al-
Burhan towards acquiring the first principles of a science, where | consider the
cognitive processes of abstraction and to a lesser extent induction and methodic
experience.*
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1 Demonstrative Knowledge

Avicenna’s Kitab al-Burhan roughly follows Aristotle’s Posterior Analytics, al-
though Avicenna’s organization and development of Aristotelian themes are often
uniquely his own. It is worth noting that among contemporary Aristotelian schol-
ars it is an open question whether Aristotle intended the Posterior Analytics to be
a discussion of science in general, or of some specific sciences and not others, or
indeed whether it merely presents an account of how to formalize for pedagogical
reasons a science already obtained.® The situation is not the same for Avicenna’s
Kitab al-Burhan. Avicenna clearly saw this work as providing a completely gen-
eral philosophy of science applicable to all sciences. “The goal of this book is to
provide a means for acquiring the assent that is certain and the true and real con-
cepts, and so the benefit of the book is obvious, namely, to arrive at the sciences
occasioning certainty and the true and real concepts beneficial to us” (1.1, 7.12-14;
53.15-14). Moreover, this conception of the goal of Kitab al-Burhan is witnessed
by Avicenna’s regular use of examples drawn from all the sciences, such as medi-
cine, physics, mathematics and metaphysics.

For Avicenna knowledge or scientific understanding (Arabic &l=; Greek
émoThun) is roughly divided into two kinds: knowledge of the first principles of a
given science and knowledge acquired through demonstration. Avicenna notes
that both an account and description of how one acquires the first principles of a
science properly fall under the purview of psychology (l111.5, 160.17-18;
222.12-13), whereas a discussion of the methods and tools used by the scientist in
acquiring demonstrative knowledge belongs to the subject of Kitab al-Burhan;
nevertheless, Avicenna does make comments in Kitab al-Burhan relevant to how
the scientist acquires the first principles of a science, which | shall turn to in the
second half of this chapter. For now, however, | begin with his discussion of de-
monstrative knowledge and the demonstrations leading to it.

Unlike Aristotle, who at Posterior Analytics | 2 offered a list of the conditions
that the premises in a demonstration must meet—namely that they are true
(&noés), primitive (tpatov), immediate (dpéoov) (that is, not themselves derived
demonstratively), better known than (yvopwotepov), prior to (mpotepov) and
explanatory of (aiTiov) the conclusion—Avicenna offers no such succinct list. In-
stead Avicenna’s discussions of the conditions required of scientific first princi-
ples are interspersed throughout book | of Kitab al-Burhan, sometimes treated
explicitly, but more frequently implicitly. Thus Aristotle’s ‘truth condition’ ap-
pears to be subsumed under Avicenna’s ‘certainty condition’ (cx), which includes
both being true or real (3=) and necessary (s 4l (1.7 30.17-31.10; 76.4-14).
Avicenna’s use of ‘certainty’, a condition conspicuously absent from Aristotle’s
list, is significant. Throughout Kitab al-Burhan Avicenna uses ‘certainty’ in two
conceptually distinct ways.® Thus, sometimes ‘certainty’ refers to one’s assurance
or knowledge of some natural necessity, and in this sense ‘certainty’ seems to be
relative to the knower and the justification and warrant one has for a belief.
More frequently, however, “certainty’ refers to the necessity or inevitableness of
some causal relation in the world, which, though captured in the premises and
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conclusions of a demonstration, nonetheless is independent of any knower and his
syllogizing, and in fact provides the very basis for knowledge and syllogisms. For
Avicenna, as we shall see, one has the former type of certainty, that is, psycho-
logical assurance, only when one is aware of the latter type of certainty, that is,
one recognizes that a necessary or inevitable causal relation obtains between two
things. Here we should also note that though Aristotle himself does not include
necessity in his initial list of conditions for the premises of a demonstration, based
upon what he does say at Posterior Analytics | 4 and 6, it is natural enough to
think that he thought necessity was a hallmark of such principles. Avicenna just
makes this condition explicit in his notion of certainty.

Concerning the remainder of Aristotle’s conditions, Avicenna, as far as | can
see, never explicitly discusses the ‘primitiveness’ of principles, but this may be
because Jsl (‘primitive’) is often taken as a synonym for ‘principle’, and so it
might have been thought that this condition must obviously hold of a principle. As
for being ‘immediate’, Avicenna mentions in passing at 1.6 (30.10-12; 77.3-5)
that some knowledge is #auly b (‘without middle’), but he probably does not
intend this condition to be an absolute requirement of a scientific principle, but
only relative to a given science; for he clearly believes that some of the principles
in a subaltern science might be demonstrated in a higher science (1.12, 58.14-17;
110.13-15). At Kitab al-Burhan 1.11 Avicenna has a detailed discussion of the
conditions “prior to’ () and ‘better known’ (<) than the conclusion, in which,
like Aristotle, he distinguishes between ‘prior and better known to us’ and ‘prior
and better known by nature’. Unfortunately, his extremely rich and nuanced dis-
cussion is worthy of a study in its own right and would take us well beyond the
scope of this chapter. Concerning Aristotle’s final condition, ‘causally explanatory
of the conclusion’, this condition too seems to be subsumed under Avicenna’s cer-
tainty condition and will be discussed more thoroughly below.

A demonstration according to Avicenna is “a syllogism constituting certainty,”
(1.7, 31.11; 78.15). In other words, it is a deduction beginning with premises that
are certain or necessary that concludes that not only such and such is the case, but
that such and such cannot not be the case (1.7, 31.7-8; 78.11-12).” Thus, demon-
strative knowledge involves possessing a syllogism that makes clear the necessity
or inevitableness obtaining between the subject and predicate terms of its conclu-
sion. In addition, Avicenna divides demonstrative knowledge itself into two cate-
gories depending upon the type of demonstration employed. Thus there is the
demonstration propter quid, or demonstration giving ‘the reason why’ (& ola_»)
and the demonstration quia, or demonstration giving ‘the fact that’ (0¥ o _»).°
Avicenna further divides the demonstration quia into two sub-species: a demon-
stration that leads from one correlative effect to another correlative effect, called
an “absolute demonstration quia” (LY sl 0¥ o ), and a demonstration that
leads from an effect to the cause, called an “indication’ (Ji).

Concerning the two types of demonstration quia, Avicenna suffices himself
with providing definitions and examples of both kinds. Thus the absolute demon-
stration quia “accords with the existing middle term’s neither being a cause nor an
effect of the major’s existing in the minor; rather, [the middle term] is something
related to or coextensive with [the major term] in relation to its cause, where [the
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middle term] accidentally accompanies it or something else simultaneous with it
in the nature” (1.7, 32.7-10; 79.17-19). He gives the following syllogism as an ex-
ample: whoever exhibits a cloudy viscous urine is feared to have encephalitis; this
individual (who is suffering from a fever) has exhibited such symptoms; thus this
individual is feared to have encephalitis. In this case, notes Avicenna, neither the
symptoms nor having encephalitis is the cause or effect of the other; rather, they
are both effects of some unstated cause, which Avicenna identifies with the heated
humors’ motion towards the head and their evacuation from it. What is important
to note about the absolute demonstration quia is that even though the syllogism
neither proceeds from nor leads to a cause, there nonetheless is a necessary, natu-
ral causal relation between the two terms, namely, they both are effects of some
common cause, even if that cause is not made explicitly clear in the syllogism.
Had there been no such causal relation, and the two terms had been merely coinci-
dental accidents, then there would have been no demonstration. We shall return to
this point shortly.

The second of the two demonstrations quia, namely, an indication, “accords
with [the middle term’s] existing as the effect of the major’s existing in the minor”
(1.7, 32.10; 79.19-20), and here Avicenna provides several examples. For in-
stance, every recurring tertian fever is a result of the putrefaction of bile; the indi-
vidual (who is suffering from a fever) has a recurring tertian fever; therefore, his
fever is a result of the putrefaction of bile. Similar examples are given concerning
the Moon’s relative position in relation to the Sun and the Moon’s various phases;
the Moon’s being eclipsed when it passes between the Earth and the Sun; and a
piece of wood’s burning when put into contact with fire. What is common in these
examples is that one starts from some effect and concludes to the effect’s cause.

Demonstration in the most proper sense is the demonstration propter quid. The
demonstration propter quid is a syllogism “that gives the cause with respect to
both issues [namely, that such and such is the case as well as why such and such is
the case], such that [the syllogism’s] middle term is like the cause for granting as-
sent to the major’s existence belonging to the minor (or its denial), and so it is a
cause of the major’s existence belonging to the minor (or its denial)” (1.7, 32.5-7;
7913-16). In his examples of the demonstration propter quid, Avicenna returns to
the examples used in clarifying an indication, but now he converts the examples
such that the middle term is the cause of the effect. Thus, he again gives the ex-
ample of tertian fever: whoever suffers from a putrefaction of bile owing to the
bile’s congestion and the pores being obstructed is suffering from a recurring
tertian fever; this individual is suffering from these symptoms; therefore, this
individual is suffering from a recurring tertian fever. In short, the demonstration
propter quid, like the demonstrations quia, inherently involves necessary, natural,
causal relations. Unlike the demonstrations quia, however, the demonstration
propter quid makes clear exactly what that causal relation is.

As Avicenna’s examples suggest, he believes that there is an inherent relation
between demonstrations and causes. At Kitab al-Burhan 1.8 he develops this line
of thought and argues in two steps that there is demonstrative knowledge if and
only if one has necessary, perpetual certainty concerning the relation between two
terms, where this certainty only occurs when one recognizes that a causal relation
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holds between the two terms. Avicenna’s first step is to indicate that knowledge of
causal relations provides this necessary, perpetual certainty. His second step is to
show that other kinds of relations that purport to provide this type of certainty in
fact do not do so.

In Kitab al-Burhan Avicenna’s first stage—namely, indicating that the knowl-
edge of causes ensures necessary, perpetual certainty—is example driven and he
defers a full account of the underlying metaphysics of causality to first philoso-
phy.? For our purposes it would be beneficial to consider one of Avicenna’s meta-
physical arguments for this thesis. The argument that | shall consider, though by
no means Avicenna’s most well known or even preferred argument for causal ne-
cessity, does have the advantages of being concise as well as highlighting a point
that will be of interest later, namely, how one comes to know that something has a
causal power.*°

In the Najat (XI.2.i, 546.3-547.5), Avicenna begins with the claim that any
proposition is necessary whose opposite entails an absurdity (J==) or a contradic-
tion in the sense defined in Aristotle’s Metaphysics, namely that something cannot
both be and not be at the same time and in the same respect (I" 4, 1005b19-20).
Now grant, for example, that fire, which has the actual active power to burn, is put
into contact with cotton, which has the actual passive power to be burned. Next
assume that the expected effect, namely, the burning of the cotton, does not occur.
Under these conditions one of two things would explain the cotton’s not burning.
Either the fire, which was assumed to have the actual active power to burn, does
not in fact have the active power to burn, and thus there is a contradiction; or the
cotton, which was assumed to have the actual passive power to be burned, does
not in fact have the passive power to be burned, which again is a contradiction. In
either case, then, the assumption that the expected effect does not occur, given the
actual presence of its causes, entails an absurdity or contradiction. Thus, the oppo-
site of the assumption must be necessary, namely, the expected effect necessarily
occurs given the actual presence of its causes.

The previous argument might appear to be a piece of a priori reasoning,
opposed to the sort of naturalism that | want to ascribe to Avicenna. On closer
examination, however, one sees that the content of the argument requires that one
already knows that things such as fire and cotton have their respective active and
passive causal powers. This knowledge, as we shall see in the second half of this
chapter, is not known a priori, but is acquired either through a process of
abstraction (=) or methodic experience (=), both of which, as I shall
argue, involve a strong empirical element. In this respect, then, Avicenna’s
argument is clearly not intended to show that there are causal relations by some
piece of a priori reasoning. In a very real sense Avicenna just takes the reality of
causal relations for granted as part of his naturalism; for to deny causal relations
would make the events in the world matters of mere happenstance and so would
leave unexplained the manifest regular and orderly occurrence of events. In effect,
to deny causal relations would undermine the very possibility of science
understood as an investigation and explanation of the world’s order, a position that
Avicenna simply will not countenance. Instead, Avicenna’s argument shows that
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to deny that causal relation are necessary is in effect to deny causal relations
outright and so give up on the project of science.

Avicenna’s second stage in arguing that demonstrative knowledge is only ac-
quired through knowing causes is to show that other kinds of relations that purport
to provide necessary certainty in fact do not do so, or in the very least do not pro-
vide scientifically informative knowledge. Avicenna does not provide a global ar-
gument for this thesis, but proceeds on a case by case basis, where the two most
prominent cases are the so called ‘relative syllogism’*! and cases of repetition or
exclusion (sLiisyl).

Concerning the relative syllogism, one might argue as follows: Zayd is a sib-
ling; all siblings have a sibling; therefore Zayd has a sibling. In this case one has
argued from the relation of being a sibling to the existence of Zayd’s sibling,
where being a sibling is not the cause of the existence of the other individual, and
yet one knows with certainty that the other individual exists given that Zayd is a
sibling. Although Avicenna undertakes “a close examination and analysis” of the
logic underlying this case, his concluding remarks suffice for our purposes.

Know that the intermediacy of the relative is something of little profit with respect to the
sciences. That is because your knowledge that Zayd is a brother is your very knowledge
that he has a brother or it is something included in your knowledge of that. Thus the
conclusion is no better known than the minor premise. If that is not the case, and instead
one is ignorant of [the conclusion] until it is proven that [Zayd] had a brother, then the
individual simply does not understand (<:_’»<5) “Zayd is a brother.” Cases such as these
should not be called syllogisms let alone demonstrations (1.8, 41.18-42.1; 90.3-7).

Inasmuch as science and demonstrative knowledge are intended to provide one
with a deeper understanding of the workings of the world, relative syllogisms
simply fail; for, as Avicenna observes in his detailed analysis of the relative syllo-
gism, to recognize a relation is simply for “the two relata to be simultaneously
present in the mind” (1.8, 41.10-11; 89.15-16). In other words, it is not the rela-
tion that makes clear the existence of the two relata, but the existence of the two
relata that makes clear the existence of the relation.*

Avicenna next considers the case of 1wyl which we shall leave un-translated
for the moment. He gives the following example where one seems able to draw a
conclusion with necessary certainty and yet the conclusion is not causally related
to the premises.

When we know that this number is not one of two, we know with absolute unchanging
certainty through the intermediary of [‘its not being one of two’] that [this number] is sin-
gular. Now that does not result from a cause; for it is not the case that its not being one of
two is a cause of its being singular; rather, it is more appropriate that its being singular is
something that in itself is a cause of its not being one of two and is something external to
the essence of [not being one of two], since it is through a consideration of something else
[41.1-4; 89.6-10].

The purported counterexample involves a hypothetical syllogism of the form “if
not p, then g; not p; therefore g’. Here one infers the necessary and certain exis-
tence of q from the non-existence of p, but the non-existence of something can
hardly be called a ‘cause’, at least not in any rich sense of cause as some real onto-
logical feature of the world, which of course is what Avicenna intends.



136 J. McGinnis

Although Avicenna’s resolution of this objection is relatively clear, the target
or scope of his solution is not as clear. As for his solution (1.8, 42.1-7; 90.8-14),
he argues that the middle term is either (1) some characteristic or sign (“3) that
does not essentially require that the number not be one of two or (2) one knows
that the number is not one of two owing to some cause. In the first case, where
there is nothing belonging to the essence of the number that requires that the num-
ber not be one of two, one does not know the premise with necessary, unchanging
certainty. If the initial premise is not known with certainty, however, then neither
can the conclusion be known with certainty; and so one cannot be said to have sci-
entific understanding of the conclusion. In the second case, where there is some-
thing belonging to the essence of the number that explains its not being one of
two, the cause would be that the number is singular and so by knowing that it is
singular, one knows that it is not one of two. In that case, however, one already
knows the conclusion before one knows the premise, and as such the conclusion of
the purported example is uninformative and so not scientifically interesting.

The difficulty is determining the scope of Avicenna’s conclusion, that is to say,
what does Avicenna precisely mean by sUiisYl, He clearly does not mean (JAliwy!
ka3l or the ‘repetitive syllogism’ understood as an entire class, since at the end of
his discussion he contrasts the counterexample with the informative repetitive syl-
logism, which conclude to some new knowledge acquired only after the ‘repeti-
tion’ (+uiuy!).™ In this case, Avicenna may be critiquing any syllogism that uses a
conditional premise, where the antecedent and consequent of the conditional are
not causally linked. Alternatively, Avicenna may be using ¢.wY¥! in a non-
technical sense, and so may mean simply ‘exemption’ or ‘exclusion’. Thus,
Avicenna may be concerned with proofs that purport to provide necessary cer-
tainty about some class of things on the basis that a given class of things is exempt
or excluded from some other class of things. In this case the exemption or exclu-
sion may be treated as a type of negation, where a negation is hardly a cause in the
sense of some real ontological feature of the world.

Perhaps we do not need to choose between these two alternatives; for it would
seem that Avicenna has the philosophical wherewithal to exclude from the pur-
view of scientific knowledge both types of proofs, again, namely, those involving
no causal link between the elements of a conditional proposition and those in-
volving negations. In the first case, it must be shown that Avicenna’s original
argument can be generalized to exclude from scientific discourse all hypo-
thetical syllogisms in which there is absolutely no link between the antecedent
and consequent of the conditional premise or premises. Clearly the first horn
of the argument can be generalized, since if one of the premises is not known
with certainty, then the conclusion cannot be known with certainty either. The dif-
ficulty is with the second horn, since perhaps there is some third thing that essen-
tially explains the correlation, and yet the conclusion is not explanatory of the
premise, as appears in Avicenna’s own version of the argument. To give a hack-
neyed example: if something does not have a heart, it does not have a kidney; x
does not have a heart; therefore, x does not have a kidney. Structurally, this exam-
ple is identical with Avicenna’s own; however, not having a kidney certainly is
not the cause of not having a heart, or vice versa, but it was precisely that the
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conclusion was causally explanatory of one of the premises that Avicenna found
objectionable in his initial argument. Still, if one knows with necessary, unchang-
ing certainty that there is a necessary correlation between the two, even though not
necessarily a direct cause-effect relation between them, that knowledge will pre-
sumably be on the basis of possessing an absolute demonstration quia, but in that
case knowing that x does not have a heart is to know that x does not have a kidney.
Thus one would have concluded to something already known, and so the syllo-
gism is uninformative and not suitable for providing scientific knowledge. In
short, the argument of Avicenna’s second horn might be generalized thus: if two
things are not merely related by happenstance, then to know that they are essen-
tially related requires possessing an absolute demonstration quia; however, if one
already possesses an absolute demonstration quia that two effects are essentially
dependent upon a single cause, then given the existence of one effect one already
knows that the other effect must exist. Simply put, such cases of <ty will be
scientifically uninformative.

Alternatively, if Avicenna intended <\ to indicate a type of negation rather
than a sub-class of repetitive syllogisms, he could draw on earlier arguments he
presented in the Introduction (J3x) of the Shifa’. There he argued that though
negations have a place in logic, they should be avoided in scientific discourse pre-
cisely because a negation inasmuch as it is a negation does not refer to any posi-
tive feature in the world, and yet science is concerned about finding out the way
the world is. For Avicenna, negations are rather “entailments that belong to things
relative to a consideration of certain (positive) accounts (¢t=) that do not belong
to [the things]” (Avicenna (1952, 1.13, 79.3-4)). In other words, when a proposi-
tion involves a negation, such as x is not one of two, the negation is relative to or
follows upon certain positive accounts or factors that do belong to the thing, such
as being singular, where the negative attribute is interpreted in terms of its failing
to be among the positive accounts that do belong to the thing. As such negations
negation, it provides one with information about the thing only to the extent that
one already knows the causes or positive factors that constitute the thing, and so
again negations are scientifically uninformative.

The relational syllogism and sliisY! (however it might be understood) were the
two main contenders for purported modes of necessary and certain reasoning that
do not involve causal relations.** Both either failed to provide the requisite knowl-
edge or were scientifically uninformative. Thus, demonstrative knowledge must
concern causal relations; for only causal relations provide the necessary certainty
that Avicenna takes to be the hallmark of good science.

To this point I have primarily focused on presenting and explaining the content
of Avicenna’s theory of demonstrative knowledge found in Kitab al-Burhan.
What should be clear from these comments is that for Avicenna there is an inti-
mate link between logic and the scientific enterprise. | now would like to speculate
about how | believe Avicenna envisions this relation. In the demonstration propter
quid, as well as to a lesser extent the demonstrations quia, knowledge or scientific
understanding is not for Avicenna about justifying one’s beliefs or verifying sci-
ence. Instead it is about laying bare the underlying causal structure of the world,
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which is done primarily through a logical analysis of empirical data, where this
analysis involves identifying the middle term ultimately required for rational
thought. Here we are led to a fundamental epistemological insight—first articu-
lated by Aristotle and then wholeheartedly embraced and developed by
Avicenna—namely that the causal explanations sought in the various sciences are
the middle terms used in logic.”

Whereas Aristotle appears simply to assert this identification in his Posterior
Analytics, Avicenna, in other works, suggests what the underlying metaphysics
might be that explains this relationship between the objects of science and the ob-
jects of logic. Thus in Avicenna’s Introduction to the Shif@” and the Metaphysics
of the Najat he claims that there is something common to both the intelligibles,
which are the objects of rational thought, and their concrete instances and the
causal interactions among them, which are the objects of scientific inquiry. Thus,
Avicenna writes in his introduction:

The essences of things may be either in concrete particulars or in the conceptualization [of
those things] (Us<il), and so [essences] are considered from three [different] aspects.
[One] aspect of essence indicates what it is to be that essence, not relative to one of the
two existences [that is, concrete particulars or their conceptualization], and what follows
upon them, [but only] insofar as it is thus, [that is to say an essence considered in itself].
[A second] aspect belongs to [essence] insofar as it is in concrete particulars, so that at that
time accidents, which individualize its existing as that, follow upon it. [A third] aspect
belongs to [essence] insofar as it is conceptualized, so that at that time accidents, which
individualize its existing as that, follow upon it (Avicenna (1952, 1.2, 15)).

Avicenna identifies the essence considered in itself—that is the common link
between the particulars, or the objects of science, and the forms existing in the in-
tellect, or the objects of logic and rational thought—with a certain ‘thingness’
(35:41)." Thus in the Najat, he writes: “There is a difference between the thing-
ness and the existence in concrete particulars; for the intrinsic essential account [of
what something is] (=) has an existence in concrete particulars and in the soul
and is something common [to both]. That common thing, then, is the thingness”
(X1.1.xii, 519.17-520.2).

For Avicenna, then, there is an inherent link between the objects of science and
rational thought via the concept of thingness or the essence considered in itself.
Although the two share a common link, they are, however, not absolutely identical
for Avicenna; rather, as Avicenna will strenuously argue throughout the entirety of
Kitab al-Burhan 1.10, the objects of science are in one sense prior to the objects of
logic. Consequently, scientific analysis and examination are likewise in a sense
prior to logical formulation, and as such logical notions are dependent upon and
indeed mirror what is discovered as a result of good scientific methods. Hence, if
an Avristotelian or Avicennan syllogistic provides humans with a universal logic,
that is, a logic that sets the norms for rational thought (and there are good reasons
for thinking that the falasifa, including Avicenna, held this) and yet logical notions
are dependent upon and reflect what is discovered through good scientific prac-
tices, then the way good science in fact proceeds is precisely the way one ought to
acquire knowledge. In short, for Avicenna, epistemological questions concerning
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the normativity of reason should be replaced, or at least informed by, descriptions
of what science does.

The relationship between logic and science is central to Avicenna’s naturalized
epistemology, and thus we should be careful to state both what he intends and
does not intend by this relation. Avicenna does not mean that by using logic one
can rationally reconstruct the external world from sense data (or perhaps sense
data and purportedly a priori truths) in the way Russell attempted in his Our
Knowledge of the External World, and perhaps Carnap as well under one natural
interpretation of his Der logische Aufbau der Welt.!” For Avicenna such a founda-
tionalist project would add nothing to one’s understanding of how the world
works, and thus in very real sense such a project would be vacuous for Avicenna.
Moreover, such a project runs the risk of imposing some logical structure or con-
straints upon the world, which may not in fact be in the world, whereas for
Avicenna the relation is just the reverse. Logic maps onto the way the world is,
not because one has imposed some logical reconstruction on the world, but be-
cause the world structures and constrains the way one reasons about it.

For similar reasons Avicenna does not envision the relation between logic and
science as how we might today see mathematics’ standing to science, namely, as
an idealization of the way the world would behave if it were composed of per-
fectly elastic bodies, lacking friction and the like.*® Human cognitive faculties, for
Avicenna, are such as to discover the causal structure inherent in the world itself,
and even if humans can invent logically and mathematically idealized models of
the world, this is at best derivative of first understanding the causal structures in
the world.

For Avicenna, | contend, the significance of the relation between middle terms
and causes is that it allows all the advancements made in logic (or at least
Aristotelian and Avicennan logic) to be used to further one’s scientific investigations
and inquiries concerning the nature of the world. Here let me use an overly
simplistic instance to make the point. For Avicenna one can express all inferences
using a finite set of paradigm syllogisms. Moreover, the syllogism allows one to
infer a relationship between two terms by means of a middle term; for example this
individual’s suffering from tertian fever follows from his suffering from a
putrefaction of bile. Consequently, when the scientist seeks the causal explanation of
some phenomenon (that is to say, he asks why a given relationship holds between
two terms), he is assured that when there is a causal explanation that links the two
terms, that relationship can be expressed as a syllogism. Furthermore, the causal
explanation of this relationship serves as the syllogism’s middle term. Thus, since all
scientific demonstrations or discoveries are expressible syllogistically, and since the
syllogism has a specific structure, the scientist can use his knowledge of the
syllogism to guide his initial inquiries; for only premises of a certain form and
arranged in a certain way constitute a valid syllogism. In short, since there is an
inherent relation between causes, that is, the objects of scientific inquiry, and the
middle term, that is, the fundamental notion of Aristotelian and Avicennan logic, the
scientist can be assured that the logical features that belong to the syllogism likewise
hold of scientific explanations. In short, the scientist can use his knowledge of logic
to facilitate scientific investigation.
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A concrete, even if overly simplistic, example may help clarify.'® Imagine that
a scientist wants to discover the cause of or reason why all dogs have incisors. For
the Avicennan scientist, his knowledge of the syllogism immediately begins di-
recting his search. The causal explanation must be of a form such that the conclu-
sion “all dogs have incisors” follows logically. The only syllogism that renders
such a conclusion is Barbara, namely, one that is in the first figure and has all uni-
versal affirmative premises. Hence the scientist knows before he begins his inves-
tigation that the answer (at least in its simplest form) has the following logical
structure:

1. all x have incisors;
2. all dogs are x;
3. therefore, all dogs have incisors.

The scientist’s inquiry, then, is for x, that is, the middle term that causally links
dog and having incisors. Granted the syllogism has not provided the scientist with
an answer to the inquiry, and thus the scientist must still undertake an empirical
investigation. Still that one should investigate the world fits well with Avicenna’s
empiricist leanings, which | shall discuss more fully below. Furthermore, the sci-
entist is steered clear of certain false avenues of pursuit. For instance, he can ne-
glect any observations that hold only of some dogs or some of the things that have
incisors.”® Similarly, he can set aside those observations that hold of no dogs or no
things that have incisors.* The reason he need not consider such premises is that
one can never validly infer a positive, universal conclusion from them. Thus here
is one way that logic’s relation to science can facilitate scientific discovery,
namely that a knowledge of the syllogism both allows the scientist to break down
complex scientific questions into more manageable ones and also saves him from
false steps in his investigation.

To summarize this section, demonstrative knowledge must concern causal rela-
tions; for only causal relations guarantee the necessary certainty that Avicenna
takes to be the hallmark of science and knowledge. Moreover by linking the causal
relations sought by scientists with the notion of the middle term, Avicenna could
avail himself of the machinery presented in his logical works for the purpose of
scientific investigations. Although there is much more to say about Avicenna’s
views of knowledge acquired through demonstration, the above at least gives one
a sense of Avicenna’s theory of demonstration and its relation to epistemology. In
the last half of this chapter | want to consider Avicenna’s second kind of knowl-
edge, namely, the knowledge and acquisition of first principles and the role of
sensory perception in acquiring these principles.

2 Acquiring First Principles

Like Aristotle before him, Avicenna claims that all demonstrative knowledge, that
is, knowledge that involves intellectual (»') teaching and learning, must pro-
ceed from prior knowledge (Posterior Analytics | 1; Kitab al-Burhan 1.3), namely,
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knowledge that is not itself a product of a demonstration. The prior knowledge
Avicenna has in mind is the existence claims and definitions of a science (1.12).
For example in the science of physics, the physicist begins with the knowledge
that motion exists as well as a definition of motion. In addition, the physicist will
initially have some operational definitions such as accounts of what is meant by
‘place’, ‘time’, ‘the continuum’, ‘void’ and the like, that is to say, those things ei-
ther purportedly required if there is to be motion or the necessary accidents that
follow upon there being motion. The physicist subsequently investigates and sees
if anything in the world corresponds with these initial nominal definitions. This
initial knowledge insofar as it makes up the first principles of a given science is
not demonstrated within the science itself—though in some cases it may be dem-
onstrated in a ‘higher science’ (4=« s 418 e 8)—hut either must be accepted if
any science is to proceed at all or if the special science is to proceed, in the latter
case it is one of the science’s posits (=) (1.12, 58.14-17; 110.13-15).

Avicenna frequently states in Kitab al-Burhan that a discussion of how the first
principles of a science are acquired belongs to the subject of psychology (u«dl ale);
for an account of how we acquire first principles for Avicenna ultimately involves
describing the various psychological and cognitive processes involved in human
thought as well as any natural posits required to explain what we as human
cognizers in fact do. Indeed, scholars working on Avicenna’s psychology, such as
Dimitri Gutas, Dag Hasse and Peter Adamson, to mention just three, have greatly
advanced our understanding of such Avicennan cognitive processes as intuition or
intellectual insight (w2=1),%* abstraction (2_~3) and discursive thought (LSi)). 2 It is
not my intent here to delve into Avicenna’s psychological works, but hopefully to
augment what he says in those works with comments he makes in Kitab al-Burhan,
particularly with respect to his empiricism and the roles of abstraction, induction
(+)_5Y1) and methodic experience (& ail) 2

In Kitab al-Burhan, Avicenna exhibits a strong empiricist leaning in his ac-
count of how one acquires the first principles of a special science or of science in
general, which is radically opposed to any theory of a priori or innate knowledge.
This empirical element, especially with respect to the natural sciences, in seen
most clearly in the comments that he makes at 111.5, where he discusses Aristotle’s
claim that “if a certain sense is wanting, then necessarily a certain knowledge is
also wanting” (Posterior Analytics | 18, 81a38-39). In basic agreement, Avicenna
comments Avristotle:

It is said, “Whoever loses a certain sense, necessarily loses a certain knowledge,” which is to
say that one cannot arrive at the knowledge to which that sense leads the soul. That is
because the starting points from which one arrives at certain knowledge are demonstration
and induction, that is, essential induction. Inevitably induction relies on sensory perception,
while the universal premises of demonstration and their principles are obtained only through
sensory perception, by acquiring the phantasmata (<:¥us) of the singular terms through the
intermediacy of [sensory perception] in order that the intellectual faculty freely acts on them
in such a way that it leads to acquiring the universals as singular terms and combining them
into a well-formed statement. If one wants to explain these [principles] to someone who is
heedless of them (and there is no more suitable way to draw attention to them), then it can
only be through an induction that relies on sensory perception. This follows because [the
principles] are primitive and cannot be demonstrated, as for instance, the mathematical
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premises taken in proving that the Earth is at the center [of the universe], and the natural
premises taken in proving that earth is heavy and fire light. That is why the principles of the
essential accidents of every subject are learned first through sensory perception. Then from
the sensibles some other intelligible is acquired, for example, the triangle, plane and the like
in geometry, regardless of whether they are separable or inseparable. Indeed, then, the ways
to arrive at them are initially through sensory perception (I11.5, 158.11-159.3; 220.5-15).

Avicenna freely admits that the above is merely a concise statement and that
the details will need to be worked out in the science of psychology. Fortunately,
Avicenna also quickly sketches out those details in the remainder of 111.5.

Thus Avicenna begins, “Something of the intelligible is not sensible, and some-
thing of the sensible inasmuch as it is what presents itself to sensory perception is
not intelligible, namely, what presents itself for the apprehension of the intellect,
even if sensory perception is a given starting point for acquiring much of the intel-
ligible.” Avicenna claims here that the objects of science, though starting from
sensory perception, cannot be reduced simply to the perceptibles; rather, the ob-
jects of science are the intelligibles, which, though derived from the sensibles, are
not identical with them.

To make his point, he has one consider a perceptible human, for example, Zayd
or Omar, and the intelligible human, namely, what is common to Zayd and Omar
that makes them both fall under the kind human. The perceptible human only pre-
sents itself to the senses as having a determinate magnitude, qualities, position,
place and the like, all features that in some sense are unique to the individual at
the time he is being perceived. In contrast, the intelligible human is something
common to all humans, and as such is related to Zayd in the exact same way it is
related to Omar as well as any other human. Indeed, Avicenna claims that the in-
telligible human is related to all instances of human “by way of absolute uni-
vocity” (&laall skl 5l), Thus, since what is sensibly perceived to belong to Zayd,
Omar and other humans is not what is understood to belong to the form of humanity
as it is found in the mind, Avicenna concludes that “the intelligible human is not
what is conceived in the phantasm of the perceptible human” (l11.5, 159.14-15;
121.8).

Since it is the intelligibles, or more exactly their definitions, that most fre-
quently play the role of first principles in a science, it is necessary to see how the
perceptibles are converted into intelligibles. Avicenna’s answer is that this conver-
sion takes place in part through the cognitive process of abstraction (w_sll).?
Fortunately, Avicenna again outlines the most salient features of this psychological
process.

[T]he essences perceptible in existence are not in themselves intelligible, but perceptible;
however, the intellect makes them so as to be intelligible, because it abstracts their true
nature (Las) from the concomitants of matter. Still, conceptualizing the intelligibles is
acquired only through the intermediacy of sensory perception in one way, namely that
sensory perception takes the perceptible forms and presents them to the imaginative
faculty, and so those forms become subjects of our speculative intellect’s activity, and thus
there are numerous forms there taken from the perceptible humans. The intellect, then,
finds them varying in accidents such as it finds Zayd particularized by a certain color,
external appearance, ordering of the limbs and the like, while it finds Omar particularized
by other [accidents] different from those. Thus [the speculative intellect] receives these
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accidents, but then it extracts them, as if it is peeling away these accidents and setting
them to one side, until it arrives at the account in which [humans] are common and in
which there is no variation and so acquires knowledge of them and conceptualizes them.
The first thing that [the intellect] inquires into is the confused mixture in the phantasm; for
it finds accidental and essential features, and among the accidents those which are
necessary and those which are not. It then isolates one account after another of the
numerous ones mixed together in the phantasm, following them along to the essence [of
human] (1115, 160.7-17; 222.1-11).

This, then, is Avicenna’s theory of abstraction in a nutshell.

Avicenna’s language of ‘extracting’ (¢v) and ‘peeling away’ (<) may give
the appearance that the intellect undertakes some mysterious process of ‘demateri-
alizing’ or ‘eliminating’ certain features in the phantasm when it abstracts the in-
telligible. 1 believe that what Avicenna has in mind is actually simpler and more
commonplace; for one can augment Avicenna’s account here with comments that
he makes about abstraction in his Physics, where one sees that far from being any-
thing mysterious, much of the abstractive process is simply a matter of selective
attention.

Analysis (J=3)% is to mark a distinction owing to things whose existence truly is in the
composite; however, they are mixed in the view of the intellect. Thus some of them are
separated from others through their potency and definition, or some of them indicate the
existence of something. So, when [the intellect] closely attends to (J<b) the state of some
of them, it moves from it to another (Avicenna (1983, 11.9, 142.4-6)).

‘Analysis’, which Avicenna is treating very much like abstraction in the present
passage, at least in part simply involves the far from mysterious process of selec-
tively attending to certain features of the phantasm, that is, the sensible object as it
appears in the intellect, to the exclusion of other features.

Clearly, this is not Avicenna’s whole story concerning abstraction and acquiring
first principles; for as he says later, acquisition of the first principles also involves “a
conjunction of the intellect with a light emanated upon the soul and nature from the
agent that is called the ‘Active Intellect’, that is, something leading the soul in
potency to actuality. Be that as it may, sensory perception is a starting point,
beginning with the accident, not the essence, of what [the intellect] has” (I11.5,
161.6-8; 223.3-5). Admittedly, talk of ‘emanation’ and a separate ‘Active Intellect’
may sound peculiar, even mysterious, to modern ears. In fact, however, Avicenna’s
appeal to the Active Intellect is part and parcel of his naturalism and is well-
integrated into both his physics and psychology; for in physics Avicenna would
appeal to the Active Intellect to explain in part the acquisition of a new material
form during substantial change, and analogously in psychology the acquisition of an
intelligible form.”” Avicenna’s appeal to the Active Intellect in both cases, then,
might be seen as an inference to the best explanation. He simply puts forth a natural
posit needed to explain certain physical phenomena. In this respect Avicenna’s
positing the Active Intellect is loosely on par with Newton’s initially positing his
three laws and the concept of universal gravitation.”® Although Newton could not
demonstrate these aspects of his physics, if one granted them to him, he could
explain a whole range of natural phenomena. The case is similar for Avicenna, and
though we today do not accept Avicenna’s explanation, before we congratulate
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ourselves for having more advanced views than Avicenna, it should be noted that
psychologists and cognitive scientists are still far from explaining the phenomena
that Avicenna was addressing, namely, how mental states are generated from
physical states and how thinking actually takes place. One can hardly fault Avicenna
for not adequately explaining in terms that we today would prefer what we ourselves
have not yet fully explained.

Let me be clear: 1 am not belittling the role that Avicenna finds for the Active
Intellect in human cognition, but merely emphasizing another aspect of this phe-
nomenon, which until recently has not been given its proper due. Abstraction,
which begins with sensory perception, strips away one set of accidents, namely,
those that follow on matter, and so prepares the way for the application of a new
set of accidents, namely, the intelligible accidents, such as universality, that are
acquired from the Active Intellect and are required if there is to be understanding.
Both the roles of sensory perception and the Active Intellect are essential for a full
account of Avicenna’s view vis-a-vis human cognition.

In addition to abstraction, Avicenna lists three other ways that sensation is in-
volved in acquiring the first principles of a science, or as Avicenna himself de-
scribes it, how “granting assent to the intelligibles is acquired through the senses”
(1.5, 161.1-162.9; 222.17-224.8). These include (1) the particular syllogism
(&) ol (2) induction (s)8YY) and (3) methodic experience (_ail),
Avicenna’s comments concerning the particular syllogism are brief, consisting of
two sentences.

[T]he particular syllogism [involves] the intellect’s having a certain universal generic
judgment, and then the individuals of a species belonging to that genus are sensibly
perceived. So the species form is conceptualized together with [the genus], and that
judgment is then predicated of the species. In that case, then, an intelligible that was not
[possessed] is acquired (111.5, 161.11-13; 223.8-10).

Since, this method requires one of the other three methods to explain the ge-
neric judgment presupposed by the particular syllogism, | shall keep my com-
ments short. Imagine that one possesses some generic judgment, for example, all
animals are mortal, or any other universal claim that can be predicated of the ge-
nus animal. Next, if the argument is not to be jejune, imagine that a biologist
comes across something that he has never experienced before, and so has no
knowledge about it, yet from sensory perception he recognizes that it is an animal.
From this perception and his prior generic judgment concerning all animals, he
can conclude that this newly discovered species of animal is also mortal and has
whatever other properties follow upon being an animal in general.

The latter two empirical methods of acquiring knowledge of first principles,
namely, induction and methodic experience, are far more interesting, and show
Avicenna’s unique development of Aristotelian themes as well as his departure from
Atristotle.?? Avicenna parts company with Aristotle in his overall attitude towards
induction (or least how later Aristotelians understood induction) and is skeptical of
the merit of induction as an adequate tool of science. At Kitab al-Burhan 111.5 he
describes induction in the following lackluster terms:



Avicenna’s Naturalized Epistemology 145

When the particular instances [of the first principle] are considered inductively, they call
the intellect’s attention to the belief of the universal; however, the induction that proceeds
from sensory perception and the particulars in no way makes belief of a universal neces-
sary, but only draws attention to it. For example, [when] two things both touch a third
thing, but not each another, they require that that [third] thing is divisible. This aforemen-
tioned claim, however, may not be something established in the soul as well as it is sensi-
bly perceived in its particular instances, which the intellect does notice and believes (I11.5,
161.14-18; 223.11-15).

At most induction is merely a pointer (4x«) that draws one’s attention to the
pertinent facts surrounding some state of affairs. Induction, then, does not make
clear what the cause of that state of affairs is or even that there must be a cause.
Although Avicenna’s reservations towards induction might incline one to think
that he is being anti-empirical, and so retarding science, such an assessment is far
from the truth.

Earlier at Kitab al-Burhan 1.9 as well as in Kitab al-Qiyas 1X.22, Avicenna lays
out what he finds problematic about induction. Induction has two elements: one
involves the sensible content of induction and the other the rational structure of
induction, namely, the syllogism associated with induction. If induction is to provide
one with the necessary and certain first principles of a science, then the necessity
and certainty of the conclusion of an inductive syllogism must be due either to
induction’s sensory element or its rational element or some combination of both. On
the one hand, the purported necessity and certainty of induction cannot be known
solely through induction’s sensory element; for in good empirical fashion Avicenna
recognizes that necessity and certainty are not direct objects of sensation. On the
other hand, if the necessity and certainty are due to induction’s rational component,
then the syllogism associated with induction should not be question begging. Yet,
complains Avicenna, in the scientifically interesting cases one of the premises of an
induction will be better known than its conclusion, and so the induction is neither
informative nor capable of making clear a first principle of a science.

At Kitab al-Qiyas 1X.22, Avicenna claims that induction in fact is successful in
those cases where its divisions are exhaustive, as for example when animal is
divided into mortal and immortal, or rational and irrational. The difficulty arises
when one uses some other type of division that does not involve contradictory pairs.
Unfortunately, Avicenna’s discussion both in Kitab al-Qiyas and Kitab al-Burhan
about the problematic type of division used in induction remains predominately in
the abstract and the one concrete example he does provide—subsuming body and
white under color—is singularly unhelpful. The following example, taken from
Aristotle’s Prior Analytics Il 23, however, appears to be what he has in mind.
Assume one divides long-lived animals into horses, oxen, humans and the like, and
then one wants to use this premise to make clear inductively the cause of their
longevity. Thus one might reason as follows:

1. all horses, oxen, humans and the like are gall-less (major premise);
2. long-lived animals are horses, oxen, humans and the like (minor premise);
3. therefore, long-lived animals are gall-less.
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Avicenna’s earlier point was that the induction works only if one can be certain
that one has correctly identified all and only long-lived animals in the minor prem-
ise. One could be certain of this identification only if one knew what it is about
this set of animals that guarantees that they and only they are the long-lived ones,
but this knowledge would simply be to know the cause of these animals’ longev-
ity, the very premise one wanted to make clear. Thus it is not induction’s rational
element, at least in the scientifically interesting cases of induction, that explains
the purported necessity and certainty of its conclusion.

Since necessity and certainty cannot be found in either induction’s sensory or
rational elements, it would be difficult to explain how it could emerge from the
two taken jointly. Again, Avicenna is not dismissing induction out-right; it cer-
tainly has its place in science as a means of drawing one’s attention to pertinent
facts. Still, if induction is intended to establish the facts about some causal relation
and so provide the first principle of a science, Avicenna contends that it simply
fails.

Avicenna instead wants to replace induction with methodic experience, which
like induction has both a sensory and rational, or syllogistic, component. Unlike
induction, methodic experience does not purport to explain what the causal rela-
tion is between two terms of a first principle, but only to identify that there is a
causal relation.

[Methodic experience] is not like induction; for induction, in chancing upon the particu-
lars, does not occasion universal certain knowledge, even if it might be something drawing
attention [to it], whereas methodic experience does. Indeed, methodic experience is like
the observer and perceiver seeing and sensing that certain things belong to a single kind
upon which follows the occurrence of a given action or affection. So when that is repeated
numerous times, the intellect judges that this is an essential feature belonging to this thing
that is not some mere chance occurrence, since that which is by chance does not occur al-
ways. An example of this is our judgment that a magnet attracts iron, and that scammony
purges bile (I11.5, 161.20-162.3; 223.16-224.2).

In methodic experience, there is the regular observation that two things always
occur together without any falsifying evidence to the contrary. Thus the scientist
reasons that whenever two things always occur together without any falsifying in-
stance there must be a cause relating those two things. One always observes a
magnet’s attracting iron, for example; therefore, there must be some causal rela-
tion between the magnet’s attraction and the iron, otherwise it would not always
occur. Methodic experience has not explained what this causal relation is, only
that there is such a relation; nonetheless, the conclusions arrived at by methodic
experience can still be used as first principles of a science in order to explain other
phenomena.

It should be further noted that at Kitab al-Burhan 1.9, where Avicenna fully
discusses methodic experience, he is quite insistent that the necessary knowledge
obtained through it is only conditional (:_-) and applies only to the domain under
which the examination was made. “[Methodic experience] does not provide abso-
lute universal syllogistic knowledge, but only conditional universal [knowledge],
that is, this thing which is repeated to the senses adheres to its nature as an ongo-
ing thing with respect to the domain in which it is repeated to the senses, unless
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there is an obstacle. Thus [the knowledge] is universal with this condition, but not
absolutely universal” (1.9, 46.20-23; 96.5-7). It is because knowledge of first
principles acquired through methodic experience is limited to the domain under
which the examination took place that Avicenna further warns the scientist that in
light of new empirical data one may need to revise one’s claims.

Thus he considers the case of the scientist who has repeatedly observed that on
administering scammony there is always an accompanying purging of bile. The
only thing that the observer can legitimately conclude, warns Avicenna, is that
those varieties of scammony that he has tested always lead to this result; however,
should new varieties of scammony become available that do not conform to the
earlier findings, the initial hypothesis must be revised. Avicenna makes this point
clearly:

We also do not preclude that in some country a disposition (z!2<) and special attribute
(=\1) are associated with scammony not to purge (or there is absent in it a disposition
and special attribute); however, it is necessary that our judgment based upon methodic ex-
perience is that the scammony commonplace to us and perceived [before us], either from
its essence or from the nature in it, purges bile, unless it is opposed by an obstacle (1.9,
48.4-7; 97.12-14).

Here in Avicenna’s account of methodic experience one sees perhaps the
strongest piece of evidence for Avicenna’s naturalism and empirical stance to-
wards science, namely that scientific hypotheses in principle must be revisable in
light of new empirical data.

To conclude by way of summary, Avicenna’s naturalized epistemology in-
volves two separate, but closely related aspects: (1) identifying the methods and
tools of good science in the case of demonstrative knowledge and (2) describing
the psychological processes by which one becomes aware of causal relations in the
case of first principles. With respect to the first aspect we have seen that the scien-
tific tools and methods are predominately logical tools; however, Avicenna does
not envision logic as providing some means for rationally or logically reconstruct-
ing the world beginning solely with a priori knowledge perhaps mixed with
sense data. Far from endorsing such a foundationalist project, Avicenna sees
logic as providing an aid to discovering the rational, causal structure inherent in
the world itself. As for the second aspect, | believe Avicenna would happily endorse
W. V. O. Quine’s position, “Epistemology, or something like it, simply falls into
place as a chapter of psychology and hence of natural science. It studies a natural
phenomenon, viz., a physical human subject” (Quine, 25).
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Notes

* | have consulted both Badawi’s and “Afifi’s editions of Kitab al-Burhan [Avicenna (1966)
and (1956) respectively]. References to Kitab al-Burhan are to book and chapter, then page
and line number of Badawi’s edition followed by ‘Afifi’s edition. In both cases line numbers
have been introduced by myself for ease of reference. In those cases where | have preferred
Afifr’s edition, | have marked the reference with a “*”.

1. For an alternative interpretation of Avicenna’s theory of knowledge, which is more closely
along traditional epistemological lines, see S. Nuseibeh (1989; 1996, 836-838). Nuseibeh
argues that for Avicenna real knowledge is had only if it is verified. He then proceeds to
argue that Avicenna held that there could neither be an empirical nor conceptual verification
of any purported piece of knowledge, at least not prior to death, and thus Avicenna should
rightly be described as a ‘skeptic’. Nuseibeh’s argument only holds if in fact Avicenna
believed that science needed to be in some way verified or justified. In this chapter, I shall
argue that Avicenna did not hold such a position.

2. My understanding of naturalized epistemology comes primarily from the following sources:
W. V. O. Quine (1994), P. Kitcher (1992), H. Kornblith (1994) and P. Roth (1999) as well as
through numerous discussions with Professor Roth.

3. M. E. Marmura (1990) provides a summary of some of the points in Avicenna’s Kitab
al-Burhan.

4. 1 do not consider here the important cognitive process of usx, since in Kitab al-Burhan
Avicenna has very little to say about it. Moreover, in this work usx~ appears to be exclu-
sively a means for acquiring demonstrative knowledge from already possessed prior knowl-
edge; see Kitgb al-Burhan 1.3, 13, 6-9; 59.11-13 and I111.3, 192, 2-4. Admittedly, in
Avicenna’s psychological works u«2~ plays a more prominent role in acquiring first princi-
ples; see D. Gutas (1988, 159-176; 2001).

5. See J. Barnes (1975), P. Byrne (1997), M. Ferejohn (1991), R. McKirahan (1992) and
W. Wians (1989).

6. This distinction is clearly implicit in Avicenna’s writing (especially at 1.8) and explicitly
made by al-Farabi (1987, 98-99), where he speaks of the certainty of a belief as being a
‘congruence’ or ‘adequation’ (=4ll) with the state of affairs in the world.

7. ltis interesting to note that Avicenna is quite insistent that the certainty, and thus the neces-
sity, in question in a demonstration is not merely the certainty or necessity of the conclusion;
for that the conclusion follows of necessity or certainly is true of every valid syllogism. For
Avicenna, then, the relevant certainty or necessity concerns the premises, and the certainty or
necessity of the conclusion is in turn derived from the premises’ certainty or necessity. See
1.7,31.11-18; 78.15-79.4.

8. Aristotle suggests this distinction at Posterior Analytics | 13, where he discusses the
difference between understanding “the fact that’ (to &) and ‘the reason why’ (To S16T1).

9. Studies on Avicenna’s theory of causation include: M. E. Marmura (1984), R. Wisnovsky
(2002) and A. Bertolacci (2002). For a discussion of causalities’ role in relation to medieval
Arabic metaphysics in general see T-A. Druart (2005).

10. Admittedly the argument | present is only implicit in Avicenna’s text. Still, that the interpre-
tation that | suggest is the way certain later thinkers understood Avicenna’s argument is wit-
nessed by al-Ghazali’s treatment of causation in his celebrated 17th Discussion of his
Tahafut al-falasifa. There al-Ghazali treats only the argument for necessary causal relation
that | present, and says nothing about Avicenna’s more well-known argument for this thesis
from Najat XI.2.iii.

11. Itis possible that Galen introduced the relational syllogism as one of the possible demonstra-
tions used in science in his now lost De demonstratione, of which large parts, though not the
whole, were available in Arabic translation; see N. Rescher (1966, 4-6). Concerning Galen’s
theory of the relational syllogism see Galen (1964, ch. XV1).

12. For a discussion of Avicenna’s metaphysics of relation see M.E. Marmura (1975, 83-99).
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13.

14.

15.
16.

17.
18.
19.
20.
21.
22.

23.
. For a discussion of Avicenna’s empirical methodology, and, more specifically, medieval

25.

26.

For an excellent survey of the term &yl in Arabic logic see K. Gyekye (1972). For pri-
mary Avicennan sources concerning s\isy one may consult Avicenna (1964, VIII.1 and 2;
1971, 374) and the English translation of the former text by N. Shehaby (1973, 183-199).
Avicenna also considers the reductio ad absurdum (<sl (.GE), but his comments are brief,
since he believes that this mode of argument can be converted into a demonstration quia
(111.8, 42.7-8; 90.15-17).

See Aristotle, Posterior Analytics Il 2 and Avicenna, Kitab al-Burhan 1.8.

For a discussion of Avicenna’s conception of ‘thingness’ see R. Wisnovsky (2000; 2003,
ch. 8). For a more general discussion of Avicenna’s conception of the ‘essence considered in
itself’ see M. E. Marmura (1979; 1992); and for a more specific discussion of the relation of
essences considered in themselves to logic and science see J. McGinnis (2007).

For an alternative interpretation of Carnap’s Der logische Aufbau der Welt, and | believe a
more philosophically satisfying one, see M. Friedman (1992).

Avicenna makes this point explicitly at the end of his Physics, where he argue against what
we might call a ‘mathematized physics’; see Avicenna (1983, 1V.15, 331.7-333.9).

For a more complex example that is actually taken from Avicenna’s Physics see J. McGinnis
(2007, section V).

The logical reason is that the distribution of either the minor or middle term will not extend
far enough.

The logical explanation is that the middle term will not connect the two terms.

Neither ‘“intuition’ nor ‘insight” properly captures the sense of (2, which more correctly is a
quick, though clean, heuristic by means of which one correctly identifies the middle term of
a syllogism.

See D. Gutas (1988, 159-176; 2001), D. Hasse (2001) and P. Adamson (2004).

Avrabic physicians’ empirical attitude in relation to medicine see D. Gutas (2003). Similar
ground is covered, albeit with the intent of showing that Avicenna was a skeptic, in
S. Nuseibeh (1981). Both Gutas and Nuseibeh—Nuseibeh explicitly and Gutas only implic-
itly and with certain qualifications—suggest that for Avicenna the empirical findings of the
physician cannot be used to discover, formulate or correct the first principles of medicine,
since these principles are given in the higher science of physics. There is a sense in which
this claim is true, namely, insofar as Avicenna is banning the majority of the physicians from
undertaking this task; however, this proscription is due to the fact that most of these physi-
cians lack a thorough knowledge of physics, which is required for such a task. In principle,
however, it seems that Avicenna need not preclude one well-versed in both medicine and
physics from using the empirical data acquired in medicine to inform one’s understanding of
medicine’s first principles, provided that the physician-physicist is approaching that data qua
physicist.

For discussions of abstraction that emphasize the role of the Active Intellect as opposed to
the role of the human intellect and sensory perception see the following: H. Davidson (1992,
ch. 4), F. Jabre (1984) and S. Nuseibeh (1989). Nuseibeh reduces u« to inspiration and
revelation that is emanated by the Active Intellect and in fact he seems to eliminate abstrac-
tion altogether from Avicenna’s theory of concept formation. For a more recent account of
abstraction that emphasizes the role of the human intellect in abstraction and is overall con-
sonant with Avicenna’s comments in Kitab al-Burhan see D. Hasse (2001).

Although the term used in the context of the Physics is not sl or 25all, but Jdadl), this in
part seems to be a concession to the text upon which Avicenna is commenting, namely, John
Philoponus’ Physics commentary. In its proper technical usage Ji~il! means “analysis’, that
is, a breaking down of a thing into its constitutive parts for the purposes of investigation or
definition. Still, Avicenna’s context makes it clear that he is considering Ji=3ll as at least
closely akin to abstraction; for he is addressing the issue of how one ultimately acquires the
concepts of ‘matter’ and ‘form’, which indeed are first principles in physics. Moreover, even
in Avicenna’s psychological works he does not use .~ exclusively for ‘abstraction’;
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rather, he uses a whole complex of terms, such as ¢ 5, .4, and of course ~»», This list,
I thus suggest, might also in certain cases include .

27. In Avicenna’s psychology the Active Intellect also plays the further role of providing the
storehouse for the intelligibles when they are not being thought by humans, and so allows
Avicenna to avoid positing that the intelligibles subsist on their own in some Platonic realm
of the Forms.

28. Indeed when Newton’s Principia first appeared he was criticized for his concept of universal
gravitation by no less than Huygens for backsliding and introducing scholastic occult
qualities; see R. Westfall (1971, 155-159).

29. For a detailed discussion of Avicenna on induction and methodic experience see J. McGinnis
(2003) (it should be noted that there | translated 42>l as ‘experimentation’, whereas | now
believe that ‘methodic experience’ more properly captures the sense of the Arabic); also see
J. L. Janssens (2004), which in important ways supplements and corrects my earlier work.
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The Philosophy of Mathematics

Roshdi Rashed

Abstract Is there a philosophy of mathematics in classical Islam? If so, what are the
conditions and the scope of its presence? To answer these questions, hitherto left
unnoticed, it is not sufficient to present the philosophical views on mathematics, but
one should examine the interactions between mathematics and theoretical philo-
sophy. These interactions are numerous, and mainly foundational. Mathematics has
provided to theoretical philosophy some of its central themes, methods of exposition
and techniques of argumentation. The aim of this chapter is to study some of these
interactions, in an effort to give some answers to the questions raised above. The
themes which will be successively discussed are mathematics as a model for the
philosophical activity (al-Kindi, Maimonides), mathematics in the philosophical
syntheses (Ibn Sina, Nasir al-Din al-Tasi), and finally the constitution of ars
analytica (Thabit ibn Qurra, Ibn Sinan, al-Sijzi, Ibn al-Haytham).

The historians of Islamic philosophy take a particular interest in what some, at
times, like to call falsafa (3&x18), As they see it, it comprises the doctrines of the
Being and the Soul developed by the authors of Islamic culture, indifferent to
other kinds of knowledge and independent of all determination other than the
link they have with religion. These philosophers would, then, be working in the
Aristotelian tradition of Neo-Platonism, heirs of late antiquity under the colours of
Islam. This historical bias ensures, superficially at least, a smooth passage from
Aristotle, Plotinus and Proclus, among others, to the philosophers of Islam from
the ninth century on. But the price is high: it often, but not always, results in a pale
and impoverished image of philosophical activity and transforms the historian into
an archaeologist, although one deprived of the latter’s resources. Indeed, it is not
uncommon for the historian to take on as his main task an excavation of the do-
main of Islamic philosophy, looking for the remnants of Greek works lost in their
original but preserved in Arabic translation; or, for want of such a translation, to
declare himself satisfied with the fragments of the ancient philosophers often stud-
ied with talent and competence by historians of Greek philosophy.
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It is true that recently, some historians have turned to doctrines elaborated in other
fields beyond the wake of the Greek inheritance: the philosophy of law, developed in
magisterial manner by the jurists; the philosophy of Kalam (-><V ole), that is, of the
philosophical theologian, refined and subtle; the Sufism of the great masters as al-
Hallaj and Ibn “Arabi and others. Such studies enrich and correct the picture and re-
flect more faithfully the philosophical activity of the time. They also allow for a better
understanding the place of the Greek inheritance in Islamic philosophy.

But the sciences and mathematics have not yet received the same attention as
law, the Kalam, linguistics or Sufism and, even today, the links—in our opinion
essential—between sciences and philosophy, and notably between mathematics
and philosophy are disregarded. The links between mathematics and philosophy in
the works of the philosophers of Islam as al-Kindi, al-Farabi, Ibn Sina, and others
are sometimes tackled, but in what must be termed a totally superficial way. Their
views on the links between the two domains are described in an attempt to find a
connection between these views and the Platonic or Aristotelian doctrines, or
sometimes the possible influence of the Neo-Pythagoreans is examined. This
means that there is no attempt to understand the repercussions of the philosophers’
mathematical knowledge on their philosophies, and not even the impact on their
own philosophical doctrines of their activities as scientists, which of course most
of them were. The historians of philosophy are not alone accountable for this defi-
ciency; the responsibility is also that of the historians of sciences. It is true that, to
examine the links between the sciences and philosophy, it is necessary to have a
particularly wide scope of competence, a much finer linguistic knowledge than
what suffices in geometry, syntactically elementary and lexically poor; and a
knowledge of the history of philosophy itself. If to these demands we add a con-
ception of the links between science and philosophy that is itself inherited from
the present positivism, it is easier to understand the deep indifference of the histo-
rians of science in this domain. Yet—we must remind ourselves—the links be-
tween sciences and philosophy are an integral part of the history of sciences.

To be sure, the situation is a little paradoxical: for seven centuries, a scientific
and mathematical research of the most advanced was elaborated in Arabic in the
urban centres of Islam. Is it likely that philosophers who were sometimes them-
selves mathematicians, physicians, and so on, should have carried out their phi-
losophical activity as recluses, indifferent to the changes that were taking place
under their eyes, blind to a succession of scientific results that were following one
another? How is this imaginable in the face of an unprecedented profusion of dis-
ciplines and successes: astronomy critical of Ptolemaic models, reformed and re-
newed optics, the creation of algebra, the invention of algebraic geometry, the
transformation of Diophantine analysis, the discussion of the theory of parallels,
the development of projective methods, and so forth—the philosophers should
have been so insensitive as to remain within the relatively narrow frame of the
Aristotelian tradition of Neo-Platonism? The apparent poverty of the philosophy
of classical Islam is undoubtedly due to its historians rather than to history.

Nevertheless, to we examine the links between philosophy and science or phi-
losophy and mathematics—to which we will limit ourselves here—, only as they
appear in the philosophers’ works, is to make only one third of the journey. It is also
necessary to question mathematician-philosophers and mathematicians. But to




Philosophy of Mathematics 155

consider mathematics alone demands an explanation at the outset, all the more so as
this means of proceeding is in no way the norm in the study of Islamic philosophy.

No scientific discipline has contributed as much to the genesis of theoretical
philosophy as mathematics; none has had such ancient and numerous links with
philosophy. From antiquity, mathematics has constantly provided central themes
for philosophical reflection; it has supplied methods of exposition, argument tech-
niques, and even implements appropriate to its analyses. And finally, it offers it-
self to the philosopher as an object of study: he sets about clarifying mathematical
knowledge itself by studying its object, its methods, by probing its apodictic char-
acters. From start to finish in the history of philosophy, questions have kept recur-
ring on the conditions of mathematical knowledge, its capacity to be extended, the
nature of the certainty it reaches, and its place at the heart other kinds of knowl-
edge. The philosophers of Islam are no exception to this rule: al-Kindi, al-Farabi,
Ibn Bajja, Maimonides among many others.

Other less obvious links have appeared between mathematics and theoretical
philosophy. It is common for them to collaborate in order to elaborate a method, a
logic even, as the encounter between Aristotle and Euclid over the axiomatic
method, or al-Tasi’s appeal to combinatorial analysis to solve the philosophical
problem of emanation from the One. But whatever form this link may take, there
is one which is particularly noticeable and which, in this case, was created by a
mathematician, not a philosopher: we mean the doctrines developed by the
mathematicians to justify their own practice. The conditions most propitious for
these theoretical constructions are present when a mathematician, ahead of con-
temporary research, is confronted with an insurmountable obstacle, as a result of
the unsuitability of available mathematical techniques for the new objects that are
beginning to emerge. Just think of the different variants of the theory of parallels,
notably from the time of Thabit ibn Qurra (d. 901), of a kind of analysis situs con-
ceived by Ibn al-Haytham, or of the doctrine of the indivisibles in the seventeenth
century.

The links between theoretical philosophy and mathematics are to be found mainly
in four types of works: the works of philosophers; those of the mathematician-
philosophers as al-Kindi, Muhammad ibn al-Haytham (not to be mistaken for al-
Hasan ibn al-Haytham [see Rashed, 1993b, Il, pp. 8-19; 2000, IlI, pp. 937-941));
those of the philosopher-mathematicians as Nasir al-Din al-Tasi, and others; and
those of mathematicians as Thabit ibn Qurra, his grandson Ibrahim ibn Sinan,
al-Qthi, Ibn al-Haytham, and others. Therefore to limit oneself to one group or
another when examining the links between philosophy and mathematics is to con-
demn oneself to the loss of an essential dimension of the field of study.

We have tried on several occasions now to provide an exposition of some of the
themes of the philosophy of mathematics; these are but a few soundings intended
to reveal the riches of a domain rather more soundings, in fact, than a systematic
examination of the domain. Such a project deserves a substantial volume, a vol-
ume which has yet to be written. The fact remains that the way that seems best
suited to the task differs from merely setting out the views the philosophers may
have expressed on mathematics and its importance; rather, it considers which
themes were tackled, the intimate links between mathematics and philosophy and
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their role in the elaboration of doctrines and systems—that is to say the organisa-
tional role of mathematics. Notably, we will show how mathematician-
philosophers set about solving philosophical problems mathematically, a fruitful
approach generating new doctrines, new disciplines even. We will bring out the at-
tempts of mathematicians to resolve mathematical problems philosophically and
we shall see it constitutes an investigation which is profound and necessary. | will
deal with the following topics:

1. Mathematics as the condition and source of models for philosophical activity.
From the numerous philosophers who may illustrate this theme, we have
selected just two: a mathematician philosopher and a philosopher who without
being a mathematician was yet knowledgeable in mathematics: al-Kindi and
Maimonides.

2. Mathematics in philosophical synthesis. It is with the first known synthesis, that
of Ibn Sina, that mathematics as such intervenes in philosophical works. One of
the results—and by no means the least—is the “formal” turn in ontology; which
permitted the mathematical treatment of a philosophical problem. Naturally, we
will consider here the contribution of Ibn Sina, a philosopher well-read in
mathematics, which was continued by the mathematician Nasir al-Din al-Tast.

3. The third topic, mainly cultivated by mathematicians dealing with the problem
of mathematical invention, is ars inveniendi and ars analytica with Thabit ibn
Qurra, Ibrahim ibn Sinan, al-Sijzi and Ibn al-Haytham.

1 Mathematics as Conditions and Models of Philosophical
Activity: al-Kindi, Maimonides

The links between philosophy and mathematics are essential to the reconstitution
of al-Kindi’s system (the ninth century); it is indeed such a dependence that the
philosopher advertises when he writes a book entitled Philosophy can only be ac-
quired through mathematical discipline (al-Nadim, ed. 1971, p. 316), and when in
his epistle on The quantity of Aristotle’s books (cfite/ (i.e. Rasa’il), Al-Kindi,
1950, pp. 363-384), he presents mathematics as a propaedeutic to philosophical
teaching. He even goes as far as calling out to the student in philosophy, warning
him that he is facing the following alternative: to begin with the study of mathe-
matics before tackling Aristotle’s books, according to the order given by al-
Kindi—and then he can hope to become a true philosopher; or to do without
mathematics and come merely to parrot philosophy, if he is capable of memoris-
ing by heart. Having mentioned Aristotle’s different groups of books, al-Kindt
writes:

This is the number of his books, that we have already mentioned, and which a perfect phi-
losopher needs to know, after mathematics, that is to say, the mathematics I have defined
by name. For if somebody is lacking in mathematical knowledge, that is, arithmetic, ge-
ometry, astronomy and music, and thereafter uses these books throughout his life, he will
not be able to complete his knowledge of them, and all his efforts will allow him only to
master the ‘ability’ to repeat if he can remember by heart. As for their deep knowledge
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and the way to acquire it, these are absolutely non existent if he has no knowledge of
mathematics (ibid., I, pp. 369-370).

For al-Kindi, then, mathematics is at the base of the philosophical programme.
By going deeper into its role in al-Kindi’s philosophy—which is not our purpose
here—one will be able to understand more rigorously the specificity of his work,
which indeed historians often approach in two different ways. According to the
first interpretation, al-Kindi presents himself as a Muslim representative of the
Aristotelian tradition of Neo-Platonism, a philosopher of a doubly late antiquity.
The second interpretation sees in him a follower of philosophical theology
(Kalam), a theologian who would have liked to change its language for that of
Greek philosophy. But if we give back to mathematics the role which has been
devolved on it in the elaboration of his philosophy, al-Kindi’s fundamental options
will open up before our eyes. One of them comes from his Islamic convictions, as
they were explained and set out in the tradition of philosophical theology, notably
that of al-Taw/id (the doctrine of God’s unicity), that Revelation delivers us the
truth, which is unique and rational. The second one refers us back to Euclid’s
elements as method and model: what is rational can be reached in a concise, very
condensed and almost instantaneous way by Revelation, and can equally be
derived through collective and cumulative work—that of philosophers—from
truths of reason, independent of Revelation, which should satisfy the criteria of
geometric proof. These truths of reason, which are used as primitive notions and
postulates, were provided at the time of al-Kindi by the Aristotelian tradition of
Neo-Platonism. They were chosen to replace the truths that Revelation offers in
philosophical theology since they could fulfil the requirements of geometric
thought and make possible an axiomatic style of exposition. The “mathematical
examination (=Ll (==dl)” became then the instrument of metaphysics.

That is in fact the case for the epistles in theoretical philosophy, such as for ex-
ample First Philosophy, and the Epistle for Explaining the Finitude of the Body of
the World (Rashed and Jolivet, 1988). To take the latter text as an example, al-
Kind1 proceeds methodically to prove the inconsistency of the concept of an infi-
nite body. He begins by defining primitive terms: magnitude and homogenous
magnitudes. He then introduces what he calls “a certain proposition (3~ 4x=)”
(ibid., p. 161, 1. 16), or, as he explains elsewhere, “the first true and immediately
intelligible premises (b si Db &l saall 48al Y1 lasidl)” (First Philosophy, ibid.,
p. 29, I. 8), or else “the first obvious true and immediately intelligible premises”
(On the Unicity of God and the Finitude of the Body of the World, ibid., p. 139, I. 1),
i.e. tautological propositions. These are expressed in terms of primitive notions, of
order relations on them, of union and separation operations on them, of predica-
tions: finite and infinite. The following statements illustrate such propositions:
homogeneous magnitudes which are no bigger than each other are equal; or, if one
of equal homogeneous magnitudes is added to a magnitude which is homogeneous
to it, then they become unequal (ibid., p. 160). Finally, al-Kindi uses a process of
proof, reductio ad absurdum, by adopting a hypothesis: the part of an infinite
magnitude is necessarily finite.

This is the path al-Kindi follows in his other writings. As in his First Philoso-
phy, he proceeds more geometrico in his epistle On the Quiddity of What Cannot
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Be Infinite and of What is called Infinite, this is how al-Kindi wants to prove the
impossibility that the world and time are infinite. Al-Kindi begins here once again
by stating four premises: (1) “Of anything from which some thing is taken away,
what remains is smaller than what was before the subtraction was carried out”;
(2) “Anything from which some thing is taken away, if what is taken away is
given back to the former, it goes back to the original quantity”; (3) “For all finite
things, if they are put together, a finite thing is obtained”; (4) “If there are two
things such that one is smaller than the other, then the smaller measures the bigger
or measures a part of it, and if it entirely measures it, then it measures a part of it”
(Rashed and Jolivet, 1998, p. 150). From these premises, inspired directly by
Euclid’s Elements, al-Kindi intends to establish his philosophical assertion. He
then assumes an infinite body from which some finite thing is taken away, and the
question is whether what remains is finite or infinite. He then shows that both hy-
potheses lead to contradictions, and concludes that no infinite body can exist. He
goes on, showing that it is the same for the body’s accidents, notably time. And
time, movement and the body are reciprocally involved. He then shows that there
is no infinite time a parte ante and that neither the body, movement, nor time are
eternal. There is therefore no eternal thing, and the infinite is only potential, as in
the case of numbers. These examples, briefly mentioned, show how al-Kindi ar-
ticulated simultaneously mathematical principles and methods, and philosophy
according to the Aristotelian tradition of Neo-Platonism. It should be noted that al-
Kindi the philosopher was also a mathematician as his works in optics (Rashed,
1996) and mathematics (Rashed, 1993a) testify. In philosophy, he was also familiar
not only with Aristotle’s accounts and those of the Aristotelian and Neo-Platonist
tradition, but also with Aristotelian commentators such as Alexander.

Maimonides (1135-1204), while not productive in mathematics like al-Kindi,
was informed about the subject. He obviously has enough knowledge of mathe-
matics to try to read, pen in hand, perhaps even to teach and to comment on,
mathematical works as Apollonius’ Conics, which is to say, works of the highest
level at the time. But his commentary never bears on the fundamental ideas, on the
properties really studied in the work; he is interested only in the elementary proof
techniques taught, for the most part, in the first six books of Euclid’s Elements.
Put bluntly, his commentary is nowhere near the level of the works commented
upon. But why did Maimonides spend so much time and energy for so meagre an
outcome? We can certainly invoke—in Maimonides’ own words—the role of
mathematics in training the mind (o83 =:55) to reach human perfection
(Maimonides, 1972, p. 80). But there is more: it has to do with the other connec-
tions between mathematics and philosophy. We will confine ourselves to the most
important of these.

One must to bear in mind that the starting point of Maimonides is dogma and
not philosophy: “to elucidate (as he says) the difficulties of dogma (dx_&ll COISEL),
and to make plain its hidden truths, which are far above the comprehension of the
multitude.” (ibid., p. 282). This has been one of the major tasks of philosophy
since al-Kind1 (see his epistle On the Quantity of Aristotle’s Books), and consists
in reaching the truth passed on by the Scriptures through reason, that is to say, phi-
losophical speculation. To accomplish this task, even simply to initiate it, a perfect
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concordance had to be assumed between the two kinds of truth, that of the Scrip-
tures and that of reason and philosophy. This “concordance” lies on a principle
formulated by Ibn Rushd as follows (1126-1198): “a truth does not contradict a
truth but accords with it and testifies for it” (Ibn Rushd, 1983, pp. 31-32). In
this respect, the means for which Maimonides opted is the same as that with
which his predecessors were equipped: “the method based on indubitable
proof (4 «uy ¥ i &kl (Maimonides, 1972, p. 187), i.e. to establish by
the “true proof (sl cla )" the truth of dogma: the existence of God, His unity
and His incorporeality. For these philosophers, this proof can only be conceived of
as a mathematical model. And to do so, a language other than that of the Revela-
tion had to be used, a language whose concepts, defined by reason alone, are en-
dowed with a certain ontological neutrality.

The “true proof”, that is, according to the mathematical model, is the way nec-
essary for the truths of Revelation to obtain further the status of truths of reason,
which is in no way peculiar to a particular religion, revealed or not. Such is the
first connection between mathematics and philosophy. But these connections, as
we shall see, occur at different levels. First of all, Maimonides’ general approach
consists in borrowing notions from the Aristotelian philosophy of his predeces-
sors, and proof and exposition techniques from mathematics; it is this approach
which has been effectively used, for example, in the major part of the second book
of the Guide. The method follows that of geometers, to whom he owes certain
proof techniques—mainly reductio ad absurdum—to establish each element of his
exposition. In the Guide, there are twenty-five such elements, twenty-five lemmas
most of which are quoted, but all of which are taken by Maimonides to have been
rigorously proved by his predecessors. To these lemmas, he adds one postulate,
and from these twenty-six propositions he infers his “principal theorem”: GOD
EXISTS, HE IS UNIQUE, AND HE IS NEITHER A BODY NOR IN A BODY.
The importance of this passage is due not so much to the strength of the proof as
to the deliberate metaphysical arrangement of a more geometrico exposition. The
first lemmas were the potential subject of a logical and mathematical treatment
since Aristotle, revived by al-Kindi, then picked up by several metaphysicians like
Ibn Zakariya al-Razi, Abu al-Barakat al-Baghdadi (11th-12th), Fakhr al-Din
al-Razi (1150-1210), Nasir al-Din al-Tust (1201-1274), among others; finally,
they are put together in the commentary of the Guide by al-Tabrizi and later, in that
of Hasdai Crescas (1340-ca 1414). They concern the impossibility of the existence
of an infinite magnitude, and the impossibility of the coexistence of an infinite
number of finite magnitudes. The third lemma states the impossibility of the exis-
tence of an infinite chain of causes and effects, material or not—thus condemning
in advance the infinite regression of causes. Three propositions follow the three
lemmas. The first deals with change; four categories are subject to change: sub-
stance, quantity, quality, and place. The second concerns motion: motion implies
change and transition from potentiality to actuality. The third proposition enumer-
ates the different kinds of motion. The seventh lemma is stated as follows:
“Things which are changeable are, at same the time, divisible. That is why every-
thing that moves is divisible, and necessarily corporeal; but that which is indivisi-
ble cannot move, and cannot therefore be corporeal” (Maimonides, 1972, p. 249).
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The eighth lemma asserts that: “anything that moves accidentally will necessarily
come to rest” (ibid., p. 251). The ninth, that “a body that sets another corporeal
thing in motion can only effect this by setting itself in motion at the time” (ibid.,
p. 252). The exposition of the preliminary propositions goes on in like manner; the
fourteenth postulates that locomotion precedes all motions, and the twenty-fifth
that each compound substance consists of matter and form.

These twenty-five lemmas, some of which have just been mentioned, all belong
to the Aristotelian philosophy. But they are not homogeneous: their origin sepa-
rates them as much as their logical complexity. Maimonides acknowledges this
heterogeneity, since he generally gives us his sources: “Physics and its commen-
taries”, and “Metaphysics and its commentary”. The books of Physics and Meta-
physics are easy to identify: the third and the eighth book of Physics and the tenth
and the eleventh of Metaphysics. But to identify exactly which commentaries on
Physics, and which commentary on Metaphysics, is another matter, though not our
concern here. The logical complexity of the lemmas is described by Maimonides
as follows: “some lemmas are obvious by the least reflection and by demonstrative
premises and by primary intelligible notions or by those close to them”, while
“others require more proofs, many premises, all of which, however, have been es-
tablished by indubitable proofs” (Maimonides, 1972, p. 272). In other words,
there are lemmas which are so close to axioms that they become self-evident by
applying only the “merest reflection (L¥! Jalill)”; others which are so remote that
their proof requires many intermediary propositions, a task which has been ac-
complished by Aristotle, his commentators and his successors. The twenty-five
lemmas of the system belong to one type or the other.

Maimonides is aware that, to be worth the name, a proof has to be both universal
and compelling. But that is not the case for the question examined here regarding the
irreducible opposition between the two truths, revealed and philosophical, concerning
the eternity of the world. For the proof to have the form of a mathematical proof, that
is, be truly apodictic, it should always be valid, whether one believes in the eternity of
the world or not. Maimonides thus introduces into the system, as a mathematician so to
speak, and also against his own conviction, the eternity of the world as a postulate,
bringing the number of the preliminary propositions up to twenty-six. Regarding this,
he says without the slightest ambiguity:

To the above lemmas one lemma must be added which enunciates that the universe is
eternal, which is held by Aristotle to be true, and which has to be believed first and fore-
most. We therefore admit it by convention (L:&l 4ea =) only for the purpose of demon-
strating our theorem (ibid., p. 272).

Maimonides thus introduces the eternity of the world as a necessary postulate
for the completion of the system and, subsequently, for the deduction of his “theo-
rem”. The conventional—but non-arbitrary—aspect of the proposition is in sharp
contrast with his rejection of the doctrine of the eternity of the world. Here, for
example, is what he has to say on this matter:

The true method, which is based on a logical and indubitable proof, consists, in my opin-
ion, in demonstrating the existence of God, His unity, and His incorporeality by philoso-
phical methods, but founded on the theory of the eternity of the universe; | do not propose
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this method as though | believed in the eternity of the universe, for | do not follow the phi-
losophers on this point, but because by the aid of this method the proof can be valid; and
certainty can be reached concerning these three principles, viz., the existence of God, His
unity and His incorporeality, irrespectively of the question as to whether the universe is
eternal or created (ibid., p. 187).

In fact, Maimonides knew that the problem of the eternity of the universe can-
not have a positive solution. Some were to say later that dialectical reason comes
up against an antinomy, since the properties of things which do not yet exist have
be determined.

The architectonic of this part of the Guide is surely conceived of as a mathe-
matical exposition, following the order of geometry. In fact, this order appears to
be a condition for the certainty of metaphysical knowledge, namely that of God, of
His existence and of His incorporeality. This seminal idea, already present in al-
Kindi, will be found later in Spinoza. But, as noted by Crescas, the big problem
still remains as to whether these twenty-five propositions have effectively been
proved; and, whether, even then, the “theorem” can really be deduced. These two
questions will keep on haunting Maimonides’ successors. Al-Tabrizi’s commen-
tary is designed to prove these propositions, and Crescas’ attempt is motivated by
the same intention. Maimonides himself attempts this deduction, which we will
expound in broad terms, while emphasising the spirit in which it is carried out.

According to the twenty-fifth lemma, each composite individual substance
needs for its existence a motor which properly prepares matter and enables it to
receive form. But, according to the fourth lemma, there exists necessarily another
motor which can be of a different class and which precedes the first motor. Fol-
lowing the third lemma, this chain of motors/mobiles is necessarily finite: motion
finishes in the celestial sphere and then comes to rest. The celestial sphere estab-
lishes the act of locomotion, since this mation precedes all the other kinds of mo-
tion for the four categories of change, according to the fourteenth lemma. But the
celestial sphere must have a motor since each moving object has necessarily a mo-
tor according to the seventeenth lemma. And this motor either resides within or
without the moving object. This is a necessary division. If the motor is outside,
then either it is an object outside the celestial sphere, or it is not in an object; in the
latter case, the motor is said to be “separate” from the sphere. If the motor is
within, it must be either a force distributed throughout, or an indivisible force, like
soul in man. Four cases have then to be examined; three of them have been re-
jected by Maimonides since he shows their impossibility with the help of different
lemmas. He is then left with only one possibility, of an incorporeal object outside
and separate which is the cause of locomotion of the celestial sphere in space.
Maimonides concludes his long proof in these words:

It is therefore proved (c» < 23) that the motor of the first Orb, if its motion be eternal and
continuous, is necessarily neither itself corporeal nor does it reside as a potentia in a cor-
poreal object for this motor to move, either of its own accord or accidentally; that is why it
must be indivisible and unchangeable, as it has been mentioned in the fifth and the seventh
lemmas. This prime Motor of the sphere is God, praised be His name. It is impossible that
He could be two or more [...]. That is what had to be proved (ibid., p. 276).
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We have just shown that according to Maimonides, mathematics can be
considered as a condition for metaphysical knowledge in three senses. The most
obvious one is that mathematics is an exercise for the mind. In the second place, it
offers a construction model—an architectonic—which can lead to certainty. And
finally, it provides theoretical-proof techniques, mainly, the apagogic method. But
these are not the only connections between mathematics and metaphysics that we
can find in the Guide. We have quite recently drawn attention to another connection
which is by no means less important: mathematics can play the role of an
argumentation method in metaphysics. The most famous example, and the most
relevant, is precisely taken from Apollonius’ Conics: the problem of the relation
between imagination and conception can best be dealt with by taking the example of
an asymptote to an equilateral hyperbola. In his criticism of Kalam, Maimonides
intends to refute the following thesis: “everything conceived by imagination is
admitted by the intellect as possible”. His strategy is to establish the negation of the
thesis: there are unimaginable things, that is, things that can in no way be imagined
though their existence can be proved. This shows that, for Maimonides, there is no
principle which licenses a move from imagination to the metaphysical reality. He
expresses his thesis as follows:

Know that there are certain things, which would appear impossible, if tested by man’s
imagination, being as inconceivable as the co-existence of two opposite properties in one
object; yet the existence of those same things, which cannot be represented by imagina-
tion, can nevertheless be established by proof, and their reality brought about (ibid.,
p. 214).

We have had the opportunity of showing (Rashed, 1987) that in these terms
Maimonides takes up the problem of proving what cannot be conceived, a prob-
lem posed in the tenth century by the mathematician al-Sijzi. The example in-
voked by Maimonides to make his point is the same as the one discussed by his
predecessor—proposition I1. 14 of Apollonius’ Conics concerning asymptotes to
an equilateral hyperbola: the curve and its asymptotes will always come closer to
each other if they are prolonged indefinitely, but they never meet.

This is a fact, writes Maimonides, which cannot easily be conceived, and which does not
come within the scope of imagination. Of these two lines the one is straight, the other
curved, as stated in the aforementioned book. One has consequently proved the existence
of what cannot be perceived or imagined, and would be found impossible if tested solely
by imagination (ibid., p. 215).

The imagination invoked here by Maimonides is the mathematical imagination:
nothing ensures even the way to metaphysical reality. But it can be stated with
certainty that what is true for the mathematical imagination is a fortiori also true
for all other forms of this faculty. Invoking the Conics proposition seems, in Mai-
monides’ mind, to have more force than just that of mere example: it is an argu-
mentation technique that the metaphysician borrows from mathematics.

To conclude: as did his predecessors from the time of al-Kindi, Maimonides
finds in mathematics an architectonic model, proof techniques and model argu-
mentation methods. The role of mathematics is in no way reduced to that of a
propaedeutic to philosophical teaching: if Maimonides devoted time and energy to
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acquiring a mathematical knowledge—however modest one—it is because he
conceived of it, as did his predecessors, as a deeply philosophical task: that of re-
solving metaphysical problems mathematically.

2 Mathematics in the Philosophical Synthesis and the “formal”
Modification of Ontology: Ibn Sina and Nasir al-Din al-T1st

In his monumental al-Shifa’, as in his book al-Najat, and in his Danish-Nameh, Ibn
Sina gives mathematics a particular prominence. To take the Shifa” alone, Ibn Sina
(980-1037) devotes no fewer than four books to mathematical sciences. To this
must be added some independent chapters in astronomy and music. In all these
writings, it has not been sufficiently understood that the presence of mathematics
is significant in two respects. We have seen that al-Kindi was interested in
mathematics on two accounts, in his capacity as a philosopher, and as a
mathematician. So when he treats of burning mirrors, optics, sundials, astronomy,
and when he comments on Archimedes, he does so as a mathematician.
Mathematics is also a source of inspiration and an argumentation model for the
philosopher. While al-Kindt’s tradition survived him in the writings of Muhammad
ibn al-Haytham, Ibn Sina belongs only in part to this tradition. His mathematical
knowledge, as one can see, is fairly wide-ranging though traditional. He probably
knew the works of Euclid, of Nicomachus of Gerasa, and of Thabit ibn Qurra on the
amicable numbers. He was also familiar with elementary algebra, with the theory of
numbers and with certain works in Diophantine analysis. He seems not to have been
well informed about contemporary research, as is shown by his claims about the
regular heptagon. We can say, then, without fear of contradiction that Ibn Sina had a
solid mathematical knowledge which allowed him to deal with certain applications,
though not to undertake true mathematical research. This means that it is just as
inaccurate to reduce his mathematical knowledge to Euclid’s Elements and to
Nicomachus of Gerasa’s Introduction to Mathematics, as it is to represent him as a
major mathematician of the tenth century. For this great logician, metaphysician and
physician, mathematics plays a different role from that in al-Kindt since it is not
only a source of inspiration for philosophical research but an integral part in a
philosophical system. This explains the presence of four books in al-Shifa” devoted
successively to the disciplines of the quadrivium. The question therefore is to assess
the philosophical implications of this state of affairs.

If we consider Ibn Sina’s theoretical views on the status of mathematics, the
nature of its objects and the number of disciplines of which it is composed, we can
conclude that he is the direct heir to a tradition: the status of mathematics is defined
accordance with the Aristotelian theory of the classification of sciences, itself
founded on the famous doctrine of Being; its objects are defined thanks to
abstraction theory; as for the number of its disciplines, it is the well-known number
passed on by the ancient Greek tradition. This concerns the three disciplines of the
intermediary science (3! (\Jl), which make up theoretical philosophy the objects of
which are distributed among physics, mathematics and metaphysics—an order that
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the composition of al-Shifa” follows as a function of the materiality and mobility of
the objects studied. Therefore mathematics considers objects abstracted from
experience, separated from mobile, material and physical objects. The four
disciplines which form mathematics are called the Quadrivium: Arithmetic,
Geometry, Astronomy and Music. Ibn Sina always comes back to this doctrine, in
the Isagoge as well as in the Metaphysics of al-Shifa’s, and also in an opuscule
devoted to the classification of sciences, among other writings.

The types of sciences set out to consider beings either as moving objects, according to
their conception and constitution, and as having to do with particular species and matters;
either as separated from matters, according to the conception but not the constitution; or as
separated according to the constitution and the conception. The first part of these sciences
is physics; the second part is pure mathematics which includes the famous theory of num-
bers. As for the nature of numbers as numbers, they do not belong to this science. The
third part is metaphysics. Since beings are by nature according to the three parts, theoreti-
cal philosophical sciences are those ones. Practical philosophy has to do either with the
teaching of opinions whose use makes it possible to order the participation in common
human things, and <this part> is known as the city’s organisation; it is called politics; or
with what makes it possible to order the participation in private human things, and <this
part> is known as the home’s organisation, <economics>; or finally what makes it possible
to order the state of one person in order to build his soul: that is called ethics, p. 14).

There is nothing new in this conception. If we stop at this Aristotelian bias of
Ibn Sina, the real role that mathematics plays in al-Shifa” cannot be captured. Per-
haps we should wonder, first and foremost, whether such a position of principle
corresponds to the philosopher’s mathematical knowledge and whether the theo-
retical classification reflects a possible de facto classification. But to assess and to
understand the distance, if it exists, between these two classifications, it is neces-
sary to refer first to Ibn Sina’s mathematical studies. Only arithmetic will be con-
sidered, even if geometry provides the philosopher with further opportunities for
reflection (the fifth postulate for example, as in Danish-Nameh).

If we first consider purely biographical details, we know that while receiving
his philosophical teaching, 1bn Sina was learning Indian arithmetic and algebra. It
is only later that he was to learn logic, Euclid’s Elements and the Almagest; an ac-
count given by many biobibliographers such as al-Bayhagqi, Ibn al-‘Imad, lbn
Khallikan, al-Qiftt and Ibn Ab1 Usaybi‘a. Al-Bayhaqi reports for example:

When he was ten years old, he knew certain fundamental texts of literature by heart. His
father was studying and reflecting upon an opuscule of the Brothers of the Purity. He also
reflected over it. His father took him to a greengrocer named Mahmud al-Massah who
knew Indian calculation and algebra and al-muqgabala (Al-Bayhaqt, 1946, p. 53).

Ibn al-‘Imad gives this biographical anecdote in the same words and, quoting
Ibn Khallikan, he writes: “When he was ten years old, he improved his knowledge
in the science of the Glorious Qur’an, literature, and he knew certain religious
foundations by heart, Indian calculation and algebra and al-mugabala” (1bn al-‘Imad,
n.d., I, p. 234; see also Ibn Khallikan, 1969, Il, pp. 157-158). As for Ibn Sina
himself, he writes: “My father took me to a greengrocer who practised Indian
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arithmetic so that he could teach me.” (al-Qifti, Ta’rikh al-Hukama’, p. 413 and
Ibn Abt Usaybi‘a, 1965, p. 437).

But these new disciplines—Indian arithmetic and algebra—unknown to the
Alexandrians, cannot find their place in the traditional framework of the classifi-
cation of sciences without at least changing its general outline, if not changing
drastically its underlying conceptions. But in Ibn Sina’s classification, they appear
under the sole title of “secondary parts of arithmetic (“u= 3!l a.8¥1)”, Ibn Sina gives
no explanation whatsoever of this notion; contents himself simply with their enu-
meration. Here is what he writes:

The secondary parts of mathematics — branches of the [science of] numbers: the science
of addition and of separation of the Indian arithmetic; the science of algebra and al-
mugabala. And the branches of the science of geometry: the science of measurement, the
science of ingenious devices the science of the traction of heavy bodies; the science of
weights and scales; the science of instruments specific to arts; the science of perspectives
and mirrors; the hydraulic science. And the branches of astronomy: the science of astro-
nomical tables and of calendars. And the branches of music: the use of wonderful and cu-
rious instruments as the organ and the like (Parts of rational sciences, p. 112).

Thus we learn only that arithmetic has as secondary parts Indian arithmetic and
algebra. But the number of arithmetic disciplines invoked by Ibn Sina is not lim-
ited to the last two given in his classification of sciences. We have in fact already
mentioned the volume that he devotes, in al Shifa’, to the science of calculation
called al-Arithmarigi. To this two further disciplines have yet to be added: one,
though named, has never had its status fixed by Ibn Sina—it is al-Hisab; the other
is only present through its objects: integral Diophantine analysis.

The theory of numbers, al-Arithmatriqz, Indian arithmetic, algebra, al-Hisab and
integral Diophantine analysis: six disciplines which overlap and which are some-
times superimposed to cover the study of numbers. The reality is thus obviously
much more complex than it looks in the classificatory schema of sciences. But to
disentangle these disciplines and to elucidate their connections, we must briefly
recall the works of the mathematicians at the time. The latter in fact distinguished,
by denoting them under two different names, the Hellenistic tradition of arithmetic
and its Arabic development: the number theory (slx=Y! ale) on the one hand, and
the discipline denoted by the phonetic transcription of 1 apiBuntikh on the other.
If their connotation was not altogether unrelated, each of these terms did however
refer to a distinct tradition. The expression “number theory (2lx=¥) ale)” referred
to the arithmetic books of Euclid’s Elements, and also to later works such as
those of Thabit ibn Qurra, for example. Meanwhile, the phonetic transcription of
N apbuntikcn (al-arithmariqi) denoted the arithmetic tradition of the Neo-
Pythagoreans, that is, the tradition as Nicomachus of Gerasa understands it in his
Introduction; a term translated nevertheless by Ibn Qurra under the title Introduc-
tion to the Number theory (2=// 2k J/ J=4l1) (see Nicomachus, 1958). Without
being systematic, the terminological difference between the ninth and tenth
centuries seems to measure the gap which separated the two disciplines at the
time. To understand how this gap was perceived later, let us read what lbn al-
Haytham writes.
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There are two ways in which the properties of numbers appear: the first is induction,
since if we follow numbers one by one, and if we distinguish them, we find all their
properties by distinguishing and by considering them, and to find the number in this

way is called al-arithmarigr. This is shown by [Nicomachus’] al-arithmatigzr. The other
way in which the properties of numbers appear is by proofs and deductions. All the
properties of numbers seized by proofs are contained in these three books [of Euclid] or
in what is related to them (Rashed, 1980, p. 236).

This eminent mathematician deems both approaches to be scientific; a remark
all the more important since lbn al-Haytham demanded, everywhere and without
restriction, rigorous proofs. And in fact, from the tenth century at least, these two
traditions offered mathematicians the same conception of the object of arithmetic:
an integer arithmetic represented by line segments. But while in number theory the
norm of proof is restrictive, in al-arithmaziqz a simple induction can be used. For
scientists of the tenth century, the difference between the two traditions was re-
duced to a distinction between methods and norms of rationality.

It is precisely this conception of the connection between the two disciplines
which is expressed by Ibn Sina. In al-Shifa’, arithmetic appears twice: the first time
in the geometry of al-Shifa’ in which he merely summarises Euclid’s books on
arithmetic. On the second occasion, he writes his own book of al-arithmarigi—
which will be read and taught for many centuries—and whose real foundations,
according to the author himself, can be mainly found in the Elements. Perhaps it is
also this vision of the relationship between the two disciplines which explains why,
in his al-arithmarigz, Ibn Sina is not content with a simple summary of Nicomachus,
as he had been for the theory of numbers, with Euclid’s Elements. It would thus
become clear how far he departs in this regard from the Neo-Pythagorean tradition.
From now on, all the ontological and cosmological considerations which burdened
the notion of number are de facto banned from al-arithmatiqz, considered thus as a
science. What is left is the philosophical intention common to all branches of
philosophy, whether theoretical or practical, that is, the perfection of the soul. Ibn
Sina thus directs his attacks against the Neo-Pythagoreans:

It is customary, for those who deal with this art of arithmetic, to appeal, here and else-
where, to developments foreign to this art, and even more foreign to the custom of those
who proceed by proof, [developments which are] closer to the exposition of rhetoricians

and poets. It should be abandoned (al-Shifa’, al- Arithmarigz, ed. Mazhar, p. 60. It should
be noted that few lines earlier, Ibn Sina clearly mentions them by their name, i.e. the
Pythagoreans).

He can even partly abandon traditional language, and adopt that of the algebra-
ists, to express the successive powers of an integer. The terms “square (Jw)”,
“cube (wx5)”, “square-square (Jw Jw)”, which used to denote the successive
powers of the unknown, were thus employed by the philosopher to name the
powers of an integer (ibid., p. 19).

In these conditions, nothing prevented Ibn Sina from including in his al-arithmariqr
theorems and results obtained elsewhere, without repeating the proof (if there was
one). That is what he did when he adopted (without proof) Thabit ibn Qurra’s theorem
on amicable numbers, in the Thabit’s pure Euclidean style. Ibn Sina mentions as well
several problems of congruence.



Philosophy of Mathematics 167

If you add even-even four numbers and a unit, if you get a prime number, provided that, if
the last of them is added, and if the preceding one is taken away, and if the sum and the
remainder are prime, then the product of the sum by the remainder, and the total by the
last added numbers, yields a number which has a friend; its friend is the number obtained
by adding the sum and the remainder, multiplied by the last of the added numbers, and by
adding the product to the first number which had a friend. These two numbers are amica-
ble (after correction of some errors in the Cairo edition, p. 28).

To these two traditions, a third also mentioned by Ibn Sina should be added
which concerns the integral Diophantine analysis. In the logical part of al-Shifa’
devoted to the proof, Ibn Sina considers the example of the first case of Fermat’s
conjecture, already dealt with by at least two mathematicians of the tenth century,
al-Khujandt and al-Khazin. Ibn Sina writes:

When we wonder [...] whether the sum of two cubic numbers is a cube, in the same way
as the sum of two square numbers was a square, we pose then an arithmetic problem
(< or hisab) (Ibn Sina, 1956, pp. 194-195).

We realise specifically that the term Zisab seems to designate here a discipline
which includes disciplines other than the Euclidean theory of numbers and
al-arithmatiqi. By hisab, Ibn Sina seems to mean a science which includes all
those which deal with numbers, rationals or algebraic irrationals; the last para-

graph of his al-Arithmariqz is unambiguous in this respect.

That is what we meant in the science of al-arithmarigi. Certain cases have been left aside
since we consider that mentioning them here would be extrinsic to the rule of this art.
There remains in the science of al-Hisab what suits us in the use and determination of
numbers. What ultimately remains in practice is like algebra and al-mugabala, the Indian
science of addition and separation. But for the latter, it would be best to mention them
among the derivative parts (Ibn Sina, 1975, p. 69).

Everything thus indicates that, in al-Arithmarigr as in the summarised Euclid-
ean arithmetic books, Ibn Sina, like his predecessors and contemporaries, restricts
his study to natural numbers. As soon as he meets some problems which would
urge him to examine the conditions of rationality, whether it comes to searching
for a positive rational solution or, more generally, to considering a class of irra-
tional numbers, he finds himself outside these two sciences. The term of al-Aisab
(«all) thus encompasses all arithmetic researches which are carried out by such
disciplines as algebra, Indian arithmetic and the like. These disciplines have
consequently an instrumental and, so to speak, applied aspect which puts them
in opposition to the ancient number theory. And it is precisely this instrumental
and applied character which enables Ibn Sina, as can be verified, to distinguish
in his classification the set of “derivative parts”, which are then defined as such.
The “derivative parts (‘= 3l JLu8¥1)” of physics are therefore medicine, astrology,
physiognomy, oneiromancy, the divinatory art, talisman, theurgy and alchemy.

To understand the distance put by Ibn Sina between himself and traditional,
Hellenistic and Greek classifications as well as between himself and his own theo-
retical classification, it is worth introducing here one of his predecessors, al-Farabi
(872-950). Whether 1bn Sina’s opuscule The parts of rational sciences is related
to al-Farabt’s classification expounded in his Enumeration of Sciences is a ques-
tion first posed by Steinschneider, who denied that there was any such relation.
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Wiedemann (1970, p. 327) confirms this opinion, and claims that Ibn Sina lists
only separated sciences, whereas al-Farabi designates and characterises them by
their mutual dependence; or, as he puts it “Ibn Sina zahlt im wesentlichen die
einzelnen Wissenschaften auf, wahrend al-Farabi sie in zusammenhangender
Darstellung charakterisiert.”

In fact the comparison forces itself upon us anew, since the examination of “de-
rivative parts” of Ibn Sina’s arithmetic shows that they are nothing but those dis-
ciplines brought together by al-Farabi under the title “the science of ingenious
techniques”, which he defines as follows:

The science of the way to proceed when we apply all whose existence is proved, by predi-
cation and proof, in the previously mentioned mathematical sciences, to physical bodies;
and when we achieve and put it effectively in the physical objects (Al-Farabi, 1968,
p. 108).

According to al-Farabi, the object of mathematics is lines, surfaces, solids and
numbers that he considers as intelligible by themselves, and separate (i< i), that
is, abstracted from physical objects. Intentionally to discover and show mathe-
matical notions in the latter with the help of the art would require the conception
of ingenious devices, the invention of techniques and methods capable of over-
coming the obstacles posed by the materiality of empirical objects. In arithmetic,
the ingenious devices involve, among other things, “the science known by our
contemporaries under the name of algebra and al-mugabala, and what is similar to
it” (ibid., p. 109). He also takes notice however that “this science is common both
to arithmetic and geometry” and further on adds that:

It includes the ingenious devices to determine the numbers that we try to determine and
use, those which are rational and irrational the principles of which are given in Euclid’s
al-Ustuqusat 10™ book, and those which are not mentioned by Euclid. Since the relation of
rational to irrational numbers — to one another — is like the relation of numbers to num-
bers, each number is thus homologous with a certain rational or irrational magnitude. If
we determine the numbers which are homologous with magnitude ratios, we then deter-
mine these magnitudes in a certain manner. That is why we postulate certain rational
numbers to be homologous with rational magnitudes, and certain irrational numbers to be
homologous with irrational magnitudes (ibid., p. 109).

In this text of capital importance, algebra is distinguished from science on
two accounts: although—Iike every science—apodictic, it nevertheless repre-
sents the domain of application not only of one science but of two at the same
time, arithmetic and geometry. As for its object, it includes geometric magni-
tudes as well as numbers, which can be both rational or algebraic irrational. In
the presence of this new discipline which has to be taken into account, the new
classification of the sciences which aimed at both universality and exhaustive-
ness has to justify in one way or another the abandonment of certain Aristotelian
theses. Names such as “science of ingenious devices”, “derivative parts” are
coined so that a non-Aristotelian zone can be arranged within a received Aristotelian
style of classification.

The philosophical impact caused by such a revision is on a larger scale and—
especially—maore profound than mere taxonomic modification. If algebra is in fact
common to arithmetic and geometry, without in any way giving up its status as
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science, it is because its very object, the “algebraic unknown”, that is, the “thing
(=4, res)” can refer indifferently to a number or to a geometric magnitude. More
than that: since a number can also be irrational, “the thing” designates then a
quantity which can be known only by approximation. Accordingly the algebraists’
subject matter must be general enough to receive a wide range of contents; but it
must moreover exist independently of its own determinations, so that it can always
be possible to improve the approximation. The Aristotelian theory is obviously
unable to account for the ontological status of such an object. So a new ontology
has to be made to intervene that allows us to speak of an object devoid of the
character which would none the less enable us to discern what it is the abstraction
of; an ontology which must also enable us to know an object without being able to
represent it exactly.

This is precisely what has been developing in Islamic philosophy since al-Farab:
an ontology which is “formal” enough, in a way, to meet the requirements men-
tioned above, among other things. In this new ontology, “the thing (s~4))” has a
more general connotation than the existent. This is a distinction made more pre-
cise by al-Farabt when he writes: “the thing can be said of every thing that has a
quiddity, whether it is external to the soul or [merely] conceived of in any way”
whereas the “existent is always said of every thing that has a quiddity, external to
the soul, and cannot be said of a quiddity merely conceived of.” Therefore, ac-
cording to him, the “impossible (Jiixll)” can be named a “thing” but cannot be
“existent” (Al-Farabi, 1970, p. 128).

As regards the history of mathematics, this trend has been again confirmed be-
tween al-Farabi and Ibn Sina: al-Karaji particularly gives a more general status to
algebra, and emphasises the extension of the concept of number. A contemporary
to Ibn Sing, al-Birani goes even further and writes without hesitation:

The circumference of a circle is in a giv