Graduate Texts in Mathematics 3 5

Springer
New York
Berlin
Heidelberg
Barcelona
Budapest
Hong Kong
London
Milan

Paris

Santa Clara
Singapore
Tokyo

Editorial Board

S. Axler FW. Gehring K. Ribet



Graduate Texts in Mathematics

wh w

O oe N

11

12
13

14
15
16
17
18
19
20
21
22

23

25

27

28

29

30

31

TAKEUT/ZARING. Introduction to
Axiomatic Set Theory. 2nd ed.

OxToBY. Measure and Category. 2nd ed.
ScHAEFER. Topological Vector Spaces.
HILTON/STAMMBACH. A Course in
Homological Algebra. 2nd ed.

Mac LaNE. Categories for the Working
Mathematician.

HUGHES/PIPER. Projective Planes.

SERRE. A Course in Arithmetic.
TAKEUTY/ZARING. Axiomatic Set Theory.
HumpHREYS. Introduction to Lie Algebras
and Representation Theory.

COHEN. A Course in Simple Homotopy
Theory.

ConwAy. Functions of One Complex
Variable 1. 2nd ed.

BEALS. Advanced Mathematical Analysis.
ANDERSON/FULLER. Rings and Categories
of Modules. 2nd ed.
GOLUBITSKY/GUILLEMIN. Stable Mappings
and Their Singularities.

BERBERIAN. Lectures in Functional
Analysis and Operator Theory.

WIiNTER. The Structure of Fields.
ROSENBLATT. Random Processes. 2nd ed.
HaLmos. Measure Theory.

HaLMos. A Hilbert Space Problem Book.
2nd ed.

HUSEMGLLER. Fibre Bundles. 3rd ed.
HuMPHREYS, Linear Algebraic Groups.
BaARNES/MACK. An Algebraic Introduction
to Mathematical Logic.

GreuB. Linear Algebra. 4th ed.

HoLmEs. Geometric Functional Analysis
and Its Applications.
HEWITT/STROMBERG. Real and Abstract
Analysis.

MANES. Algebraic Theories.

KELLEY. General Topology.
ZARISKYSAMUEL. Commutative Algebra.
Vol.L.

ZARISKI/SAMUEL. Comimutative Algebra.
Vol.IL

JACOBSON. Lectures in Abstract Algebra I.

Basic Concepts.

JACOBSON. Lectures in Abstract Algebra
II. Linear Algebra.

JACOBSON. Lectures in Abstract Algebra
111 Theory of Fields and Galois Theory.

33

35

36

37
38

39
40

41

42
43
45
46
47
48

49

50
51

52
53
54

55

56

57

58

59
60

Hirsch. Differential Topology.

Serrzer. Principles of Random Walk.
2nd ed.

ALEXANDER/WERMER. Several Complex
Variables and Banach Algebras. 3rd ed.
KELLEY/NAMIOKA et al. Linear
Topological Spaces.

MonK. Mathematical Logic.
GRAUERT/FRITZSCHE. Several Complex
Variables.

ARVESON. An Invitation to C*-Algebras.
KEMENY/SNELL/KNAPP. Denumerable
Markov Chains. 2nd ed.

AposTOL. Modular Functions and
Dirichlet Series in Number Theory.
2nd ed.

SERRE. Linear Representations of Finite
Groups.

GiLLMAN/JERISON. Rings of Continuous
Functions.

KENDIG. Elementary Algebraic Geometry.
LokvE. Probability Theory L. 4th ed.
Lokve. Probability Theory IL 4th ed.
Moisk. Geometric Topology in
Dimensions 2 and 3.

Sacns/Wu. General Relativity for
Mathematicians.

GRUENBERG/WEIR. Lincar Geometry.
2nd ed.

Epwarbs. Fermat's Last Theorem.
KLINGENBERG. A Course in Differential
Geometry.

HARTSHORNE. Algebraic Geometry.
Manm, A Course in Mathematical Logic.
GRAVER/WATKINS. Combinatorics with
Emphasis on the Theory of Graphs.
BrowN/PEARCY. Introduction to Operator
Theory I: Elements of Functional
Analysis.

Massgy. Algebraic Topology: An
Introduction.

CROWELL/FOX. Introduction to Knot
Theory.

KosLitz. p-adic Numbers, p-adic
Analysis, and Zeta-Functions. 2nd ed.
LANG. Cyclotomic Fields.

ARNOLD. Mathematical Methods in
Classical Mechanics. 2nd ed.

continued after index



Herbert Alexander
John Wermer

Several Complex
Variables and
Banach Algebras

Third Edition

Sy Springer




Herbert Alexander John Wermer

University of Illinois at Chicago Brown University

Department of Mathematics Department of Mathematics

Chicago, IL 60607-7045 Providence, R1 02912

Editorial Board

F.W. Gehring S. Axler K. Ribet

Mathematics Department Mathematics Department Department of Mathematics
East Hall San Francisco State University University of California
University of Michigan San Francisco, CA 94132 at Berkeley

Ann Arbor, MI 48104 Berkeley, CA 94720-3840

AMS Subject Classifications
MSC 1991: 32DXX, 32EXX, 46JXX

Library of Congress Cataloging-in-Publication Data
Alexander, Herbert.
Several complex variables and Banach algebras / Herbert Alexander,
John Wermer. — 3rd ed.
p- cm.—(Graduate texts in mathematics; 35)
Rev. ed. of: Banach algebras and several complex variables / John
Wermer. 2nd ed. 1976.
Includes bibliographical references (p. - )andindex.
ISBN 0-387-98253-1 (alk. paper)
1. Banach Algebras. 2. Functions of several complex variables.
L Wermer, John. II. Wermer, John. Banach algebras and several
complex variables. III. Title. IV. Series.
QA326.W47 1997
512°.55-dc21 97-16661

© 1998 Springer-Verlag New York, Inc.

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer- Verlag New York, Inc., 175 Fifth Avenue, New York, NY 10010,
USA), except for briefexcerpts in connection with reviews or scholarly analysis. Use in connection with
any form of information storage and retrieval, electronic adaptation, computer software, or by similar or
dissimilar methodology now known or hereafter developed is forbidden. The use of general descriptive
names, trade names, trademarks, etc., in this publication, evenifthe former are not especially identified,
is not to be taken as a sign that such names, as understood by the Trade Marks and Merchandise Marks
Act, may accordingly be used frecly by anyone.

ISBN 0-387-98253-1 Springer-Verlag New York Berlin Heidelberg SPIN 10524438



to Susan and to the memory of Kerstin



This page intentionally left blank



Table of Contents

Preface to the Second Edition

Preface to the Revised Edition

Chapter 1
Chapter 2
Chapter 3
Chapter 4
Chapter 5
Chapter 6
Chapter 7
Chapter 8
Chapter 9
Chapter 10
Chapter 11
Chapter 12
Chapter 13
Chapter 14
Chapter 15

Chapter 16

Preliminaries and Notation
Classical Approximation Theorems
Operational Calculus in One Variable
Differential Forms
The 3 -Operator
The Equation d u = f
The Oka-Weil Theorem
Operational Calculus in Several Variables
The Silov Boundary
Maximality and Radé’s Theorem
Maximum Modulus Algebras
Hulls of Curves and Arcs

Integral Kernels

Perturbations of the Stone—~Weierstrass Theorem
The First Cohomology Group of a Maximal Ideal Space

The 3-Operator in Smoothly Bounded Domains

ix

17

23

27

31

36

43

50

57

64

84

92

102
112

120

vii



viii Table of Contents

Chapter 17
Chapter 18
Chapter 19
Chapter 20
Chapter 21
Chapter 22
Chapter 23
Chapter 24
Chapter 25
Chapter 26

Chapter 27

Bibliography

Index

Manifolds Without Complex Tangents
Submanifolds of High Dimension

Boundaries of Analytic Varieties

Polynomial Hulls of Sets Over the Circle

Areas

Topology of Hulls

Pseudoconvex sets in C"

Examples

Historical Comments and Recent Developments
Appendix

Solutions to Some Exercises

134
146
155
170
180
187
194
206
224
231
237

241
251



Preface to the Second Edition

During the past twenty years many connections have been found between the
theory of analytic functions of one or more complex variables and the study of
commutative Banach algebras. On the one hand, function theory has been used to
answer algebraic questions such as the question of the existence of idempotents in
a Banach algebra. On the other hand, concepts arising from the study of Banach
algebras such as the maximal ideal space, the Silov boundary, Gleason parts, etc.
have led to new questions and to new methods of proof in function theory.

Roughly one third of this book is concerned with developing some of the princi-
pal applications of function theory in several complex variables to Banach algebras.
We presuppose no knowledge of several complex variables on the part of the reader
but develop the necessary material from scratch. The remainder of the book deals
with problems of uniform approximation on compact subsets of the space of n
complex variables. For n > 1 no complete theory exists but many important
particular problems have been solved.

Throughout, our aim has been to make the exposition elementary and self-
contained. We have cheerfully sacrificed generality and completeness all along
the way in order to make it easier to understand the main ideas.

Relationships between function theory in the complex plane and Banach alge-
bras are only touched on in this book. This subject matter is thoroughly treated
in A. Browder’s Introduction to Function Algebras, (W. A. Benjamin, New York,
1969) and T. W. Gamelin’s Uniform Algebras, (Prentice-Hall, Englewood Cliffs,
NJ., 1969). A systematic exposition of the subject of uniform algebras including
many examples is given by E. L. Stout, The Theory of Uniform Algebras, (Bogden
and Quigley, Inc., 1971).

The first edition of this book was published in 1971 by Markham Publishing
Company. The present edition contains the following new Sections: 18. Subman-
ifolds of High Dimension, 19. Generators, 20. The Fibers Over a Plane Domain,
21. Examples of Hulls. Also, Section 11 has been revised.

Exercises of varying degrees of difficulty are included in the text and the reader
should try to solve as many of these as he can. Solutions to starred exercises are
given in Section 22.

ix



X Preface to the Second Edition

In Sections 6 through 9 we follow the developments in Chapter 1 of R. Gunning
amd H. Rossi, Analytic Functions of Several Complex Variables, (Prentice-Hall,
Englewood Cliffs, N.J., 1965) or in Chapter III of L.. Hérmander, An Introduction
to Complex Analysis in Several Variables, (Van Nostrand Reinhold, New York,
1966).

I want to thank Richard Basener and John O’Connell, who read the original
manuscript and made many helpful mathematical suggestions and improvements.
T am also very much indebted to my colleagues, A. Browder, B. Cole, and B. We-
instock for valuable comments. Warm thanks are due to Irving Glicksberg. I am
very grateful to Jeffrey Jones for his help with the revised manuscript.

Mrs. Roberta Weller typed the original manuscript and Mrs. Hildegarde Kneisel
typed the revised version. I am most grateful to them for their excellent work.

Some of the work on this book was supported by the National Science
Foundation.

John Wermer
Providence, R.1.
June, 1975



Preface to the Revised Edition

The second edition of Banach Algebras and Several Complex Variables, by John
Wermer, appeared in 1976. Since then, there have been many interesting new
developments in the subject. The new material in this edition gives an account of
some of this work.

We have kept much of the material of the old book, since we believe it to be
useful to anyone beginning a study of the subject. In particular, the first ten chapters
of the book are unchanged.

Chapter 11 is devoted to maximum modulus algebras, a class of spaces that
allows a uniform treatment of several different parts of function theory.

Chapter 12 applies the results of Chapter 11 to uniform approximation by
polynomials on curves and arcs in C".

Integral kernels in several complex variables generalizing the Cauchy kernel
were introduced by Martinelli and Bochner in the 1940s and extended by Leray,
Henkin, and others. These kernels allow one to generalize powerful methods in
one complex variable based on the Cauchy integral to several complex variables. In
Chapter 13, we develop some basic facts about integral kernels, and then in Chapter
14 we give an application to polynomial approximation on compact sets in C".
Later, in Chapter 19, a different application is given to the problem of constructing
a complex manifold with a prescribed boundary.

Chapter 21 studies geometric properties of polynomial hulls, related to area,
and Chapter 22 treats topological properties of such hulls. Chapter 23 is concerned
with relationships between pseudoconvexity and polynomial hulls, and between
pseudoconvexivity and maximum modulus algebras.

A theme that is pursued throughout much of the book is the question of the
existence of analytic structure in polynomial hulls. In Chapter 24, several key
examples concerning such structures are discussed, both healthy and pathological.

At the end of most of the sections, we have given some historical notes, and
we have combined sketches of some of the history of the material of Chapters 11,
12, 20, and 23 in Chapter 25. In addition to keeping the old bibliography of the
Second Edition we have included a substantial “Additional Bibliography.”

Several other special topics treated in the previous edition are kept in the present
version: Chapters 16 and 17 deal with Hérmander’s theory of the d-equation in

Xi



xii Preface to the Revised Edition

weighted L2-spaces, and the application of this theory to questions of uniform
approximation.

Chapter 18 is concerned with the existence of “Bishop disks,” that is, analytic
disks whose boundaries lie on a given smooth real submanifold of C", and near a
point of that submanifold.

Chapter 15 presents the Arens-Royden Theorem on the first cohomology group
of the maximal ideal space of a Banach Algebra.

The Appendix gives references for a number of classical results we have used,
without proof, in the text.

It is a pleasure to thank Norm Levenberg for his very helpful comments. Thanks
also to Marshall Whittlesey.

Herbert Alexander and John Wermer
January 1997



Preliminaries and Notation

Let X be a compact Hausdorff space.

Cr(X) is the space of all real-valued continuous functions on X.

C(X) is the space of all complex-valued continuous functions on X. By a mea-
sure (on X we shall mean a complex-valued Baire measure of finite total
variation on X.

|e] is the positive total variation measure corresponding to .
el is |l (X)
C 1is the complex numbers.
R is the real numbers.
Z 1is the integers.
C" is the space on n-tuples of complex numbers.
Fix n and let €2 be an open subset of C".

Ck(Q) isthe space of k-times continuously differentiable functions on 2,k = 1,
2,...,00.

C’g () is the subset of C¥(R2) consisting of functions with compact support
contained in 2.

H (€2) is the space of holomorphic functions defined on 2.

By Banach algebra we shall mean a commutative Banach algebra with
unit. Let 2 be such an object.

M(2D) is the space of maximal ideals of 2{. When no ambiguity arises, we shall
write M for M. If m is a homomorphism of 2 — C, we shall
frequently identifiy m with its kernel and regard m as an element of M.
For fin A, M in M,

f(M ) is the value at f of the homomorphism of 2{ into C corresponding to M.

_ We shall sometimes write f (M) instead of ]AC(M ).
2l is the algebra consisting of all functions f on M with f in 2. For x in 2,

o (x) is the spectrum of x = {A € C|A — x has no inverse in 2}.

rad %l is the radical of 2. Forz = (21, ..., z,) € C",

lzl = VIzil? + 222+ + |zl
For S a subset of a topological space,
S is the interior of S,




2 1. Preliminaries and Notation

S is closure of S, and
aS is the boundary of S.
For X a compact subset of C",
P(X) is the closure in C(X) of the polynomials in the coordinates.
Let © be a plane region with compact closure Q. Then
A(R) is the algebra of all functions continuous on €2 and holomorphic on €.

Let X be a compact space, £ a subset of C(X), and « a measure on X. We write
u L L and say u is orthogonal to L if

/fdu:O forall fin L

We shall frequently use the following result (or its real analogue) without
explicitly appealing to it:

Theorem (Riesz-Banach). Let L be a linear subspace f C(X) and fix g in C(X).
If for every measure |1 on X
w L Limpliesn 1 g,
then g lies in the closure of L. In particular, if
w L Limplies p = 0,
then L is dense in C(X).

We shall need the following elementary fact, left to the reader as

ExerciSE 1.1. Let X be a compact space. Then to every maximal ideal M of C(X)
corresponds a point xo in X such that M = {f in C(X)|f(xg) = 0}. Thus
MEC(X)) = X.

Here are some example of Banach algebras.

(a) Let T be a bounded linear operator on a Hilbert space H and let 2 be the
closure in operator norm on H of all polynomials in 7. Impose the operator
norm on 2.

(b) Let C'(a, b) denote the algebra of all continuously differentiable functions on
the interval [a,b], with

= max + max | f'].
(Il max [f] max [f'l

(c) Let 2 be a plane region with compact closure Q. Let A(R2) denote the algebra
of all functions continuous on €2 and holomorphic in €2, with

[LfII' = max|f(2)].
z€Q

(d) Let X be a compact subset of C". Denote by P (X) the algebra of all functions
defined on X which can be approximated by polynomials in the coordinates
21, - - -, Zp uniformly on X, with

I£1l = max [ f].
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(e) Denote by H*°(D) the algebra of all bounded holomorphic functions defined
in the open unit disk D. Put

IfIl = sup [f].
D

(f) Let X be a compact subset of the plane. R(X) denotes the algebra of all
functions on X which can be uniformly approximated on X by functions
holomorphic in some neighborhood of X. Take

I£1l = max [ f].

(g) Let X be a compact Hausdorff space. On the algebra C(X) of all complex-
valued continuous functions on X we impose the norm

I£1l = max [ f].

Definition. Let X be a compact Hausdorff space. A uniform algebra on X is an
algebra 2l of continuous complex-valued functions on X satisfying
(1) 2 is closed under uniform convergence on X.
(ii) %A contains the constants.
(ii1) A separates the points of X

2 is normed by || f|| = max, | f| and so becomes a Banach algebra.

Note that C (X) is a uniform algebra on X, and that every other uniform algebra
on X is a proper closed subalgebra of C(X). Among our examples, (c), (d), (f),
and (g) are uniform algebras; (a) is not, except for certain 7', and (b) is not.

If %A is a uniform algebra, then clearly

e Ix%] = x> forallx € 2.

Conversely, let 2 be a Banach algebra satisfying (1). We claim that 2 is
isometrically isomorphic to a uniform algebra. For (1) implies that

4 4 omn on
Il = lell™, oo ™ = fxll™, alln.

Hence

[x] = lim [lx*|"/* = max [%].
k— 00 M

Since 2l is complete in its norm, it folows that A is complete in the uniform norm
on M, so 2 is closed under uniform convergence on M. Hence 2l is a uniform
algebra on M and the map x — X is an isometric isomorphism from 2l to 2I.

It follows that the algebra H*°(D) of example (e) is isometrically isomorphic
to a uniform algebra on a suitable compact space.

In the later portions of this book, starting with Section 10, we shall study uniform
algebras, whereas the earlier sections (as well as Section 15) will be concerned
with arbitrary Banach algebras.



4 1. Preliminaries and Notation

Throughout, when studying general theorems, the reader should keep in mind
some concrete examples such as those listed under (a) through (g), and he should
make clear to himself what the general theory means for the particular examples.

EXERCISE 1.2. Let 2 be a uniform algebra on X and let 4 be a homomorphism of
21 — C. Show that there exists a probability measure (positive measure of total
mass 1) i on X so that

h(f):/fdu, all £ in 2.



2

Classical Approximation Theorems

Let X be a compact Hausdorff space. Let 2 be a subalgebra of Cg(X) which
contains the constants.

Theorem 2.1 (Real Stone-Weierstrass Theorem). [f 2l separates the points of X,
then A is dense in Cgr(X).

We shall deduce this result from the following general theorem:

Proposition 2.2. Let B be a real Banach space and B* its dual space taken in the
weak-* topology. Let K be a nonempty compact convex subset of B*. Then K has
an extreme point.

Note. It W is areal vector space, S a subset of W, and p a point of S, then p is
called an extreme point of S provided

p = 3(p1+ p), P1,p2 €S = pr=p=p.
If S is a convex set and p an extreme point of S, then 0 < § < 1 and p =
6p; + (1 — ) p, implies that p; = p, = p.

‘We shall give the proof for the case that B is separable.

ProoF. Let {L,} be a countable dense subset of B. If y € B*, put
L,(y) = y(Ln).
Define

ly = sup Li(x).

xek

Since K is compact and L continuous, /; is finite and attained; i.e., 3x; € K with
Li(x1) = [;. Put

I = sup Ly(x)overallx € K, with Li(x) =1.
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Again, the sup is taken over a compact set, contained in K, so 3x, € K with
Ly(x2) =1y and Li(x2) = 1.
Going on in this way, we get a sequence x1, X, ... in K so that for each n.
Ly(xp) =11, La(xn) = by ooy Ly(Xp) = 1y,
and
lyv1 =sup L,y (x)overx € K with Lix)=10,...,L,(x) =1,.

Let x* be an accumulation point of {x,}. Then x* € K.
L;(x,) =l; foralllargen. So L;(x*) = {; forall j.
We claim that x* is an extreme point in K. For let

X =3y + 5 Y1, »2 € K.
L= L") = 3 Li0) + 5Li0G).
Since
Li(yj)) =h,j =12 Li(y) = Li(y2) = 1.
Also,

L = Ly(x*) = S Ly(y1) + § La(y2).
Since L1(y;) = [y and y; € K, Ly(y1) < [,. Similarly, L,(y,) < l,. Hence
Ly(y1) = La(y2) = b
Proceeding in this way, we get
Li(y1) = Li(y2) for all k.

But {L;} was dense in B. It follows that y; = y,. Thus x* is extreme in K.

O

Note. Proposition 2.2 (without separability assumption) is proved in [23, pp. 439-
440]. In the application of Proposition 2.2 to the proof of Theorem 2.1 (see below),

Cr(X) is separable provided X is a metric space.

PROOF OF THEOREM 2.1. Let

K ={pn e (Cr(X))In L Aand [lull <1}

K is acompact, convex setin (Cg(X))*. (Why?) Hence K has an extreme point o,
by Proposition 2.2. Unless K = {0}, we can choose o with ||| = 1.Since 1 € &

and so

/1do=0,

o cannot be a point mass and so 3 distinct points x; and x, in the carrier of o .
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Choose g € A with g(x1) # g(x2),0 < g < 1. (How?) Then

g0 (1-g)0o
F (= 9| —2
T (T

o=g-0+0—-go=]|gol
Also,

lgoll + 11 — 9o =/gd|o|+/<1—g)d|o| =/d|o| — ol = 1.

Thus o is a convex combination of go/|/go || and (1 — g)o/||(1 — g)o|. But
both of these measures lie in K. (Why?) Hence
go
o= .
lgoll
It follows that g is constant a.e. - d|o|. But g(x;) # g(x2) and g is continuous
which gives a contradiction.

Hence K = {O}and so u € (Cr(X))*and & L A = p = 0. Thus 2l is dense
in Cg(X), as claimed.

Theorem 2.3 (Complex Stone-Weierstrass Theorem). 2 is a subalgebra
of C(X) containing the constants and separating points. If

(1) feld=fe,
then A is dense in C(X).

PrOOF. Let L consists of all real-valued functions in £L. Since by (1) £ contains Re
f and Im f foreach f € 2, L separates points on X. Evidently £ is a subalgebra
of Cgr(X) containing the (real) constants. By Theorem 2.1 £ is then dense in
Cr(X). It follows that 2 is dense in C(X). (How?)

Let X denote the real subspace of C" = {(z1, ..., z,) € C"|z; isreal, all j}.

Corollary 1. Let X be a compact subset of X g. Then P(X) = C(X).

PrOOF. Let 2 be the algebra of all polynomials in z, . . ., z, restricted to X. A
then satisfies the hypothesis of the last theorem, and so % is dense in C(X); i.e.,
P(X) = C(X).

Corollary 2. Let I be an interval on the real line. Then P(1) = C(I).

This is, of course, the Weierstrass approximation theorem (slightly complexi-
fied).

Let us replace / by an arbitrary compact subset X of C. When does P(X) =
C(X)? Itis easy to find necessary conditions on X. (Find some.) However, to get
a complete solution, some machinery must first be built up.

The machinery we shall use will be some elementary potential theory for the
Laplace operator A in the plane, as well as for the Cauchy-Riemann operator

a1 a+ia
9z 2 \ox ay )
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These general results will then be applied to several approximation problems in the
plane, including the above problem of characterizing those X for which P(X) =
C(X).

Let ¢ be ameasure of compact support C C. We define the logarithmic potential
w* of by

2 w(z) = / log

1
—|d .
P ‘ n(&)
We define the Cauchy transform 1 of 1 by

1
3) A = / o).
. —z

Lemma 2.4. The functions
1

/ =

are summable - dx dy over compact sets in C. It follows that these functions are
finite a.e. - dx dy and hence that u* and ji are defined a.e. - dx dy.

log dlpl(¢)

‘dw(;) and f

z2—¢

Since 1/r > |logr| forsmallr > 0, we need only consider the second integral.
Fix R > 0 with supp |u| C {z]lz| < R}.

1
= dx d —_—
4 /IZISR g y{/‘f—z

For ¢ € supp || and |z] < R, |z — ¢| < 2R.

dx d d /d / 2R 2 4o
/ ki S/ x,y :/ rdr/ — = 4nR.
i<k 1z = ¢l <2k 17 0 o T

Hence y < 4nR - ||u]. O

dx dy
i<k 12— ¢l .

dIMI(E)} _ /dmm)

Lemma 2.5. Let F € Cy(C). Then

4) F@:_l//ﬂdxdy, all¢ € C.
T Jc 0z Z—C

Note. The proof uses differential forms. If this bothers you, read the proof after
reading Sections 4 and 5, where such forms are discussed, or make up your own
proof.

Proor. Fix ¢ and choose R > |¢| with supp F C {z]|z| < R}.Fixe > Oand
small. Put @, = {||z] < Rand |z — ¢| > &}.
The 1-form F dz/z — ¢ is smooth on €2, and

F F F dz
d( dz>=i< )dZ/\dz=8—_dZ/\dZ.
z—¢ z \z—¢ Z z—¢
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/d(Fdz>_/ F dz
Q z—¢ _3952—4"

Since F = 0 on {Z||Z| = R}, the right side is

Fd 2w )
/ <= _/ F(¢ + e¢)i do,
| 0

)= 2 — ¢

By Stokes’s theorem

SO

OF dz nd 2 .
f £ rnx =—/ F(C + £¢)i do.
Qe 0z Z_g 0

Letting ¢ — 0 we get
OF dz Ndz
/|z|<R 0z ¢
Since 0 F/dz for |z] > R and since dz A dz = 2i dx A dy, this gives
oF dxdy
0z 7 ¢

= —27iF(¢).

= - F(¢),
ie., (4).

Note. The intuitive content of (4) is that arbitrary smooth functions can be
synthesized from functions

1
f5(0) = Py

by taking linear combinations and then limits.

Lemma 2.6. Let G € C}(C). Then

&) G@) = —i / /AG(Z) log L dx dy, allt € C.
2 C |Z -

¢l

PrOOF. The proof is very much like that of Lemma 2.5. With €2, as in that proof,
start with Green’s formula

0 0
/ /(uAv—vAu)dxdy:/ u—v—v—u ds
Q FIoN on on

and take u = G, v = log |z — ¢|. We leave the details to you.

Lemma 2.7. If it is a measure with compact support in C, and if i(z) = Oa.e. —
dx dy, then p = 0. Also, if *(z) = 0a.e. —dxdy, then u = 0.

Proor. Fix g € CJ(C). By (4)

1 dxd
/g(c)du@):/du(c)[——f—() a y]
- my
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Fubini’s theorem now gives

1 [ag .
(©) — / — @) dxdy = /gdu-
b4 9z

Since 1 = 0 a.e., we deduce that

/gdu:O.

But the class of functions obtained by restricting to supp u the functions in C3(C)
is dense in C(supp ) by the Stone-Weierstrass theorem. Hence u = 0.
Using (5), we get similarly for g € CZ(C),

1
_/gduz 2 /Ag(z)'u*(z)dxdy
v

and conclude that £ = 0if u* = O a.e.
As a first application, consider a compact set X C C.

Theorem 2.8 (Hartogs-Rosenthal). Assume that X has Lebesgue two-dimen-
sional measure 0. Then rational functions whose poles lie off X are uniformly
dense in C(X).

PROOF. Let W be the linear space consisting of all rational functions holomorphic
on X. W is a subspace of C(X). To show W dense, we consider a measure p on X
with u L W.Then ji(z) = [ du(t)/t —z =0forz ¢ X,since1/{ —z € W
forsuchz.and u 1L W.

Since X has measure 0, t = 0 a.e. —dx dy. Lemma 2.7 yields © = 0.

Hence u L W = p = 0 and so W is dense. O

As asecond application, consider an open set 2 C C and acompactset K C .
(In the proofs of the next two theorems we shall supposed €2 biunded and leave
the modifications for the genereal case to the reader.)

Theorem 2.9 (Runge). If F is a holomorphic function defined on 2, there exists
a sequence {R,} of rational functions holomorphic in 2 with

R, — F uniformly on K.

PrROOF. Let 21, €25, . . . be the components of C\ K. It is no loss of generality to
assume that each §2; meets the complement of 2. (Why?) Fix p; € Q;\Q.

Let W be the space of all rational functions regular except for the possible poles
at some of the p;, restricted to K. Then W is a subspace of C(K) and it suffices
to show that W contains F in its closure.

Choose a measure ¢ on K with u 1. W. We must show that & L F.

Fix ¢ € C*(C), supp¢ C Qand ¢ = 1 in a neighborhood N of K.

Using (6) with g = F - ¢ we get

1 a(F
@) —/ (F9) (Z)ﬂ(z)dxdy:/ Fodu.

n 0z
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Fix j.
- dp(f)
o = [ -
is analytic in §; and
i / dp(t)
- D) = k! _ k=0,1,2,....
dz* Py (¢ = pprt!

The right-hand side is O since (¢ — p;)~**) € Wand L W.Thusall derivatives
of o vanish at p; and hence ft = 0in Q;. Thus ft = 0 on C\K. Also, F¢p = F
is analytic in N, and so

a
— (F¢$) =0on K.
0z
The integrand on the left in (7) thus vanishes everywhere, and so

/qu:/FdMiu:O.

Thusp L W= pn L F. O

When can we replace “rational function” by “polynomial” in the last theorem?

Suppose that €2 is multiply connected. Then we cannot.

The reason is this: We can choose a simple closed curve g lying in €2 such that
some point zg in the interior of g lies outside €2. Put

F(z) =

21—z
Then F is holomorphic is €2. Suppose that 3 a sequence of polynomials {P,}
converging uniformly to F on §. Then

(z — z0) P, — 1 — 0O uniformly on 8.
By the maximum principle
(z —z0)P, — 1 — Oinside B.
But this is false for z = zg.
Theorem 2.10 (Runge). Let 2 be a simply connected region and fix G holomor-

phic in Q. if K is a compact subset of 2, then 3 a sequence { P,} of polynomials
converging uniformly to G on K.

ProoOF. Without loss of generality we may assume that C\ K is connected.
Fix a point p in C lying outside a disk {Z| |z| < R} which contains K. The proof
of the last theorem shows that 3 rational functions R, with sole pole at p with

R, — G uniformly on K.
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The Taylor expansion around O for R, converges uniformly on K. Hence we can
replace R, by a suitable partial sum P, of this Taylor series, getting

P, — G uniformly on K.

O

We return now to the problem of describing those compact sets X in the z-plane
which satisfy P(X) = C(X).

Let p be an interior point of X. Then every f in P(X) is analytic at p. Hence
the condition

®) The interior of X is empty.

is necessary for P(X) = C(X).
Let 21 be abounded component of C  X.Fix F € P(X).Choose polynomials
P, with

P, — F uniformly on X.
Since 02; C X,
| P, — Py| — O uniformly on €2,
asn, m — 0. Hence by the maximun principle
|P, — Py| — O uniformly on €.

Hence P, converges uniformly on € U d€2; to a function holomorphic on €,
continuous on £2; U 92, and = F on 0€2;.

This restricts the elements F of P (X) to a proper subset of C(X). (Why?) Hence
the condition

) C\ X is connected.

is also necessary for P(X) = C(X).
Theorem 2.11 (Lavrentieff). If(8) and (9) hold, then P(X) = C(X).

Note that the Stone-Weierstrass theorem gives us no help here, for to apply it
we should need to know that 7 € P(X), and to prove that is as hard as the whole
theorem.

The chief step in our proof is the demonstration of a certain continuity property
of the logarithmic potential «* of a measure o supported on a compact plane set £
with connected complement, as we approach a boundary point zy of E from C\E.

Lemma 2.12 (Carleson). Let E be a compact plane set with C\ E connected and
fix zo € OE. Then 3 probability measures o; for each t > 0 with o, carried on
C\E such that:
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Let o be a real measure on E satisfying

(10)

1
log ‘ _ H dla|(¢) < oo.
20— &
Then
lin(l)/a* do;(2) = a®(zp).
t—

PrOOF. We may assume that zp = 0. Fix t > 0. Since 0 € dE and C\E is
connected, 3 a probability measure o, carried on C\ E such that

1
odzlr < |z| < »} = ?(72 —r1) forO<ri<rn <t

and o; = O outside |z| < ¢.

If some line segment with O as one end point and length ¢ happens to lie in C\ E,
we may of course take o; as 1/¢-linear measure on that segment. (In the general
case, construct o;.)

Then for all ¢ € C we have

1
/log—
7 —

1
do(z) < / log ‘ =17l ‘ doy(2)

1[1 —
- og ———dr
t Jo Irl = 1¢1
1 1 [ 1
=log — + — /log—dr
121 0 11 —r/ICll

The last term is bounded above by a constant A independent of 7 and |£|. (Why?)

Hence we have
1
(1) /log doy(z) < log m + A, all¢, allt > 0.

Also, as t — 0, o, — point mass at 0. Hence for each fixed ¢ # 0.

1 1
(12) /log‘ — ‘da,(z) — log m

Now for fixed # Fubini’s theorem gives

13) /a*(Z)dat(Z) = / i/log P

By (11), (12), and (10), the integrand on the right tends to log 1/|¢ | dominatedly
with respect to |«|. Hence the right side approaches

dUr(Z)} da(f).

/mmmm—wm
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ast — 0, and so
lim [ o*(z)do;(z) = a*(0).
t—0
O

PrROOF OF THEOREM 2.11. Let o be a real measure on X with « L Re(P(X)).
Then

/Re Mda(2) = 0, n>0

and
/Im "da = /Re(—i{")doz =0, n >0,
so that
/{”da =0, n > 0.
For |z| large,

log (1 — £) = ch(z)é‘”,
z 0

the series converging uniformly for ¢ € X. Hence

/log (1 - %) da(@) =Y ea(2) / ¢"do(c) =0,
0

whence
/Re (log (1 - %)) da(Z) =0
or
/log lz — ¢lde(s) — /log |zlda($) = 0,
whence

[ 1021z = claatc) = o,
since o L 1. Since
[10g |z — ¢lda(6) =0

is harmonic in C\ X, the function vanishes not only for large |z|, but in fact for all
zin C\ X, and so

a*(z) =0, z € C\X.
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By Lemma 2.12 it follows that we also have
a*(z0) = 0, 20 € X,
provided (10) holds at zo. By Lemma 2.4 this implies that
o =0ae. —dxdy.
By Lemma 2.7 this implies that « = 0. Hence

15

(14) Re P(X) is dense in Cr(X).
Now choose i1 € P(X)*. Fix zp € X with
1
as) /‘—‘dlul(z) < .
Z— 20
Because of (14) we can find for each positive integer k a polynomial P such
that
1
(16) |Re Pp(z) — [z — z0ll < e ze€X
and
(17) Pi(z0) = 0.
e k@ _q
fil) =
Z— 20
is an entire function and hence its restriction to X lies in P(X). Hence
() [ sidn=o.
Equation (16) gives

Re kPy(z) — klz — zo| = —1,
whence

|e—kPk(z)| < e—klZ—ZoH-l’ z € X.

It follows that fy(z) — —1/z — zp forall z € X\{z¢}, as k — o0, and also

[fe(2)] <

, z € X.
|z — 2ol

Since by (15) 1/|z — zo| is summable with respect to ||, this implies that

du(z)
/fkdﬂ_) /2—20

by dominated convergence.
Equation (18) then gives that

/ dn(z) _0
Z— 20 '
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Since (15) holds a.e. on X by Lemma 2.4, and since certainly

d
/ “@ =0 forzp € C\X
Z—20

(why?), we conclude that i = 0 a.e., so u = 0 by Lemma 2.7. Thus . L
P(X) = pn = 0,andso P(X) = C(X). O

NOTES

Proposition 2.2 is a part of the Krein—Milman theorem [4, p. 440]. The proof
of Theorem 2.1 given here is due to de Branges [Bra]. Lemma 2.7 (concerning
1) is given by Bishop in [Bil]. Theorem 2.8 is in F. Hartogs and A. Rosenthal,
Uber Folgen analytischer Funktionen, Math. Ann. 104 (1931). Theorem 2.9 is due
to C. Runge, Zur Theorie der eindeutigen analytischen Funktionen, Acta Math. 6
(1885). The proof given here is found in [H62, Chap. 1]. Theorem 2.11 was proved
by M. A. Lavrentieff, Sur les fonctions d’une variable complexe représentables
par des séries de ploynomes, Hermann, Paris, 1936, and a simpler proof is due
to S. N. Mergelyan, On a theorem of M. A. Lavrentieff, A.M.S. Transl 86 (1953).
Lemma 2.12 and its use in the proof of Theorem 2.11 isin L. Carleson, Mergelyan’s
theorem on uniform polynomial approximation, Math. Scand. 15 (1964), 167-175.

Theorem 2.1 is due to M. H. Stone, Applications of the theory of Boolean rings
to general topology, Trans. Am. Math. Soc. 41 (1937). See also M. H. Stone, The
generalized Weierstrass approximation theorem, Math. Mag. 21 (1947-1948).
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Operational Calculus in One Variable

Let F denote the algebra of all functions f on —7 < 6 < 7, with
o0 . o0
fO) =) Cie™, |G| < o0,
—00 —00

EXERCISE 3.1. M(F) may be identified with the circle [¢| = 1 and for f =
Yo Cae™, 5ol =1,

OED IS

If f € F and f never vanishes on —m < 6 < m, it follows that j‘ # 0 on
M(F) and so that f has an inverse in F, i.e.,

1 o .
7 — Zdnem@
—00

with "% |d,| < oo.

This result, that nonvanishing elements of F have inverses in JF, is due to Wiener
(see [Wi, p. 91]), by a quite different method.

We now ask: Fix f € F and let o be the range of f;i.e.,

U:{f(9)|—n§0§n}.

Let @ be a continuous function defined on o, so that ® ( f) is a continuous function
on [—m, w]. Does ®(f) € F?

The preceding result concerned the case ®(z) = 1/z.

Lévy [Lév] extended Wiener’s result as follows: Assume that @ is holomorphic
in a neighborhood of o. Then ®(f) € F.

How can we generalize this result to arbitrary Banach algebras?

Theorem 3.1. Let A be a Banach algebra and fix x € %U. Let o (x) denote the
spectrum of x. If ® is any function holomorphic in a neighborhood of o (x), then
d(x) € A

17
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Note that this contains Lévy’s theorem. However, we should like to do better. We
want to define an element ®(x) € 2 so as to get a well-behaved map: & — ®(x),
not merely to consider the function ®(x) on M. When 2 is not semisimple, this
becomes important. We demand that

D d(x) = d(X) on M.

The study of a map ® — P(x), from H(2) — 2, we call the operational
calculus (in one variable).

For certian holomorphic functions & it is obvious how to define ®(x). Let ®
be a polynomial

N
D(z) = Z a,7".
n=0

We put
N
) O(x) = Y apx".
n=0

Note that (1) holds. Let ® be a rational function holomorphic on o (x),

P

d(z) = ﬁ ,
0(2)

P and Q being polynomials and Q(z) # 0 for z € o(x). Then
Q)™ e A  (why?)

and we define

3) () = P(x) - Q)7

We again verify (1).

Now let €2 be an open set with o(x) C Q and fix ® € H(£2). It follows from
Theorem 2.9 that we can choose a sequence { f,, } of rational functions holomorphic
in Q such that f;, — @ uniformly on compact subsets of 2. (Why?) For each n,
fn(x) was defined above. We want to define

() = lim f,(x).

To do this, we must prove

Lemma 3.2. lim,_., f,(x) exist in A and depends only on x and ®, not on the
choice of { fu}.

‘We need

*EXERCISE 3.2. Let x € 2, let €2 be an open set containing o (x), and let f be a
rational functional holomorphic in .
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Choose an open set £2; with
o(x) CQ CQCQ

whose boundary y is the union of finitely many simple closed polygonal curves.
Then

1
4) fx) = o [ f@ - @¢—x)""dr
Tl y
PrOOF OF LEMMA 3.2.  Choose y as in Exercise 3.2. Then
d@)dr || / Ja) — @) q>(f)
Fu0) 2wi J, t—2z 27 t—x

< 5 /y fu0) = @] [ @ = 07| ax

— 0asn — oo, since ||(t — x)~'|| is bounded on y while f, — ® uniformly
on y. Thus

1 Q) dt
o2mi y —x

4) hm fnlx) =

Now let {F,,} be a sequence in H(£2). We write
F, —> Fin H(Q)

if F, tends to F uniformly on compact sets in €2.

Theorem 3.3. Let 2 be a Banach algebra, x € %, and let Q2 be an open set
containing o (x). Then there exists amap v : H(2) — % such that the following
holds. We write F(x) for t(F):

(a) t is an algebraic homomorphism.

() If F, — Fin H(SQ), then F,(x) — F(x) in 2.

(¢) F(x) = F(x) forall F € H(RQ).

(d) If F is the identity function, F(x) = x.

(e) With y as earlier, if F € H(SQ),

F(x)ZL.[F(t)dt.
Y

2mi t—x
Properties (a), (b), and (d) define t uniquely.
Note. Theorem 3.1 is contained in this result.

Proor. Fix F € H(£2). Choose a sequence of rational functions {f,} € H(2)
with f, — F in H(€2). By Lemma 3.2

(6) nlirgo Jn(X)
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exists in 2. We define this limit to be F(x) and t to be the map F — F(x).

7 is evidently a homomorphism when restricted to rational functions. Equation
(6) then yields (a). Similarly, (c¢) holds for rational functions and so by (6) in
general. Part (d) follows from (6).

Part (e) coincides with (5). Part (b) comes from (e) by direct computation.

Suppose now that t’ is a map from H (£2) to 2 satisfying (a), (b), and (d).

By (a) and (d), T’ and t agree on rational functions. By (b), then t = t on
H(Q). O

We now consider some consequences of Theorem 3.3 as well as some related
questions.

Let 2 be a Banach algebra. By a nontrivial idempotent e in 2l we mean an
element e with ¢? = e, e not the zero element or the identity. Suppose that e is
such an element. Then 1 — e is another. ¢ is not in the radical (why?), so & # 0 on
M. Similarly, 1 — e # 0,s0 ¢ # 1. But &> = ¢, so ¢ takes on only the values 0
and 1 on M. It follows that M is disconnected.

QUESTION. Does the converse hold? That is, if M is disconnected, must %[ contain
a nontrivial idempotent?

At this moment, we can prove only a weaker result.

Corollary. Assume there is an element x in 2 such that o (x) is disconnected.
Then A contains a nontrivial idempotent.

PrOOF. o(x) = K| U K>, where K, K, are disjoint closed sets. Choose disjoint
open sets €2y and €2;,

K C @, Ky C Q0.
Put Q = Q; U €2,. Define F on Q2 by
F =1onQ, F = 0on Q.
Then F € H(Q2). Put
e = F(x).

By Theorem 3.3,
e =Fx)=Fx)=¢
and

1 onx 1K),
0 onix I(K>).

Hence e is a nontrivial idempotent. O

é:F(fc):{

EXERCISE 3.3. Let B be a Banach space and T a bounded linear operator on B
having disconnected spectrum. Then, there exists a bounded linear operator E on
B,E # 0, E # I, such that E> = E and E commutes with 7.
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EXERCISE 3.4. Let 2 be a Banach algebra. Assume that M is a finite set. Then
there exist idempotents e, e, ...,e, € A with¢; - ¢; = 0if i # j and with
Y ¢, e; = 1such that the following holds:

Every x in 2 admits a representation

n
X = Z Aiei + o,
i=1
where the A; are scalars and p is in the radical.

Note. Exercise 3.4 contains the following classical fact: If  is an n x n matrix with
complex entries, then there exist commuting matrices  and y with § nilpotent, y
diagonalizable, and

a=p+y.

To see this, put 2l = algebra of all polynomials in &, normed so as to be a Banach
algebra, and apply the exercise.

We consider another problem. Given a Banach algebra 2l and an invertible
element x € 2, when can we find y € 2 so that

x =e?

There is a purely topological necessary condition: There must exist f in C(M)
so that

X =¢ onM.
(Think of an example where this condition is not satisfied.)
We can give a sufficient condition:
Corollary. Assume that o (x) is contained in a simply connected region 2, where
0 & Q. Then thereis ay in A withx = e”.
PrROOF. Let ® be a single-valued branch of log z defined in 2. Put y = & (x).

N q)n
—'—>e¢=zinH(Q), as N — oo.
- n!
Hence by Theorem 3.3(b),

N pn
(Z F) (x) — x.

0
By (a) the left side equals
i <b(x)>" o
5 !

Hence ¢V = x. O
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To find complete answers to the questions about existence of idempotents and
representation of elements as exponentials, we need some more machinery.

We shall develop this machinery, concerning differential forms and the 9-
operator, in the next three sections. We shall then use the machinery to set up
an operational calculus in several variables for Banach algebras, to answer the
above questions, and to attack various other problems.

NOTES

Theorem 3.3 has a long history. See E. Hille and R. S. Phillips, Functional
analysis and semi-groups, Am. Math. Soc. Coll. Publ. XXXI, 1957, Chap. V. In the
form given here, it is part of Gelfand’s theory [Ge]. For the result on idempotents
and related results, see Hille and Phillips, loc. cit.
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Differential Forms

Note. The proofs of all lemmas in this section are left as exercises.

The notion of differential form is defined for arbitrary differentiable manifolds.
For our purposes, it will suffice to study differential forms on an open subset €2 of
real Euclidean N-space RY . Fix such an Q. Denote by x1, ..., xy the coordinates
in RV,

Definition 4.1. C*°(2) = algebra of all infinitely differentiable complex-valued
functions on 2.
We write C* for C*®°(2).

Definition 4.2. Fix x € Q. Ty is the collection of all maps v : C*® — C for
which
(a) v is linear.

) v(f -8 = f(x)-v(g +gl) - v(f), f.g € C™.

T, evidently forms a vector space over C. We call it the fangent space at x and
its elements tangent vectors at x.

Denote by 9/0X ;| the functional f — (3f/dx;)(x). Thend/0x;|, is atangent
vectoratx for j = 1,2,...,n.
Lemmad4.1. 9/0x;|y, ..., d/dxy|x forms a basis for T.
Definition 4.3. The dual space to T is denoted T '

Note. The dimension of T;* over Cis N.

Definition 4.4. A 1-form w on €2 is a map w assigning to each x in €2 an element
of TF.

ExampLE. Let f € C*®. Forx € Q, put
df)x(v) = v(f), allv € Ty.

23
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Then (df), € T;.
df is the 1-form on 2 assigning to each x in €2 the element (df),.

Note. dxi,...,dxy are particular 1-forms. In a natural way 1-forms may be
added and multiplied by scalar functions.

Lemma 4.2. Every I-form w admits a unique representation

N
w = Zde)Cj,
1

the C; being scalar functions on 2.

Note. For f € C*,
N
)
= Z —fdx
= ax

We now recall some multilinear algebra. Let V be an N-dimensional vector
space over C. Denote by A¥(V) the vector space of k-linear alternating maps of
V x .-+ x V — C. (“Alternating” means that the value of the function changes
sign if two of the variables are interchanged.)

Define G(V) as the direct sum

GV =AM AWM e @AY V).

Here A°(V) = Cand A'(V) is the dual space of V. Put A/(V) = Ofor j > N.
We now introduce a multiplication into the vector space G(V). Fix T €
A(V), o € AL(V). The map

(€ TRRPINY R 0 TR TR B a1 (3 TIN5 o € PN S

is a (k + [)-linear map from V x - - - x V(k + [ factors) — C. It is, however, not
alternating. To obtain an alternating map, we use

Definition 4.5. Lett € AK(V), 0 € AL(V), k, [ > 1.

T Ao, .. §k+1)

(k n l)' Z( D" tErtys -5 &xw) - 0 CEnteatys - - s Enks)s

the sum being taken over all permutations 7w of the set {1, 2, ..., k+{},and (—1)"
denoting the sign of the permutation 7.

Lemma4.3. 1 Ao asdefined is (k + 1)-linear and alternating and so € AN (V).

The operation A (wedge) defines a product for pairs of elements, one in AK(V)
and one in A/(V), the value lying in A¥*(V), hence in G(V). By linearity, A
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extends to a product on arbitrary pairs of elements of G(V) with value in G(V).
Fort € A°(V), 0 € G(V), define T A o as scalar multiplication by .

Lemma 4.4. Under A, G(V) is an associative algebra with identity.
G(V) is not commutative. In fact,

Lemma 4.5. Ift € AK(V), 0 € Al(V), thent Ao = (=)o A T.
Letey, ..., ey form a basis for AL(V).

Lemma 4.6. Fix k. The set of elements
e N e, N Nej, 1<ii<ihb<---<ig <N,
forms a basis for AK(V).
We now apply the preceding to the case when V = T, x € Q. Then A*(T}) is

the space of all k-linear alternating functions on 7, and so, for k = 1, coincides
with 7. The following thus extends our definition of a 1-form.

Definition 4.6. A k-form »* on Q is a map " assigning to each x in Q an element
of AR(T,).

k-forms form a module over the algebra of scalar functions on 2 in a natural
way.

Let 7% and o be, respectively, a k-form and an /-form. For x € €, put

" A ol(x) = TF) A ol(x) € AFTI(TY).
In particular, since dxy, . .., dxy are 1-forms,
dxil AN dxi2 VANKIEIRIVAN dxik

is a k-form for each choice of (i1, . . ., i).

Because of Lemma 4.5,

dxj A dx; = 0foreach j.

Hence dx;, A --- A dx;, = O unless the i, are distinct.

Lemmad.7. Let o* be any k-form on Q. Then there exist (unique) scalar functions
Ci,, ..., ix on S such that

a)k == Z Ci1 = -ikdxil VANEIRIEIVAN dx,'k.

i1 <ipg<-<ip

Definition 4.7. A*(£2) consists of all k-forms w* such that the functions C;, . . . iy
occurring in Lemma 4.7 lie in C*. A%(Q) = C*.

Recall now the map f — df from C*® — A(Q). We wish to extend d to a
linear map AX(Q2) — AM1(Q), for all k.
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Definition 4.8. Let o € A¥(Q),k =0, 1,2, .... Then
Z Ci1 R dxil JANEIRID /\dxik.

i1 <--<ip
Define
Z dci1 R /\dxl'1 AR /\dxik.

i]<'~~<ik

Note that d maps AK(Q) — AF1(Q). We call dw the exterior derivative of

k.

For w € AY(R),
N

w = Z Cidxi,
i=1

aC; aC; aC;
do = Z de] Adx; = Z (8—){! . E)dxj /\dx]'.
i,j

l<]

It follows that for f € C*°,

AR
ddf) =d (Z d—){d}q)

i=1

- o (of
;<axl<ax,) o, (ax,>>dx’Adx’_O

or d> = 0 on C*®. More generally,

Lemma4.8. d> = 0 foreveryk;i.c., if o* € AK(Q), k arbitrary, then d(dw*) =
0.

To prove Lemma 4.8, it is useful to prove first
Lemma 4.9. Let of € AK(Q), o' € AU(Q). Then
d(@* A @) = do* A& + (=" A do'.

NOTES

For an exposition of the material in this section, see, e.g., I. M. Singer and J. A.
Thorpe, Lecture Notes on Elementary Topology and Geometry, Scott, Foresman,
Glenview, I11., 1967, Chap. V.
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The 9-Operator

Note. As in the preceding section, the proofs in this section are left as exercises.

Let €2 be an open subset of C".
The complex coordinate functions zi,...,z, as well as their conjugates
Z1, - - ., 2y lie in C*°(2). Hence the forms

dzla~~~7dzn7 dzl?"'ﬂdzn

all belong to A'(Q). Fix x € Q. Note that A'(7,) = T has dimension 2n over
C, since C" = R*".If x; = Re(z;) and y; = Im(z;), then

dx1)x, - - -, (dxn)s, dyDxs -+ (dyn)x
form a basis for T}. Since dx; = 1/2(dz; + dz;) and dy; = 1/2i(dz; — dz;),
dz1)xs -+ (dzn)xs @dz)xs « -+ dzn)x

also form a basis for 7). In fact,
Lemma 5.1. Ifo € AY(Q), then

n
® = Z(ljdzj‘ + b;dz;,

j=1
where aj, b; € C*.

Fix f € C*. Since (xy, ..., Xy, 1, - - - , Yn) are real coordinates in C”",
=~ of af

df = ——dx; + —dy
; 8Xj / 8yj J
4 ) 1 ) 1 ) 1 1 9 _
= ox; 2 dy; 2i dx; 2 2i dy;

27



28 5. The 3-Operator

Definition 5.1. We define operators on C* as follows:
0 1 0 ) d 1 d .0
7 = A\ ] — =z\T—+i—].
0z; 2\ dx; dy; 0z 2\ dx; dy;
Then for f € C*,
f
1) df = Z —d oA

Definition 5.2. We define two maps from C* — AN(R), 8 and 9. For f eC*™,

af
7,

of = Z ozt 5f=2n: —dz;

Note. 3f + df = df,if f € C*°.
We need some notation. Let / be any r-tuple of integers, I = (i1, ia, .. ., ir),
1 <i; <mn,allj. Put
dzy =dzj, N+ Ndz,.

Thus dz; € AN (€2).
Let J be any s-tuple (ji, ..., js), 1 < jr < n,allk, and put

dz; =dz; A--- ANdZj,.
Sodzy € A*(2). Then
dz; Adzy € NTT(RQ).
For I as above, put |I| = r. Then |J] = s.

Definition 5.3. Fix integers r, s > 0. A™*(2) is the space of all w € A"T¥()
such that

w = 26111(111 /\dZJ,
1,J

the sum being extended over all I, J with |I| = r, |J| = s, and with each
ary € Cc>,

An element of A™*(2) is called a form of type (r, s). We now have a direct sum
decomposition of each A¥(L):

Lemma 5.2.

AQ) = A (@) @ AT Q) @ AP @ - @ ARUQ).

We extend the definition of @ and 9 (see Definition 5.2) to maps from AF(Q) —
AHL(Q) for k, as follows:
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Definition 5.4. Choose »* in Af(w),

ot = ZaldeI Adzy,
1,J
o~ = Z dary Adz Adzy,
1,J

and

ot = Zéa” ANdz; ANdZy.
1.J

Observe that, by (1), if o* is as above,

30k + 90k = Zda” Adz AdZy = dot,
J

so we have

) d+d=d

29

as operators from AF(Q) — AFL(Q). Note that if 0 € A", dw € A1 and

dw € NSTL

Lemma5.3. 32 =0,82=0,and 39 = 39 = 0.

Why is the d-operator of interest to us? Consider d as the map from C® —

A'(€). What is its kernel?
Let f € C*. df = 0if and only if

a
3) TfZOinQ, j=12,...,n.
0z;

For n = 1 and 2 a domain in the z-plane, (3) reduces to
d a a

PE 0 or ox oy 0.
For f = u + iv, u and v real-valued, this means that
au dv av au
ax  ay’ ax oy

or u and v satisfy the Cauchy-Riemann equations. Thus here

dof = 0in Q is equivalentto f € H(S2).

Definition 5.5. Let 2 be an open subset of C". H(f2) is the class of all f € C*®

with 9f = 0in €, or, equivalently, (3).

We call the elements of H (€2) holomorphic in Q2. Note that, by (3), f € H(2)
if and only if f is holomorphic in each fixed variable z; (as the function of a single

complex variable), when the remaining variables are held fixed.
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Let now 2 be the domain
{zeC"lzjl <Rj, j=1,...,n},

where Ry, ..., R, are given positive numbers. Thus €2 is a product of n open plane
disks. Let f be a once-differentiable function on £2;i.e., df/dx; and 9f/0y; exist
and are continuous in 2, j = 1, ..., n.

Lemma 5.4. Assume that 0f/dz; = 0,j = 1,...,n, in Q. then there exist
constants A, in C for each tuple v = (vy, ..., v,) of nonnegative integers such
that

f@) =) Az,

where 7 = z)' - z)’ - - - 2, the series converging absolutely in 2 and uniformly
on every compact subset of Q.

For a proof of this result, see, e.g., [H6, Th. 2.2.6].

This result then applies in particular to every f in H(Q2). Wecall ) A,z" the
Taylor series for f at 0.

We shall see that the study of the d-operator, to be undertaken in the next
section and in later sections, will throw light on the holomorphic functions of
several complex variables.

For further use, note also

Lemma 5.5. Ifo* € AN(Q) and o' € A(RQ), then

5(wk A a)l) =00k Ao + (—l)kwk N
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The Equation du = f

As before, fix an open set @ C C". Given f € A™F(Q), we seek u € A™ such
that

(1) ou = f.
Since 82 = 0 (Lemma 5.3), a necessary condition on f is
2 af =0.

If (2) holds, we say that f is d-closed. What is a sufficient condition on f? It
turns out that this will depend on the domain €2.

Recall the analogous problem for the operator d on a domain Q C R™. If o* is
a k-form in AF(2), the condition

3) do* =0 (w is “closed”)
is necessary in order that we can find some ¥~! in AK=1(Q) with
) ! = o,

However, (3) is, in general, not sufficient. (Think of an example when £ = 1
and € is an annulus in R2.) If Q is contractible, then (3) is sufficient in order that
(4) admit a solution.

For the d-operator, a purely topological condition on € is inadequate. We shall
find various conditions in order that (1) will have a solution. Denote by A" the
closed unit polydisk in C* : A" = {z € (Cn||Zj| <1l,j=1,...,n}

Theorem 6.1 (Complex Poincaré Lemma). Let Q2 be a neighborhood of A".
Fixw € AP9(R2),q > 0, with dw = 0. Then there exists a neighborhood Q2* of
A" and there exists w* € AP47Y(Q*) such that

dw* = w in QF.
We need some preliminary work.

31



32 6. The Equation du = f
Lemma 6.2. Let ¢ € C'(R?) and assume that ¢ has compact support. Put
1 dx dy
@) =—= [ ¢
T JRr2

z—C°
Then ® € C'(R?) and d®/9¢ = ¢(¢), all ¢.
ProoOF. Choose R with supp ¢ C {z||z| < R}.

TP() = ¢(z)

lz|<R

. dx'dy'
dxdy—/ $& —7) /y
lz/—¢|<R z

dd
/¢(c =2

Since 1/7 € L'(dx’dy’") on compact sets, it is legal to differentiate the last
integral under the integral sign. We get

9P . 9 L dx'dy’ _/ _¢ dx'dy’
T PY: (é’)—/}R2 PY: (¢ —2)] = ¢ - )—Z’

Z/

] dxd

:/ 8¢() xdy
Rz 0Z -z

On the other hand, Lemma 2.5 gives that
| dxd
—n¢(c>=f Lo
R? z2—¢
Hence 0®/0¢ = ¢. O

Lemma 6.3. Let 2 be a neighborhood of A" and fix f in C*°(Q). Fix j,1 < j
< n. Assume that
of . .
5) — =0inQ2,k=ky, ..., ks, eachk; # j.
07k
Then we can find a neighborhood 21 of A" and F in C*°(821) such that
(a) dF/3¢; = fin Q.
(b) AF/3s =0inQ, k =k, ..., k.
ProOF. Choose ¢ > Osothatifz = (zq,...,2,) € C"and |z,] < 1 + 2¢ for
all v, then z € Q.
Choose ¥ € C*°(R?), having support contained in {z||z| < 1 + 2¢}, with
Y(z) = 1for|z] <14 ¢. Put

F(Liy o Lo Cn)

1 dxd
= __/ t//(z)f(clﬂ“‘ﬂé‘j—17 Ve §j+17--~a§n)_y-
T JR2 Z_gj
For fixed &1, ..., &j—1, §jq1s - - -, & with [£,] < 1 + &, all v, we now apply

Lemma 6.2 with
¢(Z) = 1/’(Z)f(§1, LRI) gj—la Z, §j+l’ ceey gn), |Z| < 1 + 28
=0 outside supp .
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We obtain
oF
8_6(§17“‘7§j7"'7§n) =¢(§j) - f(é‘l?"'7§j—17§j7§j+17"'7§n)7
J
if |¢;] < 1+ ¢, and so (a) holds with
Q ={¢ € C"|¢y| < 1+ &, all v}.

O
Part (b) now follows directly from (5) by differentiation under the integral sign.

PrOOF OF THEOREM 6.1. We call a form

ZC[]dZ[ /\de

1.J

of level v, if for some I and J with J = (ji, ja, ..., V), where j; < jo <
- < v, we have Cy; # 0; while for each 7 and J with J = (ji, ..., j;) where

Jj1 < --- < jgand j; > v, we have C;; = 0.

Consider first a form w of level 1 such that dw = 0. Then w € AP}() for
some p and we have

w = Zaldzl ANdzy,ar € C®(Q) for each I.
7

- 9
0=d0=3 "z ndz Adzr.
Ik 9%k

Hence (0a;/0Zx)dzi A dZy A dzy = O for each k and 1. Tt follows that
0
Y0, k=2.all
0Zk
By Lemma 6.3 there exists for every I, A; in C*(£2;), €2, being some
neighborhood of A", such that
0A A
%:aland%zo, k=2,...,n.
0z1 07k
Putd = Y, Ardz; € APO(Q).
= 0AT _
A = fdz ANdz; = w.
12.1; % k 1
We proceed by induction. Assume that the assertion of the theorem holds when-
ever w is of level < v — 1 and consider w of level v. By hypothesis w € AP(€2)
and dw = 0.
We can find forms « and 8 of level < v — 1 so that
w=dz, Na+ B (why?).
0= 0w = —dz, A da + 38,
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where we have used Lemma 5.5. So

(6) 0 = dz, A do — dP.
Put
(XZZCl[JdZ]/\de, ﬂ:ZbIJdZI/\dZJ.
1.J 1,J
Equation (6) gives
da
@) 0=dz, A Y. szk Adzp AdZy
1.J.k
b
— Yz Adzy A dZy.
17k 9%

Fix k > v, and look at the terms on the right side of (7) containing dz, A dZzj.
Because « and S are the level < v — 1, these are the terms:

_ da _ _
dz, A 4dzk Adzp ANdzy.
07k

It follows that for each I and J,

9
Q- _0, k>

0Zk
By Lemma 6.3 there exists a neighborhood 2; of A" and, for each I and J,
A]J S Coo(Ql) with
Ay, A,

= =4ay, =
8Zv 8Zk

=0, k > v.

Put

= ZA[JdZ] AN dZJ S /\p.q—l(Ql)’
1.J

- JA
3(01 = Z _IJ dzk A dZ[ A dZJ

17k 9%k
= Zaudzu ANdzy ANdzy + vy,
I

where y is a form of level < v — 1. Thus

dw, =dz, Aa + y.
Hence

dw; —w = Yy —B
is a form of level < v — 1. Also

Ay —B) = 30w, — w) = 0.
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By induction hypothesis, we can choose a neighborhood €2; of A" and 7 €
AP4=1(Q,) with 9t = ¥ — B. Then
dw —1)=dw, —dT =0+ —B) — (¥ —B) = o.
w; — T 18 now the desired w*. O
NOTES
Theorem 6.1 is in P. Dolbeaut, Formes différenticlles et cohomologie sur une

variété analytique complexe, I, Ann. Math. 64 (1956), 83-130; II, Ann. Math. 65
(1957), 282-330. For the proof cf. [H52, Chap. 2].
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The Oka-Weil Theorem

Let K be a compact set in the z-plane and denote by P (K) the uniform closure on
K of the polynomials in z.

Theorem 7.1. Assume that C\K is connected. Let F be holomorphic in some
neighborhood 2 of K. Then F |k is in P(K).

PrOOF. Let £ denote the space of all finite linear combinations of functions 1/(z —
a)?, where a € C\, p aninteger > 0. By Runge’s theorem (Theorem 2.9), F|g
lies in the uniform closure of £ on K. We claim that £ C P(K). For let ;© be a
measure on K, u L P(K). Then for |a| large,

dp(z) — 2"
/z—a :_/ XO:W = 0.
But the integral on the left is analytic as a function of @ in C\ K and, since C\ K
is connected, vanishes for all ¢ in C\ K. By differentiation,

dp(z)
=0, =1,2,...,a € C\K.
/ (z —a)y? u \
Thus i L L, so L C P(K), as claimed. The theorem follows. O

How can we generalize this result to the case when K is a compact subset of
Ch'n > 1?

What condition on K will assure the possibility of approximating arbitrary
functions holomorphic in a neighborhood of K uniformly on K by polynomials
nzy,...,2z,?

Note that the condition “C\ K is connected” is a purely topological restriction on
K. No such purely topological restriction can suffice whenn > 1. As an example,
consider the two sets in C2.

Ki = {(€?,0)0 < 6 <27},
Ky = {(",e7)]0 < 6 < 27).

36
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The two sets are, topologically, circles. The function F(zy,z2) = 1/z1 is
holomorphic in a neighborhood of Kj.

Yet we cannot approximate F uniformly on K by polynomialsin z;, z2. (Why?)
On the other hand, every continuous function on K, is uniformly approximable
by polynomials in z;, z2. (Why?)

To obtain a general condition valid in C" for all n we rephrase the statement
“C\K is connected” as follows:

Lemma 7.2. Let K be a compact set in C. C\K is connected if and only if for
each xy € C\K we can find a polynomial P such that

D |P(x)| > max | P|.

ProoF. If C\K fails to be connected, we can choose x% in a bounded component
of C\K and note that (1) violates the maximum principle.

Assume that C\K is connected. Fix x° € C\K. Then K U {x°} is a set with
connected complement. Choose points x, — x° and x, # x°. Then

fn(z) =

T — Xp
is holomorphic in a neighborhood of K U {x°}. Hence by Theorem 7.1 we can find
a polynomial P, with

1
P,(z) — < ;, all z € K U {xo}.

Z_xn

For large n, then, P, satisfies (1). O

Definition 7.1. Let X be a compact subset of C". We define the polynomially
convex hull of X, denoted h(X), by

h(X) = {z € C'[|Q@)| < max |Q|

for every polynomial Q}.
Evidently #(X) is a compact set containing X.

Definition 7.2. X is said to be polynomially convex if h(X) = X.
Note that X is polynomially convex if and only if for every x° in C"\ X we can
find a polynomial P with

2) |P(x%)| > max | P|.

For X C C, Lemma 7.2 now gives that C\ X is connected if and only if X is
polynomially convex. Theorem 7.1 can now be stated: For X C C, the approxima-
tion problem on X is solvable provided that X is polynomially convex. Formulated
in this way, the theorem admits generalization to C" forn > 1.

Theorem 7.3 (Oka-Weil). Let X be a compact, polynomially convex set in C".
Then for every function f holomorphic in some neighborhood of X, we can find a
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sequence { P;} of polynomialsin z,, . . ., z, with

P; — funiformly on X.
Note. In order to apply this result in particular cases we of course have to verify
that a given set X is polynomially convex. This is usually quite difficult. However,

we shall see that in the theory of Banach algebras polynomially convex sets arise
in a natural way.

André Weil, who first proved the essential portion of Theorem 7.3 [L’Intégrale
de Cauchy et les fonctions de plusieurs variables, Math. Ann. 111 (1935), 178-182],
made use of a generalization of the Cauchy integral formula to several complex
variables. We shall follow another route, due to Oka, based on the Oka extension
theorem given below.

Definition 7.3. A subset IT of C” is a p-polyhedron if there exist polynomials
Py, ..., P, such that

M={zeClzl =< Laljand|P)| = 1k=12...5s}
Lemma 7.4. Let X be a compact polynomially convex subset of A" Let O be an
open set containing X. Then there exists a p-polyhedron T1 with X C T1 C O.

ProoF. For each x € A"\O there exists a polynomial P, with |P,(x)| > 1 and
|Py] < 1onX.

Then |P,| > 1 in some neighborhood N, of x. By compactness of A"\O, a
finite collection N, ..., N, covers A"\O. Put

M={ze AP, <1,....|P, (2 = 1}.
Ifz € X,thenz € II,so X C II.
Supposethatz ¢ O.Ifz ¢ A", thenz ¢ I1.Ifz € A", thenz € A"\O. Hence
zZ € /\ij for some j. Hence | Pyj(z)| > 1. Thus z ¢ I1. Hence IT C O. O
Let now IT be a p-polyhedron in C",
N={zeA'||Pj@I<1Lj=1...r}
We can embed IT in C"*" by the map
®:z— (z, @), ..., P(2).
® maps IT homeomorphically onto the subset of A"t defined by the equations
Zns1 — P1(2) =0, ..., 2,0, — P(z) = 0.
Theorem 7.5 (Oka Extension Theorem). Given f holomorphic in some neigh-

borhood of T1; then there exists F holomorphic in a neighborhood of A™*" such
that

F(z, Pi(2), ..., P.(2)) = f(2),allz € TI.
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The Oka-Weil theorem is an easy corollary of this result.

ProOF OF THEOREM 7.3.  Without loss of generality we may assume that X C A”.
(Why?) f is holomorphic in a neighborhood O of X. By Lemma 7.4 there exists
a p-polyhedron IT with X C I1 C O. Then f is holomorphic in a neighborhood
of I1. By Theorem 7.5 we can find F satisfying

3) F(z, Pi(2), ..., P(2)) = f(2), z € 11,

F holomorphic in a neighborhood of A"*", Expand F in a Taylor series around 0,

Vn+1 Vntr

v n
F@oZngts oo Zngr) = Y@y 20z o g
v

The series converges uniformly in A"*". Thus a sequence {S;} of partial sums of
this series converges uniformly to F on A"*", and hence in particular on @ (IT).
Thus

Sj(Z, Pl(Z), ey Pr(Z))

converges uniformly to F(z, Pi(z), ..., P,(z)) for z € TI, or, in other words,
converges to f(z), by (3). Since S;(z, Pi(2), ..., P(2)) is a polynomial in z for
each j, we are done.

‘We must now attack the Oka Extension theorem. We begin with a generalization
of Theorem 6.1.

Theorem 7.6. Let I1 be a p-polyhedron in C" and 2 a neighborhood of T1. Given
that ¢ € NP1(2),q > 0, with d¢ = O, then there exists a neighborhood 2 of
IT and ¥ € API~Y(Q)) with 3y = ¢.

First we need some definitions and exercises.
Let © be an open set in C* and W and open setin C*. Letu = (uy, . . ., u,) be
amap of W into 2. Assume that each u; € C*(W).

EXERCISE 7.1. Leta € C*(R2),so a(u) € C*°(W). Then
", da da _
dla(u)} = Z g(u)duj + £(u)duj.
]_1 J J
Both sides are forms in A'(W).
Let ©, W, and u be as above. Assume that each u; € H(W). For each I =
(i17 AR ir)7 J - (jl? (] ]5) pUt

du; = du,-l N dui2 VASKIEIRIVAN du,-,

and define du, similarly. Thus du; A duy € N> (W).
Fix w € A™5(Q),

® =Y ardzy AdZy.
1.J



40 7. The Oka-Weil Theorem

Definition 7.4.
o) = Za”(u)dul Adiy € NS (W).
1,J

EXERCISE 7.2. d(w(u)) = (dw)(u) and 3(w(u)) = (dw)(u). We still assume, in
this exercise, that each u; is holomorphic.

ProOF OF THEOREM 7.6. We denote

Pgi.....q) =z e AMlg;@l <1, j=1,....r},

the g; being polynomials in z;, . . ., zx. Every p-polyhedron is of this form.

We shall prove our theorem by induction on r. The case r = 0 corresponds to
the p-polyhedron A* and the assertion holds, for all k, by Theorem 6.1.

Fix r now and suppose that the assertion holds for this » and all & and
all (p,q),q > 0. Fix n and polynomials pj, ..., p,4; in C" and consider
¢ € AP1(Q), Q2 some neighborhood of P"(py, ..., pri1). We first sketch the
argument.

Step 1. Embed P"(pi1, ..., pr41) in P”“(pl, ...,pr) bythemapu : z —
(z, pr+1(2)). Note that py, ..., p, are polynomials in zy, . . ., 2,41 Which do not
involve z,4. Let Y_ denote the image of P"(py, ..., pr+1) under u. 7w denotes
the projection (z, z,41) — z from C"*! — C". Note 7 o u = identity.

Step 2. Find a d-closed form @, defined in a neighborhood of

PN p1, . pr)
with ®; = ¢(x) on > _.
Step 3. By induction hypothesis, 3¥ in a neighborhood of P (py, ..., p,) with
oV = @;. Puty = W (u). Then
Y = @W) () = () = ¢.

As to the details, choose aneigl_lborhood Qiof P"(p1, ..., pry1) with Q, c Q.
Choose L € C®°(C"),. = 1onQ, A = Ooutside 2. Put ® = (A-¢) (), defined
= 0 outside ¥ ~' ().

Let x be a form of type (p, ¢) defined in a neighborhood of P"*!(py, ..., p,).
Put

€ D) = @ — (Zy11 — prr1(2) - X

Then ©; = ® = ¢(r)on Yy . .
We want to choose x such that @, is d-closed. This means that

AP = (zo41 — Pr1(2))0x



7. The Oka-Weil Theorem 41
or
- BL
) = — %
@n+1 — pr41(2))

Observe that & = 3¢ () = 0 in a neighborhood of 3°, whence the right-hand
side in (5) can be taken to be 0 in a neighborhood of > and is then in C* in a
neighborhood of P"*!(py, ..., p,). Also

- 9D
0] ——— 1t =0
{ (Znr1 — Pr1(2) }

By induction hypothesis, now, 3y satisfying (5). The corresponding @, in (4) is
then d-closed in some neighborhood of P**!(py, ..., p,). By induction hypoth-
esis again, Ja (p, g — 1) form WV in a neighborhood of P”“(pl, ..., pr) with
oV = ®,. As in step 3, then, making use of Exercise 7.2, we obtain a (p, ¢ — 1)
form 1 in a neighborhood of P"(py, ..., p,41) with 3y = ¢. O

We keep the notations introduced in the last proof.

Lemma 7.7. Fix k and polynomials q1, ..., q, in 2z = (21, ..., 2). Let f be
holomorphic in a neighborhood W of 1 = P*(q, ..., q,). The 3F holomorphic
in a neighborhood of II' = P**(q», ..., q,) such that

F(z,q1(2)) = f(2), all 7 € TI.
[Note that if z € IT, then (z, ¢ (z)) € I1'.]

PrOOF. Let > be the subset of IT" defined by zx+1 — ¢q1(z) = 0. Choose ¢ €
C(w~'(W)) with ¢ = 1 in a neighborhood of 3.
We seek a function G defined in a neighborhood of 1’ so that with

F(z, zk41) = ¢z, 2k (@) — (@1 — q1(2))G (2, Zkq1),

F is holomorphic in a neighborhood of TT". We define ¢ - f = 0 outside TN (W).
We need 0 F = 0 and so

f5¢ = (Zkg1 — (I1(Z))5G
or
(6) 5 - . J0P
(Zk41 — q1(2))

Note that the numerator vanishes in a neighborhood of )", so w is a smooth form
in some neighborhood of TT'. Also dw = 0. By Theorem 7.6, we can thus find
G satisfying (6) in some neighborhood or IT'. The corresponding F now has the
required properties. O

PROOFOFTHEOREM7.5. pq, ..., p,are givenpolynomialsinzy, ..., z,and IT =
P*(p1, ..., pr)- f is holomorphic in a neighborhood of IT. For j = 1,2, ..., r
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we consider the assertion
A(j) : 3F holomorphic in a neighborhood of P"*/(pji1, ..., pr)

such that F;(z, p1(2), ..., pj(2)) = f(z),allz € TI.

A(1) holds by Lemma 7.7. Assume that A(j) holds for some j. Thus F; is holo-
morphic in a neighborhood of P"+/ (Pj+1>-+., pr).ByLemma7.7,3F; isholo-
morphic in a neighborhood of P"™/ ! (p;s, ..., p,) with Fi11(¢, pj11(2) =

Fi(£), ¢ € P (pjs1, ..., pr),and & = (2, Zng1s - - - Zngj)-
By choice of F;.

Fi(z, pi(2), ..., pj(2) = f(2), all zin I1.

Hence

Fivi(z, p1@), ..., pj(2), pj+1(2) = f(2), all zin IT.

Thus A(j + 1) holds. Hence A(1), A(2), ..., A(r) all hold. But A(r) provides F
holomorphic in a neighborhood of A"*" with

Fz, pi(@),.... pr(2) = f(2), all z in T1.
O

EXERCISE 7.3. Let 2l be a uniform algebra on a compact space X with generators
81, - .., & (i.e., A is the smallest closed subalgebra of itself containing the g;).
Show that the map

x = (&1(x), ..., 8.(x)

maps M (2() onto a compact, polynomially convex set K in C", and that this map
carries 2 isomorphically and isometrically onto P(K).

EXERcISE7.4. Let X be acompactsetin C". Show that M (P (X)) can be identified
with A (X). In particular, if X is polynomially convex, M(P (X)) = X.

NOTES

Theorem 7.5 and the proof of Theorem 7.3 based on it is due to K. Oka, Do-
maines convexes par rapport aux fonctions rationelles, J. Sci. Hiroshima Univ. 6
(1936), 245-255. The proof of Theorem 7.5 given here is found in Gunning and
Rossi [GR, Chap. 1].
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Operational Calculus in Several
Variables

We wish to extend the operational calculus established in Section 3 to functions
of several variables. Let 2 be a Banach algebra and x;, ..., x, € A. If Pis a
polynomial in n variables

P, 2) = Zszl

it is natural to define

P(xi,...,x,) = X:Avx1 . e .
We then observe thatif y = P(xy, x2, ..., X,), then
(1) 57:P()?1,...,)?n)onM.

Let F be a complex-valued function defined on an open set 2 C C”. In order
to define F (X, ..., %,) on M we must assume that  contains

{G(M), ..., 5, (M)IM € M}.
Definition 8.1. o (x, ..., x,,), the joint spectrum of x, . . ., Xp, is {1 (M), . . .,

X (M)IM € M}

When n = 1, we recover the old spectrum o (x). You easily verify

Lemma8.1. (A,...,A,)in C" liesino(xy, ..., x,) if and only if the equation
n
Doyt =) =1
j=1
has no solution yy, ..., y, € 2.
We shall prove
Theorem 8.2. Fix xi,...,x, € . Let Q be an open set in C" with
o(x1,...,%x,) C Q. Foreach F € H(S) there exists y € A with
2) Y(M) = F(x1(M), ..., x,(M)), all M € M.

43
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Remark. This result is, of course, not a full generalization of Theorem 3.3.
We shall see that it is adequate for important applications, however, When 2
is semisimple, we can say more. In that case y is determined uniquely by (2) and
we can define

F(xi,....,xp) =Y.

Now H (£2) is an F-space in the sense of [DSch, Chap. II]. Hence by the closed
graph theorem (loc. cit.), the map

F —> F(xi,...,x)

is continuous from H(2) — 2. Thus

Corollary. If2lissemisimple, F; — F in H(2) implies that F;(x1, ..., x,) —
F(xg,...,x,)in%

We shall first prove our theorem under the assumption that

X1, ..., X, generate 2; i.e., the smallest closed subalgebra of
3) containing X1, ..., X, coincides with .
Lemma 8.3. Assume (3). Then o(xy, ..., x,) is a polynomially convex subset
of C".
Proor. Fix 2 = (29, ..., z)) with
10(z%)| < max |Q], all polynomials Q,
where o = o (xy, ..., Xx,).
max | Q] = max 1Q(X1, ..., X)) = max [Q(x1, -« s Xn)l
<O, -y xa)ll.
Hencethemap x : Q(xi, ..., x,) — Q(z°)is abounded homomorphism from

a dense subalgebra of 2L — C. (Check that x is unambiguously defined.) Hence
x extends to a homomorphism of 2l — C, so AMy € M with x(f) = f(M,),
all f € 2. In particular,

x(xj) = X;(My) orzg = X;(My), j=1,...,n.

Thus z° € 0. Hence o is polynomially convex. O

EXERCISE 8.1. Let F be holomorphic in a neighborhood of AY with
F@) =) G- oy

Given that yi, ..., yy € A, maxy || <1, allj Then

Z Cv)’1
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converges in 2.

PROOF OF THEOREM 8.2, ASSUMING (3). Without loss of generality, ||x;|| < 1 for
all j ByLemma8.3,0 = o(xy, ..., X,)is polynomially convex,ando C A”".By
Lemma 7.4, 3 a p-polyhedron [ witho C [] € @, ] = P*(p1, ..., p,). Fix
¢ € H(2). By the Oka extension theorem, 3¢ holomorphic in a neighborhood
of A" with

D1,y zn P12y pr(2) = $(2), z€ l_[

Putyi=xi, ..., % = X0, Yut1 = P1(X1,s oo o Xn)s ooy Ynpr = Pr(X1, 0y Xp).
We verify that max |3;] < 1, j = 1,2, ..., n + r. By Exercise 8.1,

3 Curl e (pr ) (p ()

converges in 2 to an element y, where ) C,¢" is the Taylor expansion of ® at
0 and p;(x) denotes p;(xy, ..., x,). Then

YM) = @G (M), ..., 5 (M), prX(M)), ..., pr(R(M)))
=¢pG(M), ..., 5. (M)),  allMe M,

since (X1 (M), ..., X,(M)) € o C []. We are done.

If we now drop (3), o is no longer polynomially convex. Richard Arens and
Alberto Calderon fortunately found a way to reduce the general case to the finitely
generated one.

Let xq,...,x, € %, let W be an open set in C" containing o (xy, ..., X,),
and fix F € H(W). For every closed subalgebra 2" of 2 containing elements
g1, ..., Gpof A, letogy (¢1, - - ., &) denote the joint spectrumof ¢y, . . ., ¢ relative
to 2.

Assertion. 3Cy, ..., C, € 2 such that if B is the closed subalgebra of 2
generated by xy, ..., x,, Cy, ..., Cy, then

€ op(xy, ..., x,) C W.

Grant this for now. Let 7 be the projection zi, ..., Zu, Zna1s - - - » Zntm) —>
(z1s ..., 2y) of C*™ — (C". Because of (4), og(x1,..., %, C1,...,Cpn) C
71 (W). Define a function ¢ on = ~' (W) by

O@1y ey Zas Znals e o Znam) = F(21, 00, Z0).
Thus ¢ is holomorphic in a neighborhood of og(xy, ..., x,, Cy, ..., Cy), and
s0, by Theorem 8.2 under hypothesis (3) applied to B and the set of generators
X1y ..., Cyp,dy € B with
5= ¢G ..., 8 Cro .. C)
= F(1,...,X,) on M(B).

IftM € M,then M N B € M(B) and hence y(M) = F(X{(M), ..., x,(M)).
We are done, except for the proof of the assertion.
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Let 2y denote the closed subalgebra generated by xi, ..., x, and put oy =
o9, (X1, - .., Xy). If 09 C W, take B = . If not, consider ¢ € oo\ W.

Since ¢ & o(xy, ..., x,), y1, ..., yu € A such that Z;l':l yilx; —¢;) =1
Denote by %((¢) the closed subalgebra generated by xy, ..., x,, y1, ..., ¥,. Then
Ineighborhood NV; of ¢ in Csuch thatif e € Ny, then ) ; y;(x; —a;) isinvertible
in 2(¢). It follows that if @ € N, then & & oo (X1, - . ., Xp).

By compactness of op\W, we obtain in this way a finite covering of
0o\W by neighborhoods N;. We throw together all the corresponding y; and
call them Cy, ..., Cy,, and we let B be the closed subalgebra generated by
Xls.euyXp, Cpy ..., Cy. Note that op(xy, ..., x,) C 0p. (Why) If ¢ € o\ W,
then o lies in one of our finitely many ./\/}, and so duy,...,u, € B such
that Z; uj(x; — a;) is invertible in B. Hence a ¢ op(xy, ..., x,). Thus
op(xy, ..., x,) C W, proving the assertion. Thus Theorem 8.2 holds in general.

As a first application we consider this problem. Let 2l be a Banach algebra and
x € A. When does x have a square root in 2, i.e., when we can find y € 2 with
y? = x?

An obvious necessary condition is the purely topological one:

(5) Iy e CM)  with y> = & on M.
Condition (5) alone is not sufficient, as is seen by taking, with D = {Z| lz] < 1},
2 ={f € AD)|f'(0) = 0}.

Then 72 € 2, 2 ¢ %, but (5) holds. However, one can prove

Theorem 8.4. Let 2 be a Banach algebra, a € . and assume that I3h € C(M)
with h? = a. Assume also that G never vanishes on M. Then a has a square root
in L.

We approach the proof as follows: First find ay, ..., a, € 2 such that IF
holomorphic in a neighborhood of o (a, a,, ..., a,) in C* with F> = z,. By
Theorem 8.2, 3y € 2, with = F(a, a,, ..., 4,) on M. Then 3*> = 4 on M. If
2 is semisimple, we are done. In the general case, put p = a — y%. Then p € rad 2.
Since 2 = a, y*isinvertible and p/y? € rad 2. Then (y/1 + p/y?)? = y*(1+

0/y?) = a, so yy/1 + p/y? solves our problem provided that /1 + p/y? € 2.
It does so by

EXERCISE 8.2. Let 2 be a Banach algebra and x € rad %L Then 3¢ € 2l with
(>=14+xand¢ =1on M.

We return to the details.

Lemma 8.5. Given a as in Theorem 8.4, day, ..., a, € A such that if K =
o(a,a, ...,a,) C C", thenwe canfind H € C(K) with H*> = 7, on K.
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PrOOF. In the topological product M x M put
S ={(M, M")|n(M) + h(M") = 0},

where /1 is as in Theorem 8.4. S is compact and disjoint from the diagonal. (Why?)
Letx = (M, M) € S. Since M| # My, 3b, € Qlwnhb (My) — b (M) #0.
By continuity by (M) — b (M) 7& 0 for all (M, M’) in some neighborhood N, of
xin S. By compactness,/\/xz, ce, ./\/x" cover S for a suitable choice of x5, . . ., x,,.
Puta; = bxj,j =2,...,n. Put

K =o0(a,a,...,a,)

and fix z = (@(M), &(M), . .., a,(M)) € K.
We define a function H on K by H(z) = h(M). To see that H is well defined,
suppose that for (M, M) € M x M,

(6) aM)=aM",a;M)=a;(M"), j=2,....n

(M, M") ¢ S, for this would imply that (M, M') € -/\/x, for some j, denying
(6). Hence h(M) # —h(M"). By (6), h>(M) = h*(M'). Hence h(M) = h(M'),
as desired. It is easily verified that H is continuous on K, and that H?> = z;. O

PrOOF OF THEOREM 8.4. It only remains to construct F holomorphic in a
neighborhood of K with F? = z;.

For each x € K and r > 0, let B(x, r) be the open ball in C" centered at
x and of radius r. If x = (1, ..., ;) € K,y # 0. Hence 3r > 0 and F,
holomorphic in B(x, r), with sz = z;in B(x, r). By compactness of K, a fixed r
will work for all x in K. This is not enough, however, to yield an £ holomorphic in
a neighborhood of K with F? = z;. (Why not?) But we can require, in addition,
that F, = H in B(x,r) N K. Put @ = |J,.x B(x,r/2). For { € R, define
F(¢) = Fx ()it ¢ € B(x,r/2), x € K. To see that this value is independent of
x € K,suppose that ¢ € B(x,r/2) N B(y,r/2),x,y € K.

Theny € B(x,r)N K.Hence F,(y) = H(y). Also, F,(y) = H(y).Hence F,
and Fy are two holomorphic functions in B(x, r) N B(y, r/2) with F} = F} =z
thereande = Fyaty.So Fx(¢) = F,(¢).(Why?) Thus F € H(£2) andF2 =2z
in . O

Theorem 8.4 holds when the square-root function is replaced by any one of
a large class of multivalued analytic functions. (See the Notes at the end of this
section.)

As our second application of Theorem 8.2, we take the existence of idempotent
elements.

Theorem 8.6 (Silov Idempotent Theorem). Let 2 be a Banach algebra and
assume that M = M| U M,, where My and M, are disjoint closed sets. Then
Je € Awithe?> = eande = 1 on M, and é = 0 on M.
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Lemma 8.7. 3ay,...,ay € 2 such that if a is the map of M — CV : M —
(@ (M), ...,axy(M)), then a(My) Na(My) = 0.

The proof is like that of Lemma 8.5 and is left to the reader.

PROOF OF THEOREM 8.6. By the last Lemma, Jay, ..., ay € 2, so that a(M;)

and a(M,) are disjoint compact subsets of CV. Choose disjoint open sets W, and

W, in CY witha(M;) € W;, j = 1,2.Put W = W; U W, and define F in W

by F = 1on Wy and F = 0 on W,. Then F € H(W). By Theorem 8.2, 3r € &

with y = F(ai,...,a,) on M. Theny = 1 on M,y = 0 on M,. We seek

u € rad Asothat (y +u)?> = y +u. Then e = y + u will be the desired element.
The condition on u <

) W+ Qy—Du+p=0,

where p = y> — y € rad 2.
The formula for solving a quadratic equation suggests that we set

2y — 1 2y — 1

w=-— + > g,
where ¢ is the element of %, provided by Exercise 8.2, satisfying
4 A
r=1- _P and =1.
@y =1y

We can then check that « has the required properties, and the proof is complete.
Corollary 1. If M is disconnected, A contains a nontrivial idempotent.

Corollary 2. Let A be a uniform algebra on a compact space X. Assume that M
is totally disconnected. Then A = C(X).

Note. The hypothesis is on M, not on X, but it follows that if M is totally
disconnected, then M = X.

PROOF OF COROLLARY 2. If x1,x; € X, x; # x;, choose an open and closed
set My in M with x; € My, x, & M. Put M, = M\ M. By Theorem 8.6,
Je ¢ A, e = 10on M; and ¢ = 0 on M>. Thus e is a real-valued function in 2
which separates x| and x,. By the Stone-Weierstrass theorem, we conclude that
2A = C(X).

Corollary 3. Let X be a compact subset of C". Assume that X is polynomially
convex and totally disconnected. Then P(X) = C(X).

ProOF. The result follows from Corollary 2, together with the fact that
M(P(X)) = X.

NOTES
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Theorem 8.2 was proved for finitely generated algebras by G. E. Silov, On
the decomposition of a commutative normed ring into a direct sum of ideals,
A.M.S. Transl. 1 (1955). The proof given here is due to L. Waelbroeck, Le Calcul
symbolique dans les algebres commutatives, J. Math. Pure Appl. 33 (1954), 147-
186. Theorem 8.2 for the general case was proved by R. Arens and A. Calderon,
Analytic functions of several Banach algebra elements, Ann. Math. 62 (1955),
204-216. Theorem 8.4 is a special case of a more general result given by Arens
and Calderon, loc. cit. Theorem 8.6 and its corollaries are due to Silov, loc. cit.

Our proof of Theorem 8.4 has followed Hormander’s book [H6, Chap. 3].

For a stronger version of Theorem 8.2 see Waelbroeck, loc. cit., or N. Bourbaki,
Théories spectrales, Hermann, Paris, 1967, Chap. 1, Sec. 4.
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The Silov Boundary

Let X be a compact space and F an algebra of continuous complex-valued
functions on X which separates the points of X.

Definition 9.1. A boundary for F is a closed subset E of X such that
|f (0] = max |f], all f € F,x € X.

Thus, for example, if D is the closed unit disk in C and P the algebra of
all polynomials in z, restricted to D, then every closed subset of D containing
{zl|z] = 1} is a boundary for P.

Theorem 9.1. Let X and F be as above. Let S denote the intersection of all
boundaries for F. Then S is a boundary for F.

Note.

(a) Itis not clear, a priori, that S is nonempty.

(b) S is evidently closed.

(c) It follows from the theorem that S is the smallest boundary, i.e., that S is a
boundary contained in every other boundary.

Lemma 9.2. Fixx € X\S. 3 aneighborhood U of x with the following property:
If B is a boundary, then B\U is also a boundary.

PrROOF. x ¢ S and so 3 boundary Sy with x & Sy. For each y € Sy, choose
fy € Fwith f,(x) =0, fy(y) = 2.

N, = {|fy| > 1} is aneighborhood of y. Then yy, ..., ye sothat Ny, U-- - U
Ny D So. Write f; for fy,. Put
U={nl<1....1fil <1}

Then U is a neighborhood of x and U N Sy = ¢
Fix a boundary g8 and suppose that S\U fails to be a boundary. Then 3f €
Fmax, |f| = 1, with maxg\y | f| < L.

50
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Assertion. Jn sothatmaxy |f"fi| < 1,i =1,...,k.

Grant this for now. Since S is a boundary, we can pick x € Sy with | f(x)| = 1.
By the assertion, | f;(x)| < 1,i = 1,..., k.

Hence x € U, denying U NSy = @. Thus B\U is a boundary, and we are done.

To prove the assertion, fix M with maxy |f;| < M,i =1, ..., k. Chose n so
that (maxg\y | f1)" - M < 1. Then | f" fi| < 1 at each point B\U for every i. On
U, | f" fi] < 1by choice of U. Hence the assertion.

PrOOF OF THEOREM 9.1. Let W be an open set containing S. For each x € X\W
construct a neighborhood U, by Lemma 9.2. X\ W is compact, so we can find
finitely many such Uy, say Uy, ..., U,, whose union covers X\ W.

X is a boundary. By choice of U;, X\Uj is a boundary. Hence (X/U)\U; is a
boundary, and at last X* = X\(U; UU, U ---UU,) is aboundary. But X* C W.
Hence if f € F, maxx | f| < supy |f]. Since W was an arbitrary neighborhood
of S, it follows that S is a boundary. (Why?) O

Note. What properties of F were used in the proof?

Let 2 be a Banach algebra. Then A is an algebra of continuous functions on
M, separating points. By Theorem 9.1 Ja (unique) boundary S for 2l which is
contained in every boundary.

Definition 9.2. S is called the Silov boundary of 2 and is denoted S *D).

Exercise9.1. Let €2be abounded plane region whose boundary consists of finitely
many simple closed curves. Then S(A(£2)) = topological boundary 9€2 of €.

EXERCISE 9.2. Let Y denote the solid cylinder = {(z, ) € C x ]R||z| <1,0 <
t < 1} Let AY) = {f € C(Y)| foreacht, f(z, t) is analytic in |z| < 1}. Then
SEUY)) = {(z. Dzl =1,0 <t < 1}

EXERCISE 9.3. Let Y be as in Exercise 9.2 and put L(Y) = {f € C(Y)|f(z, 1) is
analytic in |z| < 1}. Then S(L(Y)) = Y.

EXERCISE 9.4. Let A2 = {(z, w) € C?|z| < 1, |w| < 1} and A(A?) = {f €
C(AY)|f € H(S), where Q = interior of A?}. Show that S(A%) = T =
{(z, w)||z| = |w| = 1}. Note that here the Silov boundary is a two-dimensional
subset of the three-dimensional topological boundary of A2,

EXERCISE 9.5. Let B" = {z € C"|Y ", lzi]> < 1} and AB") = {f €
C(B")|f € H(R2), 2 = interior of B"}. Show that S(2(B")) = topological
boundary of B".

Note that in all these examples, as well as in many others arising naturally,
the complement M\ S(2l) of the Silov boundary in the maximal ideal space is
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the union of one or many complex-analytic varieties, and the elements of A are
analytic when restricted to these varieties.

We shall study this phenomenon of “analytic structure” in M\S’ () in several
later sections.

‘We now proceed to consider one respect in which elements of A act like analytic
functions on M\S‘ 0.

Let 2 be a bounded domain in C. We have

(1) For F € A(Q). x € Q.|F()| < max |F|.

The analogous inequality for an arbitrary Banach algebra 2l is true by definition:
For f e A, x € M,

1F )| < ranI}l.
S@)

However, we also have a local statement for A(2). Fix x € Q and let U be a
neighborhood of x in . Then

2) For F € A(R), |[F(x)| < r%'zl]x |F|.

The analogue of (2) for arbitrary Banach algebras is by no means evident. It is,
however, true.

Theorem 9.3 (Local Maximum Modulus Principle). Let* be a Banach algebra
and fix x € M\SQ®). Let U be a neighborhood of x with U € M\SL). Then
forall f € 4,

3 [f()] < ngglel.

Lemma 9.4. Let X be a compact, polynomially convex set in C" and U, and U,
be open sets in C" with X C Uy U U,. Ifh € H(U; N U,), then 3 a neighborhood
WofXandh; € HW NU)), j = 1,2, sothat

hl—h2=hinWOU1ﬂU2.

Proor. Write X = X; U X;, where X; is compact and X; C U;,j = 1,2.
Choose fi € C;°(Up) with0 < f; < 1l and f; = 1 on X,. Similarly, choose
f2 € C3°(U). Then fi + f> > 1on X, and so fi + f> > 0 in a neighborhood
V of X.In V define

_ fi _ f2
i+’ " i+

Then ny, n, € C*®°(V), ;i +np = 1in V,andsuppn; C Uj;, j = 1, 2. Withno
loss of generality, U; = U; N V. Define functions H; in C*(U;), j = 1,2 by

m

Hy =mhinU; N Us, H; = 0in U\Uj,.
H) = —nihin Uy N Uy, H, = 0in U,\U,.



9. The Silov Boundary 53

Then
Hy — H, = (1 +n2)h = hinU; N U,.

Hence dH, = 3H, in U, N U,. Let f be the (0, 1)-form in U; U U, defined
by f = 0H, in U;, f = dH, in U,. Then f is d-closed in U; U U,. We can
choose a p-polyhedron [ with X C [[ C U; U U,. By Theorem 7.6, then, 3 a
neighborhood W of []and F € C®(W) with dF = fin W.

Puthj = Hj —FanjﬂW,] = 1,2.Thenh1 —hz =hinU1 nUan,
anddh; = f — f =0inU; N Wisoh; € HU; NW), j =1,2. O

Lemma 9.5. Let K be a compact set in CN and U, and U, open sets with

“® U,ul,; DK,

) U nNnu, C {Rezl < 0} and dhy € HUy), hy, € H(U)

with

log 71
21

Then AF holomorphic in a neighborhood of K with F = 1on K N{z; = 0} N U,
and |F| < 1 elsewhere on K.

(6) hy — hy, = inU, NU, and KNU, C {Rez; <0}.

ProOOF. By (5) we have in U; N Uy,
z1hy — z1hy = log 74 SO e = 7,0,
It follows that if we define

f _ eZIhl in U],
Z16Z1h2 in U,,

then f € H(U; U U,). Also
@) f never vanishes on K\({z; = 0} N Uy).
Assertion. 3¢ > O such thatif z € K\({z; = 0} N U,), then f(z) lies outside
the disk {|jw — ¢| < &}.
Assume first that z € U,. Then
71 = e—mhzﬁ SO Zlhz — e—mhz . hzf,

or z1hy = C - f, with C € H(U,). Hence z; = fe ¢/ = f + kf?, with
k € H(U,). By shrinking U, we may obtain |k| < M on U,, M a constant. Since
Re z; < 0 by (6), we have, at z,
0 = Re f +Re(kf?) = Re f — | fI*|k|
> Re f — M|f|*.
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Put f(z) = w = u + iv. Then
u—M@u* +v?) <0,

and so

1)’ s
- — v —.
YT oM = a2
Thus f(z) lies outside the disk:
1
lw— —| < —.
2M 2M
On the other hand, K\U, is compact and f # O there. Hence for some r >

0, |f(z)] = rif z € K\U,. The assertion now follows.
Let D, be the disk {Jw — ¢| < &} just obtained and put

&
f—e
By choice of D,, F is holomorphic in some neighborhood of K. Also on {z;

0}NU,, F = lsince f = 0, and everywhereelse on K, |F| < 1since |f —¢| >
. O

F=-—

Lemma 9.6. Let 2 be a Banach algebra, T a closed subset of M and U an open
neighborhood of T. Suppose that 3¢ € A with¢ = 1onT, |¢p| < 1 on U\T.
Then 30 € Awith® = 1on T, |O| < 1 on M\T.

ProoF. T and M\U are disjoint closed subsets of M. Hence 3g3,..., g, €
A such that if § : M — C"!isthe map m — (&(m), ..., 8,(m)), then
g(T) N gM\U) = ¢. (Why?)

Put gy = ¢ — 1. Then g = Oon T and Reg; < 0 on U\T. Let now
G : M — C" be the map sending m — (g,(m), g2(m), ..., g,(m)). Then
GM) =o0(g1,...,g). Wehave

) G (T) is a compact subset of {z; = 0},
O G(T) is disjoint from G(M\U),
(10) G(U\T) C {Rez; < 0}.

Choose a neighborhood A of G(T) in C" with A N G(M\U) = #. It is easily
seen that 3 an open set Dy in C" such that

(11) DyUADGM) and DyNA C {Rez < O}.

By a construction used in the proof of Theorem 8.2, 3Cy, ..., C,;, € U such
that if B is the closed subalgebra generated by g, ..., g, C1, ..., Cp, then
op(g1,-.-,81) C Do U A.

Puto = o(gi,..., 81 Ci,...,Cp) C C"™ and let & be the polynomially
convex hull of o in C"*™_ Let 7 be the natural projection of C**"™ on C".
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Sinceo C op(g1, .-, 8&n» Ci, ..., Cy),andsince the latter setis polynomially
convex because g1, ..., C, generate B, & C op(g1,..., &, C1, ..., Cp), and
SO

7(6) C w(op(g1, ..., Cw)) = 0B(g1, ..., &n)-
Thus w(6) C Dy U A, and so
(12) 6 ¢ 7Y (Dy) U ~H(A).

Because of (11) we have
(13) 7 Y (D) N7 (A) C {Rez, < 0}.

Now & is polynomially convex and (log z;)/z; is holomorphic in 7 ~1(Dg) N
7~ 1(A). Lemma 9.4 then yields a neighborhood W of &, and hy € H(w ' (Dg) N
W), h, € H(r~'(A) N W) such that
log z;

21

We now apply Lemma 9.5 with 0 = K,U; = 7= '(Dg) N W, and U, =
7~ '(A)N W.Since 0 C &, hypotheses (4) and (5) hold. By choice of A and (10),
GM)N A C {Rez; < 0}, whence 0 N 7' (A) C {Rez; < 0}. So hypothesis
(6) also holds. We conclude the existence of F holomorphic in a neighborhood of
owithF =1on{z; =0} Nxw ' (A)N(A)No and |F| < 1 elsewhere on .

By Theorem 8.2, 3® € 2 with

M) = F(Gr(M), ..., g.(M), C(M), ..., Cr(M))

hy —hy = int Y (Dy) N7z N AN W.

forall M € M.For M € T,the corresponding pointof o isin {z; = 0}N7w~1(A),
so ®(M) = 1. For M € MA\T, the corresponding point of ¢ is not in {z; =
0} N~ (A), so |d(M)| < 1. O

PrROOF OF THEOREM 9.3.  Suppose that (3) is false. Chose x¢ € U with |f(x0)| =
maxg | f|. Then

(14) |F o)l > max | 7.

Without loss of generality, f(xo) =1LetT ={y € (:]|]A‘(y) = 1}. Then T is
compact and C U.Put ¢ = %(1 4+ f). Then¢p € A, ¢ = 1onT,|p| < 1on
U\T.

Lemma 9;6 now supplies ® € A, with <i>v= lonT, |<i>| < 1 on M\T. Since
U c M\S®), we get that |®| < 1 on S(). This is impossible, and so (3)
holds. o

Note. Some, but not all, of the following exercises depend on Theorem 9.3.

EXERCISE 9.6. Let 2l be a Banach algebra and assume that S ) # M. Show that
the restriction of 2 to S(2) is not uniformly dense in C(S(21)).
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EXERcISE9.7. Let 2l be a Banach algebra and assume that S ) # M. Show that
S(20) is uncountable.

EXERCISE 9.8. Let 2l be a Banach algebra and fix p € S (le). Assume that p is an
isolated point of S(2), viewed in the topology induced on S(2{) by M. Show that
p is then an isolated point of M.

Theorem 9.7. Let A be a uniform algebra on a space X. Let Uy, Uy, ..., Uy
be an open covering of M. Denote by L the set of all fin C (M) such that
for j = 1,...,s, flu, lies in the uniform closure of U|y,. Then L is a closed

subalgebra of C(M) and S'(E) C X.

ProoOF. The proof is a corollary of Theorem 9.3. We leave it to the reader as
*Exercise 9.9.

EXERCISE9.10. Is Theorem 9.3 still true if we omit the assumption U C M \5‘ &0)?

NOTES

Theorem 9.1 is due to G. E. éilov, On the extension of maximal ideals, Dokl.
Acad. Sci. URSS (N.S.) (1940), 83-84. The proof given here, which involves no
transfinite induction or equivalent argument, is due to Hérmander [H62, Theorem
3.1.18]. Theorem 9.3 is due to H. Rossi, The local maximum modulus principle,
Ann. Math. 72, No. 1 (1960), 1-11. The proof given here is in the book by Gunning
and Rossi [GR, pp. 62-63].
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Maximality and Rad4’s Theorem

Let X be a compact space and 2 a uniform algebra on X. Denote by || || the
uniform norm on C(X). Note that if x, y € %, then x + y € C(X), so that
[lx 4+ || is defined.
Lemma 10.1 (Paul Cohen). Leta, b € . Assume that

11 4+a+b|| < 1.
Then a + b is invertible in 2.

Note. When b = 0, this of course holds in an arbitrary Banach algebra.

PrROOF. Put f = a + b. We have
Il +a+bl| <1, hence [|1 +a + b|| < 1,
whence
INM4+a+b+1+a+0b|]| <2o0rk =]]1+Ref]] <.
For all x € X, then
|1 + Re f(x)| < k.

This means that f(x) lies in the left-half plane for all x, which suggests that for
small ¢ > 0,

1L+ ef(x)
lies in the unit disk for all x. Indeed,
11+ efF =1+ & f ()P +2eRe f(x)
<1+ ce? + 2de,

where c = || f||>andd = —1 +k < 0. Hence for smalle > 0, |1 +&f(x)| < 1
for all x, or ||1 4+ &f]|| < 1, as we had guessed.
It follows that e f is invertible in 2 for some € and so f is invertible. O

57
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We shall now apply this lemma to a particular algebra. Let D = closed unit disk
in the z-plane and T the unit circle. Let A(D) be the space of all functions analytic
in D and continuous in D. Put

2o = (A(D)Ir

and give 2y the uniform norm on I". 2 is then isomorphic and isometric to A(D)
and is a uniform algebra on I". The elements of %l are precisely those functions
in C(T") that admit an analytic extension to |z| < 1.

2y is approximately one half of C(I"). For the functions

e n=0,+1,+£2,...

span a dense subspace of C(I"), while 2y contains exactly those ¢/ with n > 0.

EXERcISE 10.1. Put g = Z’_’ » cpe'V?, where the ¢, are complex constants. Com-
pute the closed algebra generated by 2y and g, i.e., the closure in C(I") of all
sums

N
Zavg”, a, € 2.
v=0

Theorem 10.2 (Maximality Of 2y). Let B be a uniform algebra on T" with
Ay € B C C(I).
Then either %y = B or B = C(I).

We shall deduce this result by means of Lemma 10.1 as follows. Assuming
B # 2y, we construct elements u, v € B with

ey M +z-u+2z0] <1,
where z = ¢'%. Then we conclude that zu + zv is invertible in B, when z is
invertible in B. Hence B D ¢, n = 0, £1, +2, ..., s0 B = C(T"), as required.
To construct # and v we argue as follows: For each h € C(I"), put
2w
hy = — h(e®e %40, k=0,+1,42,....

2 0
EXERCISE 10.2. Let h € C(I"). Prove that i € 2 if and only if #; = 0, for all
k <O0.

Suppose now that B # 2y. Hence g € B with g, # 0, for some £k < 0.
Without loss of generality we may suppose that g_; = 1. (Why?)

Choose a trigonometric polynomial 7" with

) llg =TIl < 1.

We can assume 7_; = 1, or

-2 N
T = Z T,2" +z7' + Ztuz”.
Y 0
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Hence
) N
T = ZTuz”“ +1 +ZZT\)ZU
N 0

=Z-P+1+z0,
where P and Q are polynomials in z. Equation (2) gives
lzg —zTll <1 or (@ —-g)+ZP + 1|l <L
Also Q — g € B, P € B, so we have (1), and we are done. O

Theorem 10.3 (Rudin). Let £ be an algebra of continuous functions on D such
that

(a) The function 7 is in L.

(b) L satisfies a maximum principle relative to T':

|IG(x)| < mlgx|G|, allx e D,G € L.

Then L € A(D).

PrROOF. The uniform closure of £ on D, written 24, still satisfies (a) and (b).

Put B = . Because of (b), B is closed under uniform convergence on I" and
by (a), Uy € B. So Theorem 10.2 applies to yield B = 2y or B = C(T').

Consider the map g — G(0) for g € B, where G is the function in 2 with
G = g onT.By (b), G is unique. The map is a homomorphism of B — C and
is not evaluation at a point of I'. (Why?) Hence B # C(I'), and so B = 2.

Fix F e A. F|r € Ay,s03F* € A(D) with F = F*onT'. F — F*thene 2
and by (b) vanishes identically on D. So F € A(D) and thus % = A(D), whence
the assertion. O

Now let X be any compact space, £ an algebra of continuous functions on X,
and X, a boundary for £ in the sense of Definition 9.1; i.e., X is a closed subset
of X with

3) lg(0)| < max lgl, allge L,x € X.
0

Lemma 10.4 (Glicksberg). Let E be a subset of Xg and let f € L and f = 0
on E. Then for each x € X either

(@ f(x) =0 or

(b) 18(0)| < supy \g I8l all g € L.

Proor. Fix g € L.Then f - g € L.Fixx € X with f(x) # 0. We have

[(fe)®)] < max [fgl = sup |fgl
0 Xo\E

IA

sup | f] - sup |g].
Xo\E Xo\E
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Hence

lg(x)| < K sup [g],
Xo\E
where K = [f(x)|~! - supy,\g | f|. Applying this to g", n = 1,2, ... gives
lg()I" = |g"()] = K sup |g"| = K(sup |gD)".
Xo\E Xo\E
Taking nth roots and letting n — o0 gives (b). O

Consider now the following classical result: Let €2 be a bounded plane region
and z a nonisolated boundary point of Q2. Let U be a neighborhood of zj in C.

Theorem 10.5. Let f € A(2) and assume that f = 0ondQ2QNU. Then f =0
in €.

If we assume that
%) Ja sequence {z,}in C\Qwith z, — zo,

then Lemma 10.4 gives a direct proof, as follows.
Put X = Q, L = A(2). Then 92 is a boundary for L. Put E = dQ N U.
With z,, as in (4), put

&n(z) = .
Z— Zn
Then g, € L.If ¢ > 0is small enough, we have for all x € Q with |x — z¢| < &,
|gn(x)| > sup |gxl
IQ\E

for all large n. Hence the lemma gives f(x) = Oforall x € Q2 with |x — z9| < &,
andso f = 0. O

If we do not assume (4), the conclusion follows from

Theorem 10.6 (Rado’s Theorem). Let h be a continuous function on the disk
D. Let Z denote the set of zeros of h. If h is analytic on D\ Z, then h is analytic
on D.

PrROOF. We assume that Z has an empty interior. The case Z # ¢ is treated
similarly.
Let £ consist of all sums

N
}:am% a, € A(D).
=0

If f € L, f is analyticin |z| < 1 except possibly on Z, so
®) [f)l < max ||, allx € D
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We apply Lemma 10.4 to £ with Xo = TUZ, E = Z.Sinceh € Landh = 0
on Z we get by the lemma

(6) lg(0)] < st;p lgl, allg € L,

if x € D\Z, since then h(x) # 0.
By continuity, (6) then holds for all x € D. Thus £ satisfies the hypotheses of
Theorem 10.3, and so £ € A(D). Thus £ is analytic on D.

Note that Theorem 10.5 follows at once from Radd’s theorem.
For future use we next prove

Theorem 10.7. Ler A be a uniform algebra on a space X with maximal ideal

space M. Let f € 2 satisfying

@ |fl =1onX.

(b) 0 € f(M).

(¢c) 3 a closed subset Ty of T having positive linear measure such that for each
A € [y there is a unique point q in X with f(q) = A.

Then
7) For each 7, € D there is a unique x in M with f(x) = zi.
®) If g € U, 3G analytic in D such that

g=G(f) onf'D).

ProOOF. For each measure 1 on X, let f(1t) denote the induced measure on I';i.e.,
forS C T,

FS) = u(f71S)).

where f71(S) = {x € X|f(x) € S}.
Since by (b), f(M) contains 0, and by (a), f(X) C T, it follows that f(M) D
D. (Why? See Lemma 11.1.) Fix p; and p, in M with

f(p1) = f(p2) =z1 € D.

We must show that p; = p,. Suppose not. Then g € A with g(p;) = 1 and
g(p2) = 0. Choose, by Exercise 1.2, positive measures j¢; and p, on X with

h(p;) = /hduj, allh € 2,

forj =1,2.
Let G be a polynomial. Then

f Gd(f(u) = / G(Ndp = G(f(p)

and similarly for u,. Hence f(u;) — f(i2) is a real measure on I' annihilating
the polynomials. Hence f(u;) — f(uz) = 0. (Why?)
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Since by (c), f maps f~'(I'g) bijectively on Ty, it follows that s¢; and
coincide when restricted to f~!(I'g). Hence the same holds for the measure g,
and guo.

Put A; = f(gun;), j = 1,2. Then A; and A, coincide when restricted to I'y.
For a polynomial G we have

/ Gdi) = [ G(frgdi; = G(F(p)E(py).

Hence by choice of g,
/Gd)»l = G(z1),
/Gd)»z = 0.

Thus

©)] /Gd()»l — X)) = G(z1), all G.

It follows that the measure (z — z1)d(A; — X;) is orthogonal to all polynomials.
By the theorem of F. and M. Riesz (see [Bi2, Chap. 4]), 3k € H' with

(Z — Zl)d()hl — )»2) =kdz.

It follows that k = 0 on I'y. Since Iy has positive measure, k = 0. (See [Hof,
Chap.4].)Butz—z; # OonI,soA; — A, = 0, contradicting (9). Hence p; = pa,
and (7) is proved.

It follows from (7) that if g € 2, 3G continuous on D, with g = G(f) on
F~1(D). It remains to show that G is analytic.

Fix an open disk U with closure U C D. Let £ be the algebra of all functions

G=g(f), ge
restricted to U.
Choose x € U. f~'(U) is an open subset of M with boundary f~'(3U), and
f7l) e 71O,
By the local maximum modulus principle, if 1 € 2,
lh(f 7' ()| < max |h]
f71@U)

or

|H(x)| < max |H|
U

if H=h(f™") € £.Notealsothatz = f(f~!) € L.

Theorem 10.3 (which clearly holds if D is replaced by an arbitrary disk) now
applies to the algebra £ on U. We conclude that £ € A(U),andso G = g(f~1)
is analytic in U for every g € 2.

Thus G is analytic in D, whence (8) holds. O
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NOTES

Lemma 10.1 and the proof of Theorem 10.2 based on it are due to Paul Cohen, A
note on constructive methods in Banach algebras, Proc. Am. Math. Soc. 12 (1961).
Theorem 10.2 is due to J. Wermer. On algebras of continuous functions, Proc.
Am. Math. Soc. 4 (1953). Paul Cohen’s proof of Theorem 10.2 developed out of
an abstract proof of the same result by K. Hoffman and I. M. Singer, Maximal
algebras of continuous functions, Acta Math. 103 (1960). Theorem 10.3 is due
to W. Rudin, Analyticity and the maximum modulus principle, Duke Math. J. 20
(1953). Lemma 10.4 is a result of 1. Glicksberg, Maximal algebras and a theorem
of Radd, Pacific J. Math. 14 (1964). Theorem 10.6 is due to T. Rad6é and has
been given many proofs. See, in particular, E. Heinz, Ein elementarer Beweis des
Satzes von Radé-Behnke-Stein-Cartan. The proof we have given is to be found
in the paper of Glicksberg cited above. Theorem 10.7 is due to E. Bishop and is
contained in Lemma 13 of his paper [Bi3].
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Maximum Modulus Algebras

Let A be an algebra of functions defined and analytic on a plane region 2. Fix a
disk A = {z : |z — 29| < r} € Q. Then the inequality

(D | f(zo)| < max | f (@)

holds for every function f in A.

In more complicated situations, one often meets the following generalization of
(1): We consider an algebra A of continuous complex-valued functions defined on
a locally compact Hausdorff space X. We assume that A separates the points of X.
We fix a function p in A and an open set €2 in C, such that p is a proper mapping
of X onto , “proper” meaning that p~'(K) is compact for each compact set K
in . We now assume, for each Ay € €2 and each closed disk A centered at Ag, the
inequality

) lg(D)] <= max |g]
p~1(4)
foreach x° € p~'(Ap) and g € A.

If (2) holds, we say that (A, X, Q, p) is a maximum modulus algebra (on X,
with projection p over 2).

ExeRrCISE 11.1. Let X be the product of the open unit disk and the closed unit
interval, i.e.,
X={1t:2€C A <1,0<t =<1}
Let A be the algebra of functions continuous on X, such that, forall7,0 <7 < 1,
A= f(A, 1)
is analytic on {|A| < 1}. Put p(A, f) = A. Show that (A, X, 2, p) is a maximum

modulus algebra on X.

EXERCISE 11.2. Let A, w be complex coordinates in C2. Let ¥ denote the complex
curve w?> = zin C%, ie., ¥ = {(z,w) € C* : w?> = z}. We take X =
YN (2 xC),where 2 ={L € C:0 < |A] < 1} and p(A, w) = A. Note

64
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that for each A € €, p~'(}) is the pair of points (X, VA), (A, —v/2). Let A be
the algebra of all functions g on X that are analytic on X, in the sense that near
each point (Ag, wo) € X, g can be written as g = G o p for some G analytic on
a neighborhood of 1. Show that (A, X, €2, p) is a maximum modulus algebra on
X.

We now fix a plane region €2 that contains the closed unit disk and consider a
maximum modulus algebra (A, X, 2, p) over 2. We put I" equal to the unit circle
and Y = p~I(I"). We fix a point x° in p~1(0). As in Exercise 1.2, this yields the
existence of a probability measure j« on Y such that

0 = d
fx5) /yfu

forall f € A; p is a representing measure for x0~. Each continuous function ¢ on
I" “pulls back™ to a function ¢ on Y defined by ¢ = ¢ o p. We define the “push
forward” u, of  as the measure on I' given by

?3) pa(E) = u(p~'(E))
for each Borel set E C T'. For each ¢ € C(I"), we then have
) / pdp = / dd L.

Y r

as is easily verified. Also, clearly, 1, is a probability measure on I.
_ In particular, fixing a positive integer n and putting (1) = A", A € T we get
#(y) = p"(y), y € Y, and so (4) now gives

/p”du:/kndu*, n=1,2,....
Y r

By the choice of u, the left-hand side equals p” (x% = 0, since x° lies over 0. So

OZ/)\,ndﬂ*a n=12,....
r
Taking complex conjugates, we get
O=/)_»”du*, n=12,....
r

Also, 1 = [ dps.
Hence the Fourier coefficients of the measures u, and d6/2x coincide, and
hence w, = d6/2m. It follows that

~ 1
®) /¢du = 2—/¢d9, ¢ € C(T).
Y T Jr

Hence, if ¢ € C(I"), we deduce that

~ 1
©) / Bl = / I6[2d6.
Y T Jr
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We now form the space L?(i) of all functions on ¥ measurable-d 1 and square
summable. Fix ¢ € L2(I", ). We shall “lift” ¢ to a function ¢ on Y as follows:
Choose a sequence {¢,} € C (T') such that ¢, — ¢ in L2(F, 0 — ). In view of (6),
the sequence qbn converges in L?(xt). We put ¢ = lim,_, ¢,,, in Lz(u) Again by
(6), ¢ is independent of the choice of the sequence {¢,}, and (6) remains valid for
¢ and ¢. We define a subspace C of L?(1) by,

- do
C={pel’w:¢el’T, el
T

C is then a closed subspace of L2 (). We regard its elements as those functions in
L?(jv) which are “constant on each fiber of the map p.” We may identify C with
LT, %) by identifying ¢ with ¢.

We now shall consider the following: We fix a function F in A. Restricted to Y,
F lies in L?(j1). We shall study the orthogonal projection G of F on the subspace
C and show that G has interesting properties related to F. We write co(S) for the
closed convex hull of aset § € C.

Theorem 11.1. Fix F € A. Let G denote the orthogonal projection in L>(j1) of
FtoC. Then

@) G e H®onT and
®) G(0) = F(x")
) Fora.a. 6 € [0, 2], G(e') € co(F(p~'(e?))).

Note. H® denotes the space of functions in L°°(T") that are a.e. radial limits of
functions bounded and analytic in the unit disk.

PrROOF. F — G is orthogonal to C in L?(u), or
/(F —G)gdp =0, VgeC.
Y
This is equivalent to
(10) / Fgdu = / Gzdu.
Y Y
Since G and g € C, using our identification of C with L?(T", 4 5-), Gand g €

LA, 4£), and we verify that the right side in (10) is (1/27) f. G(e'%)g(e®)db;
so we get

1
a1 /Fédu - / G3do.
Y 2z Jr
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We now fix a positive integer n and put g = p". Then g is identified with A" in
LA, £2), and so we get

1
(12) /Fp”du = — / GM'do.
Y 27 Jr

By choice of & and choice of x?, the left-hand side = F(x°)(p(x%))". So
(13) 0= / G(ee"do, n=12....
r

Thus G belongs to the Hardy space H? on T.

Taking ¢ = 1in (11), we get F(x°) = [, Fdp = &= [. Gd6 = G(0), and
so assertion (8) holds.

Fix next Ay = ¢/® e I". Foreach § > 0, let o denote the arc of T from e
to ¢/ @+% and put

i(6o—38)

ion |7/, 6y —8<0 <6+
ga(e)—io, 10— 6o > 6

so that

6y+38

1 1 .
(14) / Fgsdp = — / Ggsdd = — G(e')do.
Y 2 r 28 0p—5

Also, [}, g5 o pdp = 55 Oio_tf Zd6 = 1, and supp(gs o pdp) S p~'(a).
The right side of (14) approaches G (L) for a.a. Ag € I'. The left side of (14)
approaches a point in the convex hull of the set F(p~!(Lg)), since the probability
measures gs o pdu have a weak-* convergent subsequence approaching some
probability measure supported in p~'(Ag). Hence G(Lg) € co(F(p~'(ko))) for
a.a. Ag € I'. Thus assertion (9) holds. Since F' is bounded on Y, it follows that
G € L*(I"), and, since G € H?, this yields G € H™, i.e., (7) holds. Theorem

11.1 is proved. O

We next replace the unit disk by an arbitrary disk A with center X, fix a point
xo in the fiber p~'(Xg), and prove the analogue of Theorem 11.1.

Theorem 11.2. Let (A, X, Q, p) be a maximum modulus algebra on Q2 and fix
F € A. Choose a closed disk A contained in 2, with center Ay, and fix a point x0
in p~' (o). Then there exists a bounded analytic function G on int(A) such that

(15) G(h) = F(x%), and

(16) G() € co(F(p~t(\)) fora.a. » € dA.

PrROOF. Let x(A) = ar + b, a, b € C, be a conformal map of A onto the unit
disk {|z] < 1}, x(X%0) = 0.PutIT = x o p. Then I1 € A and x maps €2 on the
region x (£2) and A on the closed unit disk. Hence (A, X, x(£2), IT) is a maximum
modulus algebra over x (£2). Also, IT(x?) = 0. By Theorem 11.1 there exists a
function H € H® such that H(0) = F(x°) and H(e?) € co(F(p~'(e?))),
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0ae.onl.Put G = Hox.Then G € H®(A), G(ho) = F(x°), and
G(\) = H(x (L) € co(FIIT ' (}x (1)) ae.on dA. Also, ITT™ ! (x (1)) = p~' (W),
s0 G(A) € co(F(p~' (1)) a.e. on dA. This gives the theorem. O

Corollary 11.3. Let (A, X, 2, f) be amaximum modulus algebra and fix a closed
disk A C Q. Assume that X lies one sheeted over A, in the sense that ' ()
consists of a single point for each A € A. Then, over A, every g € A is an analytic
function of f, i.e., there exists G analytic on intA and continuous on A such that

g=Go fon f7(A).

Proor. Fix g € A. By Theorem 11.2, there exists a bounded analytic function G
on int(A) such that

G € co(g(f~I(W) fora.a. A € DA.

By hypothesis, f~'(1) is a singleton; so co(g(f~'(1))) = g(f~' (1)), and so
G(A) = g(f~'(1)) a.e.on JA. f is a one-one continuous map of f~1(dA) onto
dA, and therefore £~ is continuous on d A, and therefore g( f ' (1)) is continuous
on dA.

It follows that G is continuous on the closed disk A. Hence we can choose a
sequence of polynomials {P,} such that P, — G uniformly on A. Hence P, o
f — G o f uniformly on f~1(dA). P, o f € A, for each n, and tends to
G o f = g uniformly on f~!'(dA). By the maximum principle for A, it follows
that, on f~'(A),

|[P,of —gl< max |P,of —gl|
FRIC)S)

Hence | P, o f — g| — Ouniformly on f~'(A),and Go f = gon f~1(A). O

We fix a maximum modulus algebra (A, X, 2, p). To each F € A, various
scalar-valued functions defined on €2 are associated, by considering for each A the
set

F(p~'() c C,

i.e., the image under F of the fiber over L. Each such set is compact.
Definition 11.1. Zz(A) = maxye,-1p [F(Y), A € L.
Definition 11.2. Fix an integer n > 2. Let S be a compact set contained in C. Put

d,(S) = max eS(]‘[ |zj — z&) ™D .

21,225,752 .
1,42 n ]<k

We call d,,(S) the n-diameter of S.

EXAMPLE.

dr(S) = max |z1 — z22].
21,2268
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So d,(S) is just the diameter of S:

1
d3(S) = max (lz1 — z2llz1 — z3llza — 23D ¥
21,22,23€S

For F € A and n fixed, the function
A i—=d, [F(p~ O], reQ

is another example of a scalar-valued function defined on €2, attached to F.

ExeRrCISE 11.3. Fix F € A. Then Z is upper semicontinuous on £2; i.e., for each
Ao € €,

Zp(Xo) > limsup Zp(A).
A=A

A real-valued function defined on 2 is subharmonic on  if:
(i) u is upper semicontinuous at each A € 2, and
(ii) For each closed disk A = {|A — Ag| < 1}

contained in €2, we have the inequality

1 2 .
(17) u(rg) < — / u(rg + re'ydo.
2 0
See Appendix Al for references to subharmonic functions.

Theorem 11.3. Let (A, X, Q, p) be a maximum modulus algebra over Q2. Fix
F € A. Then A 1—log Zg()) is subharmonic on Q.

ProoF. In view of Exercise 11.3, it suffices to show that log Z satisfies the
inequality (17).

We fix adisk A = {|A — Ag| < r} contained in Q2 and apply Theorem 11.2 to
the function F, a point x° € p~!(X¢), and the disk A. This yields G € H>®(intA)
with G(A9) = F(x9), and, by (16), |G(L)| < maxye -1 |[F(Y)| = Zp(A) for
a.a. L € dA. By Jensen’s inequality on intA, we have

1 2 . 1 27 .
log |G ()| < —f log |G(Ag+re®)|do < —f log Zp(rg+re'?)do.
2 Jo 27 Jo
The left-hand side = log | F(x°)|, so inequality (17) holds, and we are done. [

We wish to study the functions
ri—logdy [F(p™ )], A€,

with d,, given by Definition 11.2.

We next develop some machinery concerning the n-fold tensor product of the
algebra A. Fix an integer n > 1. Define X" = X x X x - -- x X, the topological
product of n copies of X. Define the n-fold tensor product of A, " A, by

N
®"A={g e C(X"): gx1. X2 ... X0) = Y gj1(x1)gj2(x2) - . gju(Xn),
j=1
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(x1, %2, ..., x,) € X", whereeach g;, € A, N is arbitrary}.

Define the map IT : X* — C" by IT(xy, xp, -+, X)) = (p(xy), p(x2), -+,
p(x,)). Let A" denote the closed polydisk in C" and T" = {(z1, 22, -+, 21) €
A"izjl=1,1<j<n})Puty ={(AA,---, 1) €eT": |A| =1},s0yisa
closed curve lying in 7".

Theorem 11.4. Let (A, X, 2, p) be a maximum modulus algebra over 2. Assume
that A = {|z] < 1} C Q. Fix F € @"A andﬁxxo e I70,0,---,0). Then

|F(x%)] < max |F|.
-1(y)

Note. By definition,

' (y)
={(x1, 22, -, %) € X" 1 px)) = -+ = pxn), and |p(x)| = 1}

To prove Theorem 11.4, we need the following.

Lemma 11.5. Under the hypothesis of Theorem 11.4, there exists a function G €
H®(T") such that

(18) G(0.,0,---,0) = F(x°), and,
if U is any relatively open subset of T",
(19) GllLe@y < sup [F].

-t
Remark. Just as in the case where n = 1, H*(T") is defined as the set
G € L*®(T",d6,---db,) such that fT" Ge$9 . en0gp, .. .do, = 0, if
St,-++, 8, € Zands; > 0 for some j. An analogous definition gives H>(T™).

H>(T") can be identified, by the Cauchy integral formula, with the Banach algebra
of bounded analytic functions in the open unit polydisk. Thus, in (18), G(0, - - -, 0)
denotes the value at 0 € C" of the extension of G € H*(T") to the polydisk.

ProOF. x° = (x{, - - -, x0) and p(x9) = 0, forall j. We may choose representing
measures 4y for x,?, supported on p~!(dA), such that

g(x,?):/ gd ., g€eA, fork=12,...,n.
pl(@A)

We form the product measure ;1 = i1 X [y X - -+ X [, supported on TT~1(T").
We denote by i, the “push forward” of & on 7" under the map IT.

EXEeRcisE 11.4. Show that the measure

1 n
s = (—) do,do6, ---dbo,, onT".
21
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We claim that u is a representing measure, for the algebra ®"A, i.e.,

(20) / hdp = h(x%), he@"A.
mn-1(rn)

Without loss of generality, we consider h(x) = g;(x1)g2(x2) - - - gn(xp), x =
(x1, X2, -+ -, X,), gj € Aforall j:

/ hdn
n-1(r)

= / 81(x1)&2(x2) - - - gn(xpn)d 1 (x1)
m_, (p; ' (94))

x dpa(x2) X -+ - X dy (xy)
= f 8 (x)dpj(xj) = i g;(x)) = h(x"),
Pyl @A)

proving (20).
For ¢ € C(T"), we define ¢ on TI-'(T™) by ¢(y) = ¢(T1(¥)), y € II-(T™).
Then we have

€2y / &dﬂ = / ddp, = (i) / ¢do, - - -db,,
n-1(T) n 21 T

and so

- 1\"
22) / |pdp = (—) |¢12d0) - - - db,.
-1 (7 2w T

This last inequality allows us to lift each ¢ € L%(T™), taken with respect to the
Haar measure on T”, to a function ¢ in L?(jt) that is “constant on the fibers of I1.”
We put, as in Theorem 11.1,

C=1{pel’n:¢elX (T

We identify C with L>(T"), by identifying ¢ with ¢. Arguing as in the proof of
Theorem 11.1, we assign to a given Fy € ®"A the orthogonal projection of Fj to
C,in L*(1), denoted by Gg. Then

(23) / Fogdp
H’I(T”)

1 n
H_I(T") v n

We claim that Gy € H?(T"), which means that
(24) f Goe™' .. e = 0,

where s; are integers with at least one of them being positive. Fix such an n-tuple

(s1, 82, - = -, ), where, without loss of generality, s; > 0,andputg = pj' --- py/'.
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Then, by (23), we have

1\" .
(25) / Fopil - p’;ndﬂ — _ / Goelslel . ly,, "d9 »
-1(T") 2T .

since py' - - - p¥, in C, is identified with ™% . . ¢/% in L2(T™). Without loss of
generality, Fo(x) = g1(x1) ... ga(x,), where each g; € A, and then

/ Fopy' ... pydp
-1

= / Py ...prplgr . guldp
(T

= / Py ... P X [/ Pl (xDgi(xy) ...
n?:2P71(3A) p~HAA)

gn(xn)dm(xl)]duz(xz) oo d g (X5).

The inner integral equals p (xl)gl()c1 )g2(x2) ... gn(xy) = 0, since pl(x?) =0.
By (25), it follows that fT,, Goe510 . eiOigp, - .. do, = 0,1i.e., (24) holds, and
s0 Gg € H3(T™), as claimed.

To prove assertion (19), we fix a relatlvely open subset If of T" and put M =
sup |Flon I~ 1(Z/l) Fix \0 = (e’91 et . €% inU. Foreach § > 0, form the
set Ks = {(?, &%, ... ¢i%): 16; —9°| < 8 1< ] < n}. We choose g to be
the characteristic function of K5 normalized so that ( 5= 5 )" fT,, gsdb, - --db, = 1.
Applying (23) with g = g5, Fy = F,and Gy = G, we get

(26) I/ Fgsdu| = |Ca/ Gdo, . ..do,|,
-1(Ks) Ks

where cs = (volume(Ks))~!. As § — 0, the right-hand side tends to G(A°) for
a.a. A%inU. For fixed A° ini/ and all small §, the left-hand side < maxp-1(k,) |F| <
supp-1q | F|. Hence GO < supp-1qy | Fls a.e. on U. Hence (19) holds and
also G € H*°(T") . The lemma follows. O

PrOOF OF THEOREM 11.4. We shall use the fact that, at almost every point,
(e, ei®%, ... ¢%) e T" relative to the Haar measure G(e'?, €%, ..., ¢'%) =
lim,_ ¢ G(re"’l, re'®, ... re'%). Wefix aneighborhood U of y on T”.Fixacircle

U= (e, ¢cei®, ..., {ei"") 1 |¢| = 1} € U such that fora.a. £ on {|¢| = 1},
G(e?, cel®, . .. cel®) = lim_ G(rece®, ree’®, ... rze®). On the disk
bounded by y!, that is, on {(ze'?, ce'®, ... cel%) 1 |¢| < 1},

|G| < ess sup |G(¢e'®, ce®, ... cel%)| < ess sup |G| < sup |F|
[¢1=1 -1

by (19). In particular, |G(0, 0, ..., 0)| < SUP-1 ¢y |F.
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Given € > 0, we choose U such that supp-ig, [F| < supp-i, [F| + €. It
follows that

1G(0,0,...,0) < sup |F|+e.
-1(y)

Since € is arbitrary, we conclude that

|G(0,0,...,0) < sup [F]|.
I-1(y)

Also, by (18), G(0,0, ..., 0) = F(x"). So

|F(x%)] < sup |F|.
n-1(y)

Theorem 11.4 is proved. O

We now look at the “diagonal” of the product space X", given by

Definition 11.3.
X" = {0 22, ) € XU p(u) = p) = -+ = paa)).
We define the projection function 7 : X™ — Q by
(X1, X2, . X)) = px)(= pxa) = -+ = p(xn)).
We also put

Definition 11.4. A™ is the restriction of ®" A to X ™.

Theorem 11.6. (A™W, X Q. ) is a maximum modulus algebra.

ProOF. Clearly, A®™ is an algebra of continuous functions on X™. Let A be a
closed disk in € with center Aq. Fix x° € mw~1(4y) € X®. We must show that

27) [F(x%)| < max |F|, F € @"A.
7-1(0A)
Without loss of generality, Ay = 0 and A is the unit disk. We have that
7HOA) = (X2, X)) 2 p) = o = plxy) = ¢with[¢] = 1)
and I7'(y) = {(x1,x2,.... %) : (p(x1),..., p(x,)) € y}. Since y =

{0 A, ...,0) A = 1}, 771(@A) = TT7!(y). By Theorem 114, |[F(x°)| <
maxp -1, | F|. Hence (27) holds and Theorem 11.6 is proved. O

Now let (A, X, Q, f) be a maximum modulus algebra. Fix g € A. For each
A € Q, theset g(f~'(1)) € C. We fix an integer n and we form the function

Mi—=dy(g(fTT V), reQ,

where d,, is the n-diameter defined in Definition 11.2.

Theorem 11.7. A 1—logd,(g(f~' (L)) is subharmonic on Q.
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ProOOF. For ease of understanding we take n = 3. The proof is the same for
eachn > 2. log(ds(g(f~'(1)))) = loglmax |z; — z2|lz1 — z3llz2 — z3/1'/3, the
maximum being taken over all triples (z1, 22, z3) with each z; € g(f “TW)).

Now the statement z; € g(f~'(%)) means that there exists x; € f~'() with
g(x;) = z;j.Soatriple (z1, 22, z3) is in the competition exactly when it has the form
(g(x1), g(x2), g(x3)) with f(x;) = A, j = 1, 2, 3. By Definition 11.3, the triple
(x1, X2, x3) € X¥ if and only if f(x;) = f(x2) = f(x3) and w(x1, X2, x3) =
f(x1), where 7 is the projection of X to Q. Hence

log d5(g(f~' (M)
= log[ | max _[g(n) = g(x)llg(x1) — g()llg(x2) — g(xp)l]

T (X1,X2,X3)=

1/3

We define, for (x;, x5, x3) € X<,

G(x1, x2, x3) = (8(x1) — g(x2))(g(x1) — g(x3))(g(x2) — g(x3)).

Thus G € A®. We have logd3(g(f~' (1)) = 3 log[max |G(xy, x2, x3)|, the
maximum being taken over 7 7' (L) € X,

By Theorem 11.6, (A®), X® @, 7) is a maximum modulus algebra, and,
hence, by Theorem 11.3, A 1 — log[max,-1(,, |G|] is subharmonic on €. Thus
X 1—=log(ds(g(f~'(A)))) is subharmonic on  and Theorem 11.7 is proved. O

We shall write #S for the cardinality of a set S.

Definition 11.5. Let (A, X, @, p) be a maximum modulus algebra. Let E be a
subset of 2. For n an integer > 1, we say that (A, X, Q, p) lies at most n-sheeted
over E if #p~'(L) < nforeach A € E.

ExampLE 11.3. LetQbearegionin Cand letay, ay, . . ., a, be analytic functions
defined on Q. We let X be the set in C? defined by the equation

(28) W+ a @O+ a@Qw"? + -+ a,(z) =0,

in the sense that X = {(z, w) € C? : (z, w) satisfies (28)}.

Let A be the algebra consisting of all restrictions to X of polynomials in z and
w. Then A is an algebra of continuous functions on X. Put p(z, w) = gz, for
(z,w) € X. Then p € Aand p : X — € is a proper map.

We claim that (A, X, €2, p) is a maximum modulus algebra, and that it lies at most
n-sheeted over Q2—provided that the polynomial of (28) satisfies an additional
hypothesis on its discriminant, to be formulated below.

For each z € €2, equation (28) has n roots in C, and we denote these roots by
wi(z2), w2(2), . .., w,(2), taken in some order. If o is any symmetric function of
n variables, the number o (w(z), w2(z), . . ., w,(z2)) is independent of the order
of the roots and hence gives a single-valued function of z on .
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In particular, if we take o to be ]_[l-<j(w,~ — wj)z, and define D(z) =
[1i- j(wi(z) —w j(z))z, then D is a single-valued function on Q2 called the
discriminant.

HypoTHESIS. We shall assume that D is not identically O on 2.

The coefficient functions a; in (28) correspond to the elementary symmetric
functions. Since [[;_ jwi —w j)2 is a polynomial in the elementary symmetric
functions, it follows that D is analytic in €2. Since, by hypothesis, D is not iden-
tically 0, the zeros of D form a discrete subset A of €2; A is empty, finite, or
countably infinite.

Fix zp € Q \ A. Then the roots w(z), wz(2), ..., w,(z) are distinct. Cauchy
theory yields that, in some neighborhood U of zj, there are n single-valued
analytic functions wq, wy, ..., w, that provide the roots of (28). For z € U,
the points of X over z, i.e., which are mapped to z by p, are the points
(z, wi1(2)), (z, w2(2)), ..., (2, w,(2)). Fix a function f € A. Then there exists
a polynomial Q(z, w) such that f((z, w;(2))) = O, w;j(x),j =1,...,n.
Thus the function z 1— f((z, w;(z))) is analytic on U for each j. We define
the symmetric function o (o, o2, - -+, &,) = max;<j<, |ot;|. Hence the function
Uz l—>maxi<j<, | f((z, w;(2)))] is well defined on € \ A. By the above dis-
cussion, | f((z, w;j(z)))| is locally subharmonic at each point zo in € \ A. Hence
u is subharmonic on € \ A and has isolated singularities at the points of A. In
a deleted neighborhood of each point of A, u is locally bounded. It follows (see
[Tsu] Thm. II1.30) that, if we define u(z;) = mz_mu(z), then u is subharmonic
on all . We claim that the equality u(z) = maXi<j<, | f((z, w;(z)))| remains
true at points z € A; by the definition of u, we already know that it holds for
points z € £\ A.Let A € A and fix one of the roots w;, (1) at A. Then, by the
Cauchy theory, there exists zx — A, zx € €\ A and points {w;,(z)} such that
wj, (zx) — w;j,(2) . It follows that z 1 —max; <<, | f((z, w;(2)))] is continuous
at z = A and so the claim follows.

Now let A be any closed disk contained in €2, with center g, and let xy be
a point of X lying over Ay. Since xq can be written (Ao, w;(Ao)) for some j,
| f(xo)| < maxi<j<u|f (Ao, wj(ho))| = u(ro). Since u is subharmonic on £2,
u(ho) < max;epa u(A) = max,-1a)(|f ). Hence [f(xo)| < max,-i1a)(|f])-
Thus (A, X, 2, f) is a maximum modulus algebra, as claimed. That it lies at
most n-sheeted over 2 is clear from the definition. O

‘We next show that a maximum modulus algebra (A, X, €2, f) which lies finite-
sheeted over a sufficiently large subset E of €2 is an algebra of analytic functions on
acertain Riemann surface, in the sense of the following theorem. See the Appendix
for the notion of logarithmic capacity.

Theorem 11.8. Ler (A, X, Q, f) be a maximum modulus algebra. Assume that,
for some integer n, there exists a Borel set E C 2 of logarithmic capacity c(E) >
0, such that, for every A € E, #f~'(L) < n. Then:

i) #f7'(W) < nforevery h € Q, and
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(ii) there exists a discrete subset A of Q such that f~'(Q\ A) admits the structure
of a Riemann surface on which every function in A is analytic.

ProOF. Fix a function g € A. By hypothesis, if A € E, #f7'(\) < n;
so #g(f~'(M)) < n and hence d,41(g(f~'(A))) = 0. We define (1) =
logd,1(g(f~'(1))) for A € Q. Then ¥ (L) = —oo on E. Also by Theorem
11.6, ¥ is subharmonic on €2. By the Appendix, since c(E) > 0, this implies that
v is identically equal to —oo. Hence d,,;1(g(f~'(A))) = Oforall A € Q.

Fix Ay € Q. Suppose that #f ' (1) > n + 1. Then, because A separates the
points of X, we may choose g € A such that the set g(f~'(Xo)) contains at least
n + 1 points. Hence d,;1(g(f ' (A))) # 0. This is a contradiction; so no such
Ao exists. Thus # £ ~'(1) < n for every A € Q. Assertion (i) is proved. O

Define Q, = {A : #f ' (1) = n}. We clearly may assume that £2,, is nonempty.
Fix p € f~1(R,). We shall construct a neighborhood of p in X such that f maps
this neighborhood one-one onto a disk in €2, centered at Ao = f(p).

By hypothesis, f~'(A¢) = {p1, P2, . .., pn}. Without loss of generality, p =
P1. We choose disjoint compact neighborhoods U of p;, 1 < j < n, and choose
aclosed disk A = {A : [A — Ag| < 1o} with f~1(A) C Ui_U;. For each j,
weput X; = f~'(A) NU;. Then f~'(A) = Uj_, X;. By shrinking A, we may
assume that there exists & € A, such thatthe sets 1(X;),1 < j < n, lie in disjoint
closed disks in C.

Fix g € A. Define g on f~!1(A) by

~ | g onX,
&= 0 OIlUj#]Xj.

Claim 1. g is the uniform limit on f~!(A) of a sequence of functions in A.

PrOOF. Since the sets A(X;), 1 < j < n, lie in disjoint closed disks, we can
choose a sequence of polynomials {P,} such that P, — 1 uniformly on A(X;)
and P, — O uniformly on h(X ), for each j # 1. Hence the sequence (P, o h)g
tends to g uniformly on U}_, X; = f~'(A). Since (P, o h)g € A for each n,
Claim 1 is proved. O

Claim 2. Fix a closed disk T, with center A;, contained in intA. Fix x; €
f_l()\,l) N X;. Then

lg(x)] < max gl
fHETNX,

PrOOF. In view of Claim 1, there exists a sequence {g;} in A tending uniformly
to g oneach X;, 1 < j < n. For each k, [gi(x1)| < maxs-157) |gxl. Letting
k — oo, we get |g(x1)| < maxs-1(57) 2], and so [g(x1)| < maxs-157)nx, |g], as
claimed. U
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Claim 3. Fixr,0 < r < rg.Let T bethe disk {A € C : |A — Ag| < r} C intA.
Then

F(F'OTY N Xy) = aT.

PrOOF. Suppose not. Then f(f~'(dT) N X;) is a proper closed subset yy of
0T. We may choose a polynomial Q with |Q(Ag)| > max, |Q|. Now p; €
f_l()xo) N X;. By Claim 2,

[(@o x| = max [Qo fl.

F-HOTNX;

Also, [(Q o f)(x1)| = Qo) > max s 3m)nx, |Q o f1. Thisis a contradiction;
hence Claim 3 holds. O

It is clear that in the last three claims we may replace X by any X ;. We now
put X0 =X;N Ff'Gnt(A)), 1 < j < n. We denote by fj the restriction of
f to X 9 and by Aj the restriction of the algebra A to X. 9. Claim 3 yields that
f(XO) D intA, for all j. In view of the last three clalms, (Aj, X ,IntA, f;) is
a maximum modulus algebra over intA. Since #f~'(A) < n for each A€ Q,
it follows that each X ? is mapped one-one by f; to intA;. By Corollary 11.3 of
Theorem 11.2, we obtain the following.

Claim4. If g € A,1 < j < n, there exists G; analytic on intA and continuous
on A such that

g=Gjof onfl(A).

Now we have shown that f is a local homeomorphism from f~'(£,) to Q,.
This means that f~!(£,) is a Riemann surface defined by using f as a local
coordinate at each point—the “transition functions” between the local patches are
just the identity functions in all cases. Moreover, by Claim 4, the functions in A
are analytic with respect to this Riemann surface structure. Finally, by definition
of Q,, f is an n-to-one map of f~'(,) onto L.

We shall show that €2 \ €2, is a discrete subset of Q. Fix Ag € €2, and choose
g € A such that g separates the points of f~!(A). For A € Q,let py, ps, ..., pa
denote the n points of f~'(1) and put D() = [T, _;(g(pi) — g(p;))*. Note that
D(2) is independent of the ordering of the points {p;}.

Fix A; € Q,. As we saw, there exist a disk A centered at A; and neighborhoods
X1, X3, - -+, X, of the points py, pa, ..., p,in f~' (1)) such that on each X,
g admits a representation g = G; o f, where G; is analytic on intA. Hence
D) = r[i<j(Gi(A) — Gj()\))2 is analytic in A on £2,,.

Let b be a point of €2 lying on the boundary of €2 \ €2,,.

Claim5. D(A) — 0,as A — b.

PrOOF. We need only consider sequences {A;} in €2, that converge to b. Without
loss of generality, |g| < M for some M. Fix € > 0. Since b € (2 \ 2,),
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b € Q for some s < n;so f~'(b) = {g1.---.qy}. Choose compact disjoint
neighborhoods U/ of g; such that |g(g) — g(¢")| < € for g and ¢’ inl{;, for each j.
For k large, f~' () € U5_U;. Since £~ (A) consists of n points py, ..., ps,

and n > s, there exist two points p, and pg over A belonging to the same U/,
and so0 |g(py) — g(pp)| < 2¢. Then

DO =[] le(p) — gppl? < €27V mn=D=2,

i<j

Hence D(A;) — 0, as k — o0, so the claim is proved. O

Thus D is continuous on 2 and vanishes on 9($2 \ €2,). It follows from Rado’s
theorem (Theorem 10.9) that D is analytic on €2. Hence the zero set of D is discrete
and so, if A = Q2 \ ,, then A is a discrete subset of €2, as claimed. This proves
assertion (ii) of Theorem 11.8.

ExEeRrCISE 11.5. Let (A, X, @, f) be a maximum modulus algebra such that, for
some integer n, #f'(A) < n for all A €  and such that there exists Ay €
with #f~'(Xy) = n. Show that, for all g € A, there exist analytic functions
ai, dp, ..., a, on £ such that

g +a(f)g "+ +a(f) =0
on X.

We now shall consider a special class of maximum modulus algebras, which
arise in the study of uniform algebras.

Let 2 be a uniform algebra on a compact space Y and denote by M the maximal
ideal space of 2. Fix a function f € 2.

The image f(Y) of ¥ under f is a compact subset of C. We fix an open set
Q C C\ f(Y)suchthat f7'(Q) = {m € M : f(m) € Q} is nonempty. Then
f~Y(R) is a locally compact Hausdorff space. We write A for the restriction of 21
to f~1(Q).

Theorem 11.9. (A, f~'(Q), Q, f) is a maximum modulus algebra.

This assertion is an immediate consequence of Rossi’s Local Maximum Modulus
Principle, Theorem 9.3.

EXERCISE 11.6. Use Theorem 9.3 to give a proof of Theorem 11.9.

An elementary proof of Theorem 11.9, independent of Theorem 9.3, was found
by Slodkowski [SI2]. We now shall give a version of that proof.

PrROOF OF THEOREM 11.9. Tt is clear that f gives a proper map of f~!(Q) to
Q. We also need that £ maps f~'(Q) onto Q. Suppose otherwise. Then, since
£~ (L) is nonempty, there exists a Ay € 2\ f(M) such that dist(ry, fF(MN)) <
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dist(Ag, f(Y)). Hence there exists x° € M, with f(x?) € Qand | f(x°) — A, =
dist(ro, £OM). Then g = 1/(f — Ao) € Aand [gxO)| = 1/|f(x°) — Ao >
supyey 1/1f(y) — Aol = lIglly, a contradiction. Thus f maps () onto Q.

Now fix aclosed disk A € , with center A. Choose apointx? € f~!(x¢). Let
o be a representing measure for x° on Y. For each A € A, we define a functional
m; on 2{ by putting

_ =20
mx(h)—/Y<f_)L)hdMo, h e 2.
Then

(29) my, (h) = h(x"), h el

We next fix . € A and denote by I, the closed ideal in 2, which is the closure
of

(f=MNA={heA:3gecAwithh = (f — L)g}.

We form the quotient algebra 2{/I, and write ||[4]]]; for the quotient norm of
the coset [1] in A/ I, for h € 2. Put

c— fO) = %o
T aeayer | f(y) —A |
Then, putting ||#|| = maxy |h|,
lmy.(h)| < Cl|hll, h e A

Also,
m((f =29 = (= tedu =0, g e
som; = 0on I,. Fix h € 2. For each k in the coset [h], we have
lm; ()| < ClIkll;
therefore, we get
(30) lm; (W < ClI[A]ll5, h e
Finally, the definition of m; yields that we have
31 A 1—m; (h) is analytic on A for each h € .
Now fix g € 2 with g(x%) # 0,and fixA € A.Forn =1,2, ...,
Im;.(g")1 = ClIlg"lllx = ClIg]"lx.-
If we apply (31) to h = g", we may conclude that
A1 —log m;.(g")

is subharmonic on A. Hence

1
tog I¢" ()] = log Im, (¢")] < 5 f log |y (g")]d6.
T Jaa



80 11. Maximum Modulus Algebras

Therefore, using (30), we get

1 1
log |g(x%)] < 7 — log[C||[g"1]:1d6.
T Joga N
It follows that
1 1
(32)  loglgG) = o~ f ~ log Cdb + — f logl|ILg" 111, "1d6.
JT aA N 271' 9A

Now 1/, is a commutative Banach algebra. Each point of f~'(1) induces a
homomorphism of 2(/ 1, into C. We leave it to the reader to verify that, conversely,
each such homomorphism arises in this way. Hence the maximal ideal space of
2A/I, may be identified with £ ~!()). By the spectral radius formula, then,

Jim [[]Lg1"][:]7

exists and equals max,c -1y |g(x)|. Letting n — o0 in (32) and using Fatou’s
Lemma, we get

1
log |§")] < — / logl max |g[1d6.
27 Joa ' ®

It follows that
log |g(x%)| < log[ max |gll,
f1@a)

and so

gDl < max |g.

F7H@D)

This holds for each g, x°, and A. Therefore, (A, f~1(RQ), Q, f) is a maximum
modulus algebra and Theorem 11.9 is proved. O

In the next results we again let 2( be a uniform algebra on the space Y, M the
maximal ideal space of 2, and f an element of . As a corollary of Theorem 11.8
and Theorem 11.9, we obtain:

Corollary 11.11. LetU be a connected component of C\ f(Y). Assume that, for
some integer n > 0, #f~'(A) < n for each A € U. Then there exists a discrete
subset A of U such that f~'(U \ A) admits the structure of a Riemann surface on
which every function in A is analytic.

Assume 2, Y, M, f as above. Let U be a connected component of C \ f(Y).
Let m denote the arc-length measure.

Theorem 11.12. Assume that 0U contains a smooth arc « as an open subset, and
assume that there exists a closed subset E of o such that m(E) > 0 and such
that # f~Y(\) < n for for each » € E. Then#f~'(¢) < n for each ¢t € U, and
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hence the conclusion of Theorem 11.8 holds for the maximum modulus algebra
(A, F7UR), Q, f) given by Theorem 11.9 with Q = U.

PROOF. Recall the k-diameter dj as in Definition 11.2. Suppose that f~!(¢) > n
for some { € U. We construct a region Uy, with a piecewise smooth boundary,
such that U4, contains « as a part of its boundary and with ¢ € Uy C U.

Claim. Fix Ay € E.Fix g € A. Put
F(A) = logldyr1(g(fT'ON], A € Up.

Then lim sup;_,; ;g F(A) = —o00.

PrOOF OF CLAIM.  Denote by g1 (Ao), g2(Ao), - - - , gx(Ao) the points of £~'(Ag).
By choice of Ag, & < n. Next consider the points g(g;(A)), j = 1,...,kin
C. Consider closed disks A ; with center g(g;(X0)), j = 1, ..., k, and radius ¢,
for a small fixed € > 0, where the disks A; are disjoint or coincide, according
to whether the points g(g;(Xo)), j = 1, ..., k are distinct or not. Let {),} be a
sequence in Uy converging to Ag. Choose a neighborhood N of £~'(Ay) in M
such that g(NV) € U5_ A

Choose vg such that, for v > vy, f7'(A,) € AN.Fix v > v, Then
(W) S U A,

Suppose first that there are n + 1 distinct points zy, - - -, Z,11 in g(f~'(1,)).
Since k < n, then atleast two of them lie in the same A ;. Without loss of generality
we may assume that z;, z, is such a pair, and so [z; — 73| < 2e. Also, for every
pair of indices o, B with 1 < o, 8 < k,

lza = zpl = 2llgll.

Hence

(n+Dn 1
[]1ze — 261 = @o)2lIgID ™= .
a<pB

By definition of d,,4, then

(1+1)n

duir (2(F 7 00)) < (QOQIgl) = T,

and hence

(n+Dn

log(e)2llglh = .

(33) F() = logldy1 (g(f T )] £ ————

(n+ Dn
On the other hand, if there do not exist n + 1 distinct points in g(f~'(1,)), then
F(A,) = —oo. Hence (33) holds for all v > vy. Hence lim sup,_, ., F(X,) has
the same bound. This holds for all € > 0, and so lim sup,_, , F(A,) = —oo. The
claim follows. U

We now need the following result on subharmonic functions from the Appendix,
A3.
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Proposition. Given Uy, o, E as above, and given a subharmonic function x
defined on Uy, suppose that

limsup x(A) = —o0
A Ao heldy

foreach .y € E. Then x = —o0 inUj.

By hypothesis, there exist n + 1 distinct points py, pa, - -, pai1 € f1(Z). We
choose g € A with g(p1), g(p2), - -+, g(pn+1) distinct points in C. Put F(L) =
log[d,+1(g(f~'(M))], A € Uy, as before. By Theorem 11.7, F is subharmonic
in Uy. Also, the set g(f~'(¢)) contains the n + 1 distinct points gpj),j =
1,2,---,n+ 1.Hence d, 1 (g(f~'(¢))) # 0,and so F(¢) > —oo.

On the other hand, by the claim and the proposition, F = —o0 in U, and so
in particular F(¢) = —oo. This is a contradiction. Hence # f~'(¢) < n for all
¢ € U, and Theorem 11.12 is proved. O

It will be useful in some applications to derive the old inequality

) g% = max [gl, g€ A,
P 5A)

for each x° € p~'(A¢) and g € A, which is assumed to hold for every closed disk
A C Q, from the following weaker assumption:

(34)  Vig € Q,3e(hg) > Osuchthat [g(x*)| < max g, geA
pH@A)
0

for each x° € p~'(A), and g € A for every closed disk A with center Ay and
radius r < €(Ag).

Proposition 11.13. Let (A, X, 2, p) satisfy all of the assumptions for a maximum
modulus algebra except for (2). Suppose that (34) holds. Then (2) holds as well,
and (A, X, 2, p) is a maximum modulus algebra on X with projection p.

PrOOF. Fix Ay € Q. Choose €(1g) asin (34). Let A = {A : |A — Ag| < r}, where
r < €(h). Fix g € A and define Z, as in Definition 11.1. It is clear from the
definitions that Z,, and hence log Z,, are upper semi-continuous on 2.

It follows that we can choose a sequence {u;} of continuous functions on A
such that u; | log Z, on A. For each k, let Q; be a polynomial in A such that
IRe Qr — ur| < 1/k on dA. Then

35) log Z, < Re Qr + 1/k on 9A.

Fix x% € p~!(Xo). We now apply (34) to g replaced by ge~(@+P+1/0) Strictly
speaking, since e~ (2«(P)*1/K) need not be in the algebra A, we first apply (34) with
the exponential function replaced by the partial sums (polynomials) of its Taylor
series and then take a limit. We get

|g(x0)|e—(Re(Qk(ko))+l//€) < |ge—(Qk(P)+1/k) )]



11. Maximum Modulus Algebras 83

for some y € p~!(dA). Hence, with A = p(y),
|g(x0)|e—(Re(Qk()»o))+l/k) < Zg()\)e—(Re(Qk(l))-i-l/k) <1,

by (35). Hence

|g(x0)| < RN +1/k

Since this holds for every x° € p~!(Xg), we have

log Z,(Xo) < Re Qi(ro) + 1/k

1 1
= — Re(Qr + 1/k)d0 < — [ (ux +2/k)do.
2 Joa 21 Jya

Letting k — o0 and using the monotone convergence theorem, we arrive at

1
(36) log Z,(Mo) < —/ log Z,d6.
2 A

It follows from (36) (see the Appendix) that log Z, is subharmonic on €2. By the
maximum principle for subharmonic functions, this implies (2) for g and gives the
proposition. O
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Hulls of Curves and Arcs

In this chapter we shall study the polynomial hull of a curve in C¥, or, more
generally, of a finite union of curves in CV, by making use of the results on
maximum modulus algebras that we gave in the preceding chapter.

Let y1, 2, ..., ¥p be a finite collection of compact smooth curves in CV and
let y be their union. We shall write 7 for the polynomial hull z(y).

Theorem 12.1. If v is not polynomially convex, then y \ y is a one-dimensional
analytic subvariety of CV \ y.

Weuse z;, 1 < j < N, for the complex coordinates in CV. In order to prove
Theorem 12.1 we shall carry out the following steps.

Step 1. Fix apoint x° € $ \ y. Construct a polynomial f inzy, ..., zy such that

fG&%) =0and0 & f(y).

Notation. For S a subset of C,

FUS) ={G1,....av) €7 fz, ..., zy) € S}

We say that f~1(S) lies at most k-sheeted over S if, foreach A € S, #f~'(1) < k.
We say that f~1(S) lies finite-sheeted over S if f~'(S) lies at most k-sheeted over
S for some k.

Step 2. Let U and V be components of C \ f(y) that share a common boundary
arc « such that, for some integer s, there are exactly s points of ¥ which are mapped
to each point of o. (We will say that f|y is s to 1 over a .) Show that if f~'(U)
lies at most k-sheeted over U, then £~!(V) lies at most (k + s)-sheeted over V.

Step 3. Let Uy denote the unbounded component of C \ f(y). Show that £ ~!(Uj)
lies at most O-sheeted over Uy; i.e., if A € Uy, then there exists no point z in 7
with f(z) = A.

84
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Step 4. Let U* denote the component of C \ f(y) that contains 0. Show that there
exists a sequence

Ui,U, ..., U,

of components of C \ f(y) such that

(1) Uy and U, share a boundary arc o such that f|y is s to 1 over o for some
positive integer sg.

(2) Uj and Uj4, share a boundary arc «;; such that f|y is s; to 1 over «; for some
positive integer s;, j = 1,2,...,£ — 1.

3) U, = U™

ProoF OF THEOREM 12.1. First we get the sequence
U, U, ...,U =U"

from Step 4. By Step 3, f ' (Up) lies at most O-sheeted over Uy. Then, using Step
2 at each of the “edges” o, oy, . . ., o¢g—; we deduce, after £ applications of Step
2, that f~1(U*) lies finite-sheeted over U*. By Corollary 11.11, f~'(U*) is a
finite-sheeted analytic cover of U*. Since x° e f~1(U*), f~1(U*) provides a
neighborhood of x in 9. Thus 7 is locally an analytic variety at x°. Since this
holds for each x® € 7 \ y, 7 \ v is a one-dimensional analytic subvariety of
CN \ y and we see that Steps 1 through 4 imply Theorem 12.1.

We now proceed to carry out Steps 1 through 4.

We need, for Step 1, to define R(X) for X a compact subset of CV as the
uniform closure in C(X) of the rational functions r = p/q, where p and g
are polynomials in zj, 2o, - -+, zy and g(z) # O for z € X. We shall use the
observation that, if z;(X) € C has zero planar measure for all j,1 < j < N,
then R(X) = C(X). Indeed the assumption implies, by the Hartogs—Rosenthal
theorem (Theorem 2.8), that the function A 1 — A can be uniformly approximated
on z;(X) by rational functions of A with poles off of z;(X). Composing these
rational functions with z; we see that the function z 1— z; belongs to R(X) for
each j. Now the Stone—Weierstrass theorem yields R(X) = C(X).

Now suppose that x* ¢ y. Set X = {x°} U y. Since y is smooth, g(X) has zero
planar measure for all polynomials g on CV. By the previous paragraph, we have
that R(X) = C(X). The function on X that is 1 at x° and = 0 on y is continuous
on X. Uniformly approximating it by a rational function, we get r = p/q such
that 7(x°) = land |r| < lony,andg # Oon X. Nowset f = p — g. We have
f(x% =0and f # 0ony,since r # 1 on y. This completes Step 1.

We lead up to Step 2 with some discussion and a lemma. Let f be a nonconstant
function in the disk algebra A(A), and let p be a point in the open unit disk. Put
f(p) = A¢. The open mapping principle for an analytic functions tells us that
each neighborhood of p in A is mapped by f onto a neighborhood of X;.

The analogous statement for a uniform algebra is not true in general, as we
shall see in Example 12.1 further on. However, a violation of the “open mapping
principle” has a consequence for the algebra given in the following lemma.
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Lemma 12.2. Let (A, X, M) be a uniform algebra. Fix p € M\ X, f € A,
and put .y = f(p). Define K, a subset of C, by

K ={A:[A—hl=rac=arg— 1) =B},

where —m/2 < o < B < 31w /2. Assume that for some compact neighborhood
Nof pin M\ X we have f(N) C K. Then p is not a peak-point of the algebra
Al 1) on the space f~'(Xo).

ProoOF. By the Local Maximum Modulus Principle,

< ma R € A.
le(p| < nax lgl, g

Hence there exists a representing measure p for p on 9N, with

g(p) =/ gdun, ge€A.
aN

Choose a function ¢ continuous on K, analytic on intK, such that ¢ (Ag) = 1 and
lp(L)] < 1for A € K \ {Ao}. Then ¢ is a uniform limit on K of polynomials in
A Forn = 1,2, ..., define the measure 1, = (¢ o )", on N

Fix g € AN\ f~'(ho). Then f(g) € K \ {X}so [¢(f(g))| < 1 and hence
(o f)"(g) = 0asn — oo. It follows that,if g € A,

g(p) = / gdpn = / g@o Ndp — gdp.
oN N NN (ko)
If G € A|f-1(3,), there exists a sequence {g,} in A such that g, — G uniformly
on f~'(Xo). Hence

G(p) = f Gdpu.
AN (ko)

It follows, since p € N, that p cannot be a peak-point for A| ;-1;,). O

ExAMPLE 12.1. Let (A, X, M) be the uniform algebra where X is the torus T 2 =
{(z,w) € C: |z| = |w| = 1}, A is the bidisk algebra on T2, and M is the closed
bidisk AZ.

Fix p = (1,0) € M\ X, and let f be the first coordinate function (z, w) 1 —z.
Every neighborhood A of p in M maps into {|z| < 1}, and so f(/N) contains no
neighborhood of f(p) = 1.

We note that, as predicted in Lemma 12.2, p is not a peak-point of A1),
since f~1(1) is the disk {(1, w) : |w| < 1}.
We now use Lemma 12.2 to prove the following.

Lemma 12.3. Fix a compact set X in CY and let A = P(X) denote the uni-
form closure on X of the polynomials in z1, z2, . .., Zn. Fix f € A. Let U be a
component of C \ f(X) such that f~'(U) lies k-sheeted over U.
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Let a be a smooth arc on U such that X lies s-sheeted over o for some positive
integer s. Then, for almost all .y € o, there are at most k + s points in X lying
over \g.

PrOOF.
Claim 1. For almost all Ay € « there exists an open triangle S such that S €

U U {Xo}, with vertex at Ag, and there exist k single-valued bounded C" -valued
analytic functions on S:

o', o, , o
such that
k
@ o =UJww: res
v=1
and
. v .
(®)) Aelg‘ll;l/\o " ()) exists.

To verify Claim 1, we first fix T € U such that f~!(t) consists of exactly k
distinct points 29, 29, - - -, 2. Let g be a polynomial in C¥ that separates the points
29,25, - -+, 2. By Exercise 11.5, we form the polynomial

PO Z)=Z + a i VZF 4+ ap()

such that, for A € U, the roots of P(A, Z) are the values of g on the k (with mul-
tiplicity) points of f~'(1). The coefficient functions ag(X), a; (L), - - -, ar_1 (A)
are bounded analytic functions on U. Let D()) be the discriminant function of
P(\, Z).If D()) # 0, then f~'(X) contains k distinct points. D is a bounded
analytic function on U and D(t) # 0. Hence it has a nontangential limit that is
different from O a.e. on «, say, except on a subset Q; of « of measure zero.

It follows that, if .y € o \ Qj, there exists an open triangle S contained in
U with one vertex at Ay and such that S approaches Ay nontangentially in U and
such that D # 0 in S. For each A; € S there is a neighborhood 7 (X;) contained
in S and k C"-valued analytic functions ', @?, - - -, @* on n()\) such that, for
all A € n(ry), f~' (1) consists of the k distinct points @'(1), @*(A), - - -, @*(X).
It follows from the Monodromy Theorem, since S is simply connected, that the
functions ', @?, - - -, ©* on a given initial (1) can be analytically continued to
give single-valued analytic functions on S. By analytic continuation their values
atevery A € S are alwaysin f~!(X). Also, their values are always distinct—for if
continuations @ and w” from n(A,) are equal at some point A, € S, then v’ = @’
on a neighborhood of X, and so @* = w” on all of S. Thus (4) follows.

It remains to establish (5). For each coordinate function z; we form, as was done
above for g, the polynomial

Pi(h, Z) = ZF + a1 jONZE o+ ag (V)
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associated to z;; i.e., the roots of P;(A, Z) are the values of z; at the k points of
f~(n), for each A € U. The finite set {a;, j} of bounded analytic functions have
nontangential limits everywhere on « except for, say, a set Q, of zero measure.
We will show that (5) holds for Ag € & \ (Q; U Q).

Fix 4y € o\ (Q; U Q) and the associated triangle S and functions
o', @ -, 0" . Fixv, 1 < v < k. We verify (5) for w’. Write 0’ =
(h1, ha, -+, hy), where the h; are bounded complex-valued analytic functions
on S. Fix j. It suffices to show that lim,_,,, /; (1) exists. Forall A € S, h;j(A)isa
root of P;(A, Z). As . € S approaches Ao, the coefficients of P;(A, Z) approach
the corresponding coefficients of P;(Ag, Z), by the construction of Q. It follows
that the roots of P;(A, Z) approach the roots of P;(Ag, Z) as A € S approaches
Ao. Hence the set of all limit points of the values of /;(1), as A € § approaches
Ao, is a subset of the finite set consisting of the roots of P;(Ay, Z). This set L of
limit points can be written as

o
L= ﬂ hi(L € St A — Aol < 1/m)).
m=1
Since the sets h;({A € S : [A — Ag| < 1/m}) are connected, it follows that L is
connected. Hence L, being finite and connected (and nonempty), is a single point.
This means that lim; _,,, & ;(A) exists. This gives Claim 1. |

Fix )¢ as above. Put

w”(hg) = ,\elgmx o’(A), v=12, ...,k
A0

for each v, and put
pY = " (Lo).

Then p?, p9, - - -, p? are points in f~'(Xo). Let g1, g2, - - - , gy be the s points in
XN f_l()\o).
We now fix a point p € £~ (Ag).

Claim 2. If p # pS foreachv,1 < v < k,and p # g; foreach j,1 < j <,
then p is not a peak-point of A|;-1,).

PrOOF OF CLAIM 2. We choose a compact neighborhood A of p in X that excludes
pY, pS, -+, pYand g1, q2, -+, g5 . Suppose, by way of contradiction, that for
m=1,2,..., fN) meets (S \ {Ao}) N {|A — Ag| < 1/m}. Then there exists
Pm € N with f(p,) € S\ {h} and |f(p,) — o] < 1/m. Therefore, p,, €
F7(S); so, putting z,, = f(pm); we have, by (4), pn = ®"(z,) for some v,
depending on m, 1 < v < k. By passing to a subsequence, we may assume that
vis fixed. Asm — o0, p, — @w'(hg) = pS. Since N is compact and each
pm € N, p% € N. This contradicts the choice of N So, for a certain m, f(N)
fails tomeet (S \ {Ao}) N{|A — Ao| < 1/m}.Itfollows that F(N N F=I({|A—Xo| <
1/m}) € {{x — Aol < 1/m} \ S. By Lemma 12.2 applied to the neighborhood
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NN FLH{IA — Ag|l < 1/m}), then, p is not a peak-point of Al -100))- Claim 2 is
proved.

Claim 2 yields that the set of peak-points of A -1, is contained in the finite
set

p?a pga ) p](()a q1. 492, - - -, 4gs.
Hence f~!(Xo) is a subset of this set. This gives Lemma 12.3. O

We now can complete Step 2. By Lemma 12.3, almost all points A € « have
the property that f~!'(1) N § contains at most k + s points. By the regularity of
arclength measure, therefore, there is a compact subset £ of o of positive measure
such that £ ~1(1) N  contains at most k + s points for all A € E. Then Theorem
11.12 implies that £~!(V) lies at most (k + s)-sheeted over V. This gives Step 2.

For Step 3 we recall from the first paragraph of the proof of Theorem 11.9 that
either f(7) contains Uy or f () is disjoint from Uy—we use the fact that, by
Exercise 7.4, 7 is the maximal ideal space of P(y). Since | f(z)| < || fll, < oo
for all z € 7, f(7) does not contain Uy. Hence f(7) is disjoint from Uy. This
gives Step 3.

Finally we carry out Step 4. We can parametrize y by a finite set of C' maps
¢; 2 Jj =laj,bj] > CV, 1 < j <n.Since0 & f(y), we have f o ¢p; # 0
and so we have well-defined maps v; = f o ¢;/|f o ¢;| : J; — I', where I' is
the unit circle. Let C; be the set of critical values of ;. This includes ¥;(3J;).
By Sard’s theorem (see the Appendix), C; is a compact subset of I" of (linear)
measure zero. Let C be the union of the C;; C is also a compact subset of T’
of (linear) measure zero. Hence there exist —7/2 < o < B < /2 such that
Yo = {eff 1 <1t < B} is disjoint from C. By the chain rule, v; is regular on
TNy,

Consider the set 1/fj_l (v0) € J;. This set is a union of a finite number of closed
intervals {y; «} such that f o ¢; maps each such interval y;; homeomorphically
onto an arc 0, € C, where each o is contained in the “wedge” V = {¢ : o <
arg ¢ < B}; each o joins the ray {arg { = o} to the ray {arg { = B} and meets
eachray {arg ¢ = t}, o <t < B, exactly once. There are, say, K; such intervals,
foreach j,1 < j <n.

Fora <t < B, let m(t) be the number of points in the set

farg =} N Ugf»k'
jik
Thenm(t) < K1+ K>+ - -+ K,. Choose atq such that m(#p) = maxy;<g m(t).
We put £ = m(f). By the continuity of the maps f o ¢;, there exists € > 0
such that m(t) = £ fortg — € < t < ty + € and there exist £ distinct and
disjoint arcs oy, 1 < s < £, among the arcs {0} N W, where W is the wedge
{¢ 11— € <argl <ty + €} U {0}. Thatis, each of the K| + K, + --- + K,
arcs o N W is equal to one of the £ arcs oy. Then the set

E=w\ | o

1<s<t
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consists of £ + 1 components Wy, Wy, ..., Wy, where W, is unbounded and W,
contains 0. Since f(y) N W = E, each W, is contained in a component U, of
C\ f(y)for1l < s < ¢£.Clearly, (3) holds since 0 € W, C U,. Also, (1) and (2)
hold, by the construction of the y; x and o x, since the arcs {c} of (1) and (2) are
just the arcs {oy}. This gives Step 4 and concludes the proof of Theorem 12.1.

In the case that y is a smooth arc, we can deduce the following from Theorem
12.1.

Theorem 12.4. Let y be a smooth arc in CN. Then y is polynomially convex and
P(y) = C(y).

ProOOF. First we show that y is polynomially convex. Arguing by contradiction,
we suppose that there exists x° € 7 \ y. By Step 1 in the proof of Theorem 12.1,
there exists a polynomial f such that f(x°) = 0 and f # 0 on y. Since y is an
arc, there exists an open simply connected neighborhood U of y in CV such that
f has an analytic logarithm U. That is, there exists an analytic function 4 defined
on U, such thate” = f on U.By Theorem 12.1, A = # \ y is a one-dimensional
analytic subset of CV \ y.

Choose Uy open in C¥ such thaty € Uy € Uy € U.Then Q = A\ Upisa
compact subset of A such that the boundary of Q in A lies in U, so that f has a
logarithm on the boundary of Q. It follows by the argument principle that f has
no zeros on Q. This is a contradiction, since f(x%) = 0 and x° € Q. Thus y is
polynomially convex.

Before proceding we shall give a few more details about this application of the
argument principle. Except for singular points, A is a Riemann surface. This means
that we can triangulate A using “triangles” {7’} (2-simplices with smooth edges,
oriented by the analytic structure) such that the interior of each of these triangles
contain only regular points and f # 0 on 37 for all T— in particular, x° is an
interior point of one of these triangles, say 7y. By the classical argument principle
in a triangle,

L ﬁ > (0

2mwi 9T o
for all 7', and

L ﬂ > 1.

2mi Ty -

Let X be the union of all the triangles that meet Q. Since
X = Z{BT : T meets O},

we get

1 a _

2mi )
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On the other hand, since Q C ¥, after cancellation of common boundaries along
the triangles comprising X, we have 8% C U and so, since f = ¢’ on U,
L. ﬁ = L dh =0.
2mi E)) 2mi E))
This is the desired contradiction arising from the argument principle.

We have that y is polynomially convex. Hence y is the maximal ideal space
of P(y). This implies that if g is analytic on a neighborhood of z;(y) < C,
then g o z; € P(y). Consequently, the argument used in Step 1 of the proof
of Theorem 12.1, to show that R(X) = C(X), shows in the present case that
P(y) = C(y). a

For certain applications it is sometimes useful to have a statement that is more
general than Theorem 12.1. The following result reduces to Theorem 12.1 when
K =40.

Theorem 12.5. Let y be a finite union of smooth compact curves in CN (as in
Theorem 12.1) and let K be a compact polynomially convex set in CN. Then
K Uy \ (K Uy)isa (possibly empty) one-dimensional analytic subvariety of
CY\ (K Uy).

SKETCH OF PROOF. ~ Suppose that there exists x0 e m \ (K U y). We must
show that K U y is a one-dimensional analytic set near x°. The first step is to
produce a polynomial f in z, z, - - -, Zn such that f(x% =0,0 ¢ f(y), and
Re(f) < Oon K. This uses the polynomial convexity of K—we omit the details.
Now the proof of Theorem 12.1 carries over to give Theorem 12.5. In particular,
the construction in Step 4 of the proof of Theorem 12.1 works here because f(K)
lies in the left half-plane and the wedge V constructed in Step 4 lies in the right-half
plane, andso f~'(V) N (y UK) = f~{(V) N y. O
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Integral Kernels

13.1 Introduction

Let D be a smoothly bounded domain in C". By a kernel K (¢, z) for D we mean
a differential form

“ — _
() K@ 2=) aj&do N ANdG Ao NdE ANdE A - A dE,
j=1
whose coefficient functions a; are defined and smooth for ¢, z € D with ¢ # z.
Here XXx means omit xxx.

We are aiming for a formula

@) cof(z)zfan(z)K(E,z), z €D,

which is valid for every f € A(D), with ¢ a constant, where A(D) denotes the
algebra of functions that are continuous on D and holomorphic on D. In the case
n = 1, we have the celebrated formula

_ 1 4
3 16 =5 [ 0%

Here the kernel C(¢, 7) = d¢ /(¢ — z) is the Cauchy kernel. Formula (1) gives a
form of type (n, n — 1) in ¢, which allows us to integrate expressions f(Z)K (¢, z)
over dD.

In all that follows, the differential operators d, 9, 9 will be understood to be
taken with respect to the ¢-variables.

We list three properties enjoyed by the Cauchy kernel C (¢, z):

(i) dC =00onC\ {z}.

(ii) flé—z|=e C(,z) =2nmi,Vz e C,e > 0.
(iii) For every continuous function g on C,

92
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/| | 8(@)C(K¢, 2) §2nlgmalx g (D)1,
¢ —z|=€ —z|=¢€

valid forallz € C, e > 0.
ExerciSE 13.1. Verify properties (i), (ii), and (iii).

We now turn to the case n > 1, and consider a smoothly bounded domain D in
C". We fix a kernel K (¢, z) given by (1) and we impose on K the following three
conditions, analogous to (i), (ii), (iii):

(4) dK =0on D\ {z}.

) fl = K = cg, where ¢ is a constant independent of z and €. (Here, z € D
and {|¢ — z| = €} is the sphere in C" of center z and radius €.)

(6) There exists a constant M such that, for every continuous function g on D,

/ 8K, 2)| = Mlzmallx lg(®)|, ze€D,e>0.
[ —z|=e —zl=e

Theorem 13.1. Assume that K is given by (1) and satisfies (4), (5), and (6). Then,
for each f € A(D) N C' (D), we have

) Cof(z)=/3Df(§)K(§,z), zeD.

PrOOF. Fix € > Oand put D, = D \ {|¢ — z| < €}. On D, K is a smooth
(n,n — D-formin¢.
Fix f € A(D) N CY(D). We have on D,,

d(f(O)K(&,2) =df NK + fdK =df N K

by (4). Also,df AK = 3f AK +93f A K = 0, since d f vanishes because f is
analytic, and df A K = O since df is of type (1, 0) and K is of type (n, n — 1).
Stokes’ Theorem on D, now gives

FK = / d(fK) = 0,
D, e

/anK—/lz_d:eszo,

where {|¢ — z| = €} is taken with the positive orientation. Thus

or

®) / FK = / FK = / (@) — FEDK + F2) K
aD [¢—z|=€ [ —z|=€

[ —z|=€

=/| | (f@) = f@OK + cof(2),
t—zl=¢



94 13. Integral Kernels

by (5). In view of (6),

< M|;n_’?|’=‘6|f(§) - f@I

/| RUCENO
¢—z|=€

Since f is continuous at z,

c¢—0

lim [ /| U@ f@x] =0
& —z|=¢
It follows from (8), letting ¢ — O, that

[ fK =cof(2).
aD

Thus (7) is proved. O

13.2 The Bochner—Martinelli Integral

Fix n > 1. How shall we obtain a kernel K satisfying (4), (5), and (6)? In the
1940s, Martinelli and then Bochner (independently) constructed such a kernel. We
denote it by K. It is defined by

&~z

9 Kup(,z2) = Z iz _len dé_'l/\dé'l/\'-~/\;§_'\j/\d§j/\"-/\dgn AdE,.
=1

For fixed z € C", the coefficients of K are smooth on C" \ {z}.

Lemma 13.2. K p satisfies (4), (5), and (6) on each smoothly bounded domain
D C C". The constant ¢y in (5) equals 2mi)"/(n — 1)\

Proor. Foreach j,1 < j < n, we put
(10) a)j=d§_’1/\d{l/\---/\d’é_’\j/\dé‘j/\---/\dé_'n/\dé’n.
Then

EXERcISE 13.2. For each j, we have
dé_'j Nwj = /\;l'zldé:j A\ dé'j
We put B = A1_,d¢; A dg;, and so we have

(1D) diinw; =, j=1,2,---,n
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We proceed to calculate d K y/p:

dKyp = Zd CJ_ZJ ]/\C()j

(¢ =z
¢ —z[*"de; — (& — Zpn(g — 2" 'd (g — z)
ZZ[ ! : |§1_Z|4n ] @j-
=1
Now,
d(¢ —z) =d| Z((k — )& — W] = [(& — z0d e + (& — Z)d ]
=1 =1

Since w; contains each d ¢y as afactor, gy Aw; = Oforall k. Similarly, d GAw; =
O unless j = k. Finally, d¢; A w; = B by (11). Hence

1 n
dK = —
MET g =g ;
x (It = 21dE; A wj — 18 — 2P — z2D*7DdE; A ;)]

[n1¢ — 2B — nlg — z*"B] = 0.

g — z|*

Thus K, satisfies (4).
Next, with z € C", € > 0, we have

n
1 -
/ Kyp = Z/ =5 & = zj)w;.
I¢—zl=e =1 Jle—zl=e €

Writing, as earlier,
,B = dé_'j /\C()j = /\?:ldé_-j /\dé’j,

we have by Stokes” Theorem, for each j,

/ (& —2)w; =/ dl(Z; —z))w;] =/ RENCY =[ B,
1§ —z|=¢ [t —z|<e [t —z|<e [ —z|=<e

and so

n
/ Kyp = =, B
le—2l=e €7 Jir—zf=e

We write ¢; = & +in;, j = 1,2,...,n, with §;, n; real. Then 8 =
A?Zl(dsj —idn;) A (d&; +idn;) = Q2i)'d& ANdny A - - ANdE, Adn,. Letdx
denote Lebesgue measure on C" = R?". Then, as a measure on R, B = (2i)"dx.
So

n n
/ Kup = T(Zi)"/ dx = T(Zi)”eznvol(BZ"),
[ —z|=€ e |g—z|<e €
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where B?" is the unit ball in R?". Thus
" Qri)*
Kys = nQiy' = = .
/,;_z,zs Mo nl  (n— 1)

Thus (5) holds with ¢y = % .

Finally, let g be a continuous function on C*. Fix z € C", ¢ > O:

/| _ gKMB—ZGZ,,/ _ 8¢ — Zpw;.
{—z|=¢ —z|=¢

j=1

We make the change of variable: ¢ = z + €b, where b = (b, by, - -+, b,) is
in C". After this change of variable, {¢ : | —z| = €} = {b : Z']'-zl |bj|2 =1},
and we denote the right-hand side by S. Then, for all j,

/I | 2O — 7)),
§—z|=¢
= /g(z + eb)(eb;)(edby) A (edby) A - - A (edb))
N
A (edbj) A -+ A (edby) A (edby)
= / g(z + eb)o;(b),
N

where 0;(b) = b;db; Adb; A --- Adb; Adb; A --- Adb, Adb,. Here, o is
a (2n — 1)-form in b, independent of z and €. It follows that, for some constant &,

| [ 401 < kmax
s s
for every continuous function 4 on S. Thus, for each j,

I/g(z + eb)oj(b)| < k max |[g],
s ¢ —z|=e

and hence
"1
/ gKus| <) =€ || &z + eb)o;(b)| < nk max [gl.
¢ —z|=¢ = € N [t —z|=¢
So Ky p satisfies (6), with M = nk. We are done. O

In view of Theorem 13.1, the lemma gives

Theorem 13.3. For each smoothly bounded domain D C C",
(2711)”
(12) =D f@) = / f@)Kup(, 2),

whenever z € D and f € A(D) N C'(D).
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Remark. It follows immediately from (4) and Stokes’ Theorem that fa D
KMB(é‘aZ) =0ifz e C" \ D.

13.3 The Cauchy-Fantappie Integral

For various applications, kernels other than the Bochner—Martinelli kernel are
desirable. We shall introduce a certain class of kernels.

For a smoothly bounded region D € C”, fix functions w{(¢, z), . .., w,(¢, 2),
defined and smooth on D x D \ {¢ = z}. Assume that

n
(13) dwi€. @ —z)=1. teDzeD.#z
j=1
We write d, 9, d for the differential operator relative to {. We define
w(t, 2) = Wi(¢, 2), waZ, 2), ..., wa((,2)) €D, zeD, i #xz.

Thus w is a vector-valued map defined on D x D \ {¢ = z}. Given w as above,
satisfying (13), we define the corresponding Cauchy—Fantappie form K, (¢, z) by

n
(14) Ky(¢,2) = Z(—l)f‘ledwl/\- CAdwi A Adwg AT A A,
=1

Theorem 13.4 (Leray’s Formula). With D, w as above, we have

(15) £ = ao /B SR,

for every f € A(D) N CYD) and z € D, where ay = (—1)"*Y2(n —
/@iy

We shall deduce formula (15) from the corresponding result (12) for the
Bochner—Martinelli kernel. To this end, we now prove a number of lemmas.

Fix a point (zy, 22, . . ., 2,) in C". We use complex coordinates Zi, ... Z,,
Wi, ... W, in C*" and define a set X in C*" by

n
(16) Y WilZi—z) = 1.
k=1
It (Zy,...Z,, Wy, ..., W) lies on Xy, Z; # z for some k, so we can locally

represent X by the equation
We= (=Y WiZj - 2))(Z — 2"
J#k
It follows that X is a complex manifold of complex dimension (2n — 1).

Lemma 13.5. Fix positive integers N, k withk < N. Let ¥ be a k-dimensional
complex submanifold of CV, and let a be a holomorphic k-form on CN. Denoting
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by o|s the form on X obtained by restricting o to %, then,
da|ls =0 onX.

PrROOF. Let j : & — CV be the (holomorphic) inclusion map. Then «|x is just
the “pull back” j*(«). By a standard property of pull backs, d(j*(a)) = j*(dw).
Hence da|x is a holomorphic (k 4+ 1)-form on X, being the pull back of the
holomorphic (k + 1)-form do on C". Since there are no nonzero holomorphic
(k + 1)-forms on a complex k-dimensional manifold, we conclude that do |y, = 0
on X. O

We next fix a function f € A(D)NC'(D)and defineaforma on C**N{Z € D}
by

n
(A7) a = £(2) Y (=D " WedWiA- - AdWi A+ - AdWy NAZy A+ AdZy.
k=1

Then « is a holomorphic (2n — 1)-form on C*" N {Z € D}. We now restrict o to
>, where X is given by (16). Lemma 13.5 then gives d(a|x,) = 0.
We next make a particular choice of functions w; by putting

w;(¢,z) =

Since

n ~ B n |é_‘j _ Zj|2 _
S - =Y I 1 e
= = e -zl

condition (13) is satisfied. We form the kernel

Ky, 2) =

§ O -7
1/1 IS g
Z( ) |2 (|§—Z|2)

—

/\d( )/\ /\d(

Ie |2 Ie |2

)/\dgl "/\dé‘n-

Exercise 13.3. Let Py, P,, ..., P, and ¢ be functions defined and smooth on an
openset U € C", with ¢ # 0 on U. Then we have on U,

n P, [P P P
E—lk_l—kd(—l) d(—k> d(—”)
e N A Ul A

n
— N =D PdPy A AP A A dP,.
=1
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Applying the exercise to P, = EZ —Zt,k=1,2,...,n,and ¢ = | — 7|2,
we get

1 n _ _ — _
Ko = o DD @ =G A AdG A A, A,
k=1

where d¢ = d¢y Ad& A -+ - A dg,. Recall that the Bochner—Martinelli kernel

1 & —~ )
KMB:|§_—Z|2nZ(gk_zk)dgl/\dglA"‘AdgkAdgkA“'Adgn/\dgm
k=1

Exercise 13.4. Forgq, = n(n — 1)/2,

Kyp = (=D" Ky

We next define a family of maps x;, 0 < ¢ < 1, from 9 D into Cc?, given by

|;—_zz|2 +(—DwE,2), ¢eD.

(@) =@, 1

For each ¢,

n

Z [t Sk — 2k + (1 — Hw(c, z)](é“k — )

=1y & _Zrz G —z) + (1 = t);wk(f,z)(zk —z) =1,

o 6z

in view of (13) and the corresponding equality for w. It follows that the point y,(¢)
satisfies (16) for each ¢ € dD. Thus the cycle x,(dD) lies on the manifold ¥
defined by (16), for each r, 0 < ¢ < 1. It follows that the family of maps y;,
0 <t < 1, provides a homotopy between the maps

X0 : ¢ 1=, w(, 2))

and

X1 g =g, (g, 2)

as maps from 9 D to 3. Hence the cycles x((d D) and x;(d D) are homologous in
3. It follows by Stokes” Theorem that we have

(18) / o= / o,
X0(dD) x1(3D)

where « is the form defined by (17), since we have seen that the restriction of « to
Yo is a closed form.
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From the definition of « and of the maps yo and x;, we have that

/ o
X0(dD)

=/ FOY D wdwy A Adwg A A dwy A dE
9D k=1

=/ F(OKy(E, 2),
aD
and similarly

[ o =/ FOK(E, 2).
) D

By (18), then, the two integrals over d D are equal. By Exercise 13.4,
K¢, 2) = (=D"Kuyp(, 2).

So
2mi)t

f FOK(E.2) = (=) f FOKun(e. ) =~ 4o

9D 9D (n — D!
by Theorem 13.3. Thus

- Qmi)" _
(=D* " 1)'f() / F@OKw(g, 2).

Theorem 13.4 is proved. O

The last two results will be used in Chapter 14.

Lemma 13.6. Fixz € D, then dK,,(¢{,z) = Ofor¢ € D\ {z}.
PrROOF. Note that (13) yields d(}_j_, (w; (¢, 2)(¢; — z;)) = 0, or

(19) Y 10w — z)) + 0w;(g; — z;) + w;dg;] =0
=1

From (14),
n
dK, =Z(—1)f‘1dwj/\dw1 Ao Adw; A Adwg A A -+ AdE,.

j=1
Put

—

Bi = dw; Adwi A - Adwj A Adw, AdL.
ThendK,, = Y}_(=1)/7" ;. Note that, forall j, 8; = (=1)/ "' [Aj_;dui] A <.
Fix ¢ # z. Without loss of generality, ¢; # z;. Equation (19) yields
(20) (&1 —z)0wr = — (&1 — 2wy — widy

— Y L0w;(g; — z) + 0w;(g; — z;) + w,dE;).
=
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Let us wedge equation (20) with (/\k;éléwk) A d¢. We get on the left (¢ —
z21)(A}_ 0wy) A d¢ and on the right we get 0, because of repetitions. Hence
(&1 — z1)Bj = Oforall j. It follows that dK,, = 0. O

Lemma13.7. Fixz € D, and choose e > 0 such thatthe closedball{|¢ —z| < €}

is contained in D. Then
1= ao/ Ku(z,2),
{1t —z|=¢}

where ag = (—1)"""D2(n — D1/ Qi)
ProOF. Put D, = D\{l¢ —z| < €}. [, Ku = fo dK, = 0, by Lemma 13.6.

So
[ Ko = / Ko,
oD {lt —z|=¢€}

By Leray’s formula (15),
1= a()/ Kw.
9D
Hence
1 = aO / Kllh
{lg —z|=€}
which is the assertion. O
NOTES

The integral representations in this chapter generalize the Cauchy integral for-
mula to smoothly bounded domains in C", n > 1. Theorem 13.3 was discovered
by E. Martinelli in [Mar] and independently by S. Bochner [Boc].

The generalization of the Bochner—Martinelli formula given in Theorem 13.4,
which deals with the Cauchy—Fantappie kernels K, is due to J. Leray [Ler] (1956)
and is based on earlier work by L. Fantappie (1943). For an exposition of the theory
and generalizations, see the book of Henkin and Leiterer [HenL], Chapter 1.



14

Perturbations of the
Stone—Weierstrass Theorem

Let D be the closed unit disk in C. Given functions f, g on D, we denote by
[f, g] the algebra of all functions P(f, g) on D, where P is a polynomial in two
variables.

If z is the complex coordinate in C, the Stone—Weierstrass approximation theo-
rem gives that [z, z] is dense in C (D). What if we keep the function z, but replace
Z by a function by a function Z + R(z), where R(z) is a “small” function? Do we
then have that [z, Z + R] is dense in C(D)?

If “small” is taken to mean:

|R(z)| < eforallz € D
with € sufficiently small, the answer is No! Given € > 0, we define
R(re®)y = p(r)e™™, 0<r<1,0<6 <2m,
where p(r) = —r,0 <r <eand p(r) = —€¢,¢ <r < 1.Then |R| < €eon D,
butz + R(z) = 0, |z] < €. So every function in [z, 7 + R] is analytic on |z| < &,
and hence each uniform limit of a sequence of such function on D is analytic there.
Hence [z, Z + R] is not dense in C(D).

However, if “small” is taken in terms of the Lipschitz norm of R, the answer
becomes Yes, as will be shown in Theorem 14.3 below. We require two lemmas.

Lemma 14.1. Given an integer n > 1, there exists a polynomial P, so that

Py(w) —

1
< -, weS,
n

w + %
where S is the closed semidisk
{w e C: Re(w) > 0and |w| < ry}, rofixed.

PROOF. EXERCISE 14.1.

102
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Lemma 14.2. Let S be as above. There exists a sequence of polynomials { Py}
such that

M P,(w) — %, we S\ {0},asn — oo, and
@ IPn(w)IS%, weSs\(Ohn=12 .

where C = rg + 1.

PrOOF. Let P, be as in Lemma 14.1. Then

|w P, (w)]
1 1
= |w| | Py(w) — T T | < lwl|P(w) — T
w4+ - + 5 "
Y <M iice wes
w—i—; n

since |w| < |w+1/n]asRe(w) > 0. Also, foreachw € S\ {0}, P,(w) — % —
0. We are done. O
Theorem 14.3. Assume that there is a constant k < 1 such that

3) |R(z) — R(Z)| <klz—7Z|, z,72 € D.

Then [z, 7 + R(z)] is dense in C(D).

PrOOF. Write 2l = [z, Z + R(z)]. Fix apointa € C. Let i be a measure on D
with p L . If |a| > 1, we have

n

1 =z
7 —a __Zan-H’

n=0
SO
du(z) 1 /
4 = — nd = 0
“ /Dz—a ;a"“ = n(z)
Next assume that |a] < 1 and
d
) / ll(2) -
p |z —al

Note that (5) holds for almost all points a. We shall construct a sequence of elements
bjin, j =1,2,---, such that

1
(6) bj(z) — pointwise on D \ {a},
Z

—a

@) 1bj(2)] < ,zeD,j=1,2,...,

|z — al
where C is a constant.
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Once this is done we have
1
0= / bj(2)dp(z) — / —du(z),
D p Z—da

by dominated convergence, in view of (5) and (6). So f D Z%a du(z) = Oae. in
C. By Lemma 2.7, this implies that & = 0. It follows that 2 is dense in C(D), as
desired.

It remains to construct the functions b;. We fix a € D. We put

h(z) = (z—a)(Z+ R(z) — (a + R(a))).
Then
®) h(z) =z —al* + (z — a)(R(z) — R(@)) = |z — al* + B(2).

Because of our condition (3),

©) |B(2)| < klz—al*> <|z—al’, ze D\ {a}.
Now (8) and (9) give
(10) Reh(z) >0, ze D\ {a}.

It follows that #(D) is a compact subset of {Re w > 0} and A(D \ {a}) <
{Re w > 0}. We fix a closed semidisk S contained in {Re w > 0} that contains
h(D).

Next we choose polynomials P, by Lemma 14.2, satisfying (1) and (2). We then
put,for j =1,2,...,

bj(z) = [(z + R(2)) — (@ + R(a)]P;(h(z)).
Since z € A and z + R(z) € 2, also h € 2, and hence b; € 2, for each j.
Fixz € D\ {a}. As j — o0,

1
bj(z) > [(Z+ R() — (@ + R@)] - —

h(z)’
since Pj(w) — % at w = h(z). So we have
1
bj(z) > ——., ze€ D\{a}
z—a
Furthermore, for z € D,
2
1bj ()| < I[(Z+ R(@) — (@ + R@)]| - = .
! lh@)| |z —al

So (6) and (7) hold, and we are done. O

EXERCISE 14.2. Show that the hypothesis: k& < 1, in Theorem 14.3, cannot be
weakened.

We now ask: How does Theorem 14.3 generalize when the disk D is replaced
by a compactset X in C", n > 1?
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For functions fi, fa, -+, fr in C(X) we denote by [fi, f2,---, fx] the al-
gebra of all functions P(fi, f2,---, fr) with P a polynomial in k variables.
The Stone—Weierstrass theorem gives that [z1, - -+, 24, Z1, -+, Zn] 1S dense in
C(X). We now fix functions Ry, R, ---, R, and consider the algebra % =
[z1, -+, 20, 21, +R1 -+ -, Zy + R, ] of functions on X. When is % dense in C(X)?

We aim for a sufficient condition on the R; similar to the hypothesis (3) in
Theorem 14.3.

For convenience we assume the existence of a neighborhood N of X such that
each R; is defined in N and lies in C'(N). We write R = (R, Ry, - - -, R,). For
w € C", we write |w| = /|wi|? + - - - + |w,|2. We shall prove

Theorem 14.4. Assume that there exists k, 0 < k < 1, with
(11 IR(z) — R(Z)| < klz =72, z,Z €N.
Then®d = [z(, -+, 20, 21 + Ri, - -+, Zn + Ryl is dense in C(X).
The method of proof consists of replacing the Cauchy kernel dz/(z — a), used

in the proof of Theorem 14.3, by a suitably constructed Cauchy—Fantappie kernel

K(¢, 2).
Construction of the Kernel K (¢, 7)
We introduce some notation. For each ¢, z € N,

(12)  Hit.2) =@+ Ri@)— G +Ri@), j=12--,n

All differential operators d, 9, 9 are with respect to ¢, holding z fixed. Then
dH; = d¢; + dR; ().

As earlier, we put

dg =d& Ndo N -+ AN dgy,

(13) G, 2) = H; (&, 2)(&; — zj)s
j=1
_H@
(14) w;(¢,z) = G2 =1,2, , .

We shall show in (17) below that G(¢, z) # 0 for ¢ # z. Hence w;({,z) is a
smooth functionon N x N \ {¢ = z}. Also,for¢ € N,z € N, ¢ # z,(14) gives

- '\ Hi(¢,2)
w;i (&, )& —zj) = d @€ —z;) = 1.
; 7 J 7 ; G, 2) i 7

With w = (wy, - - -, wy,), the Cauchy—Fantappie kernel K,,(¢, z) is given by

—

4 ., Hj  H H; H,
=N )N YA A A (YA Ad (2
(15) Ky(¢,2) = ;:1( DA nd(Z ) A ANd () A
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Exercise 13.3 yields that

1 & . —
Ku(&.2) = = D (=D HydHy Ao AdHy A A dHy A dE
j=1

We put

H.
(16) Kj(;vZ)ZG_fl? J=17277n
Then

K@ 2) = D (=1/7'K;(¢, 2) Ami(©) Ade,
=1

J

where n;() = dH A - A cTI-Tj A - -+ A dH, is independent of z.
Withw = (wy, - - -, wy), where w; is given by (14), 1 < j < n, we put, from
now on,

K = K.

We shall deduce Theorem 14.4 from the following three lemmas.

Lemma 14.5. Let ¢ € CJ(N). Fixz € N. Then

b0 = -2 [ 540y K@)
O 2wy Uy 62
Lemma 14.6. Let (1 be a measure on X with ||| < oo and u L 2. Fix 7 such
that
[
x 16—zt
Then

/ K¢, 2dui) =0, j=12,...,n
X

Lemma 14.7. Let i be a measure on X with ||i|| < oo such that i 1 2. Then,
for each ¢ € C{(N), we have

/ ¢(2)du(z) = 0.
X

EXERCISE 14.3. The restriction of Cé (N) to X is dense in C(X).

PrOOF OF THEOREM 14.4. Lemma 14.7 and Exercise 14.3 imply that when-
ever w L A then u L C(X). Hence 2 is dense in C(X), and Theorem 14.4
follows. U
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We begin the proofs of the three lemmas by establishing certain inequalities for
Gand H;,1 < j <n.

Claim. For¢,z € N,

(17) ReG(¢,z) > 0if¢ # z,

(18) IG(¢, 2] = (1 = k)¢ — zI?,

(19) K¢, <C W, Ca constant, and
(20) |H;(¢,2)| < (1 + k)¢ —zl.

PROOF.

Hi@C, )& —z2) =1¢ — 2P+ (Rj(©) — Ry@)(&; —z;), V.
Hence

G, 2) =Y 18—z P+ D (Ri@) = Ri)¢; —2)) = It — 2 + B, 2),
=1 =1

J J

where

1B ) < IRQ) — R@IIE — 2l <klg =z < |¢ —zf
if¢ # z.So

G(t,2) =1¢ — 2 + B(, 2) € {Rew > 0},
whence (17) holds. Next,
G, D 2 1¢ =2 —klg — 2P = (1 = b)IE — 2P,

so (18) holds. Furthermore,
|H; (& D _ 16—zl + IR (©) — Ri(2)]

K (¢, = =
K@ =G o G@Z. ol
_ 24RO - R@| _ (4Rl —2l _ 1
ST A0 —ar S Ak e e
where C = (1 + k)/(1 — k)". This gives (19). O

In a similar way, (12) gives (20). The claim is proved.

PROOF OF LEMMA 14.5. We are given ¢ € Cy(N) and a point z € N. We choose
a smoothly bounded region D with D € N and suppp < D.
We fix € > 0 and put

D, = D\ {|¢ —z|] <€}
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Lemma 13.7 then gives

Qri)t /
21 1= K (¢, 2).
@1 ot ), K@D

Applying Stokes’ Theorem to the smooth (2n — 1)-form ¢(¢)K (¢, z) on D, we
get

/w DK, 2) =/D d(P(OK(,2) = /D (38)(¢) A K (¢, 2) (why?),
and so
(22) / ¢(§)K(§,Z)—/ P (K, 2) =/ 09)(&) A K (£, 2).
oD |¢—z]=¢ D,
Also,

(23) /I | $(K (¢, 2)
§—z|=¢

=f| | (¢(;>—¢(z>)1<<c,z>+/| HEKG).
—z|=e ¢ —z|=e
EXERCISE 14.4.

lim (9() — 92K (. 2) =0.

€20 Jj—zl=e

Using (21) and Exercise 14.4, we get

fim S(OK(, = LD

e—0 [6—z|=c (2 )n ¢()

Letting ¢ — 0 in (22) then gives

/ ¢()K(, 2) — ((2 iy ~$(2) = /(345)(;“) N K(¢, z).
Since 9 D lies outside supp¢, the first integral on the left vanishes, and we get
(n— 1!

— ¢(2) = f B) () AK(L,2) = / @) (&) A K(Z, 2).
Qi) D N

Thus Lemma (5) is proved. O
EXERCISE 14.5. Each K satisfies

EXERCISE 14.6. Let 1 be a complex measure on X of finite total mass. Then

dpl©)
2 =zt

for a.a. z in C".
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PROOF OF LEMMA 14.6. We define
S, ={G(,z2) : ¢ € X}.

Then S, is a compact setin C and, by (17), S, lies in the closed half-plane {Re w >
0}. We choose a closed semidisk S such that

S, C S C{Rew > 0}.

By Lemma 14.2, there exists a sequence of polynomials {P,} satisfying (1) and

2,

lim P,(G(¢,2)) = eX\{z

1
G, 2’
and

C
[P, (G(¢,2)| < Ik e X\{zhv>1.

In view of (18), then,

[P(G(E, )] < m, e X\{zhv=>1.
It follows that for each ¢ € X \ {z}, and for each j,
lim H;(¢, (PG, )" = (g’(%g = K;(¢,2)
and
[H; (¢, DII(P,(G(&, )" < |H;(¢, 2)I( < ) !
=k e —zP

c , 1 c
§(1+k)|§_z|(1_k) |§_Z|2n = |é-_Z|2n—17

where C’ is a constant independent of v.

By hypothesis, W € L'(|u]). Thus the sequence {H;P,(G)" : v =
1,2, -} converges to K;(¢, z) pointwise on X \ {z}, and dominatedly with re-
spect to |u|. Also, the missing point {z} has |i|-measure 0 (why?). Thus, by the
dominated convergence theorem,

(24) /X H; (£, 2)Py(G(L. 2)"d(g) — /X K¢, 2)du(?),
as v — 00. But
Hi(¢, 2) = (& + Ri(©) — @ + Rj(2);

hence H; € 2 andso G € %, and so H;(¢, 2) P,(G(¢, z))" € %A for every v.
Hence the left-hand side in (24) vanishes for all v. Thus f K&, 2du(¢) =0,
and Lemma 14.6 is proved. O
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PROOF OF LEMMA 14.7. Since ¢ € Cé (N), for each z € N, Lemma 14.5 gives

(25) anp(2) = — /N P& A K (&, 2),

Qmi)"
(n—1)!

with ¢, = . Hence

Cn/ ¢ (2)du(z) =/ [—/ 99 () A K (£, 2)]du(z)

X X N

—f [/ D (=1Tag0) A K2, 2)
x NGO
A i) AdE]dp(z)

=3 [awe [ de@
= b N

ANKj(&,2) Ani(Q) Adg.
For each j, 3¢ (¢) A n;(¢) A dg is a2n-form on N. We write it as

Fj(§)dx,

where F; is ascalar-valued function and dx is a Lebesgue 2n-dimensional measure.
Then

(26) cn/ ¢ ()du(z) = —Z(—l)j“/du«(z)/ Fi(O)K;(E, 2)dx.
X = X N
Fix j. By Fubini’s Theorem, we have
27 / du«(z)/ Fi(O)K;(g, 2)dx = / Fj(;“)[/ K;(¢, 2)dp(z)]dx.
X N N X
EXERCISE 14.7. Justify this application of Fubini’s Theorem.
By Exercise 14.5, K;(¢, z) = —K;(z, ¢). Hence, foreach ¢ € N,

/X K¢, 2)du(z) = — /X K;(z, $)du(z).
Lemma 14.6 then gives that
(28) /XK;(C, 2)dp(z) =0
for a.a. ¢. Since this holds for each j, (26), (27), and (28) yield
/ ¢(2)dp(z) = 0.
bt

This proves Lemma 14.7. d
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As we saw earlier, Theorem 14.4 follows.

NOTES

The perturbed Stone—Weierstrass theorem in one complex dimension, given
in Theorem 14.3, is due to Wermer [We7]. The generalization to higher dimen-
sions, given in Theorem 14.4, was proved under stronger smoothness conditions
by Hérmander and Wermer [H6We]. That proof is based on the theory of approx-
imation on totally real submanifolds in C”, and is presented in Chapter 17. The
proof given in the present chapter, based on certain specially constructed integral
kernels, is due to B. Weinstock [Wei].
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The First Cohomology Group of a
Maximal Ideal Space

Given Banach alebras 2[; and 2(, with maximal ideal spaces M and My, if 2,
and %, are isomorphic as algebras, then M, and M, are homeomorphic. It is thus
to be expected that the topology of M (/) is reflected in the algebraic structure of
2L, for an arbitrary Banach algebra 2.

One result that we obtained in the direction was this: M is disconnected if and
only if 2( contains a nontrivial idempotent.

We now consider the first Cech cohomology group with integer coefficients.
H'(M, Z), of a maximal ideal space M.

For decent topological spaces Cech cohomology coincides with singular or
simplicial cohomology. We recall the definitions. Let X be a compact Hausdorff
space. Fix an open covering I/ = {U,} of X, o running over some label set.
We construct a simplicial complex as follows: Each U, is a vertex, each pair
(Uq, Ug) with U, N Ug # W is a 1-simplex, and each triple (U,, Ug, U, with
U, NUg N U, # ¥is a2-simplex. A p-cochain (p = 0,1, 2) is a map c”
assigning to each p-simplex an integer, and we require that ¢? be an alternating
function of its arguments; e.g., ¢! (Ug, Uy) = —c' (U, Up).

The totality of p-cochains forms a group under addition, denoted C? (/).

Define the coboundary § : C?(Ud) — CP*'(U) as follows: For ¢® € CO(U),
(Uq, Ug) a 1-simplex,

8% (Uy, Up) = ®(Up) — (Uy).
For ¢! € C'(U), (Uy, Ug, U,) a2-simplex,
8c' Uy, Ug, Uy) = ' (Uy, Up) + c' (Up, Uy) + ' (U, Uy).

¢! is a 1-cocycle if ¢! = 0. The set of all 1-cocycles forms a subgroup F'

of C'(U), and §C°(UA) is a subgroup of F'. We define H' (U, Z) as the quotient
group F'(U)/8C°U). We shall define the cohomology group H'(X, Z) as the
“limit” of H' (U, Z) as U get finer and finer. More precisely

Definition 15.1. Given two coverings U and V of X, we say “V is finer than {/”
(V > U)if for each V,, in V 3¢ (@) in the label set of U with V,, C Uy (q).

112
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Note. ¢ is highly nonunique.

Under the relation > the family F of all coverings of X is a directed set. We
have a map

U— H'WU, Z)

of this directed set to the family of groups H'(U, Z).

For a discussion of direct systems of groups and their application to cohomology
we refer the reader to W. Hurewicz and H. Wallman, Dimension Theory (Princeton
University Press, Princeton, N.J., 1948, Chap. 8, Sec. 4) and shall denote this
reference by H.-W.

To each pair ¢/ and V of coverings of X with } > U corresponds for each p a

map p:

CPU) — CP(V),
where pc? (Vo Vo -0, Vi) = ¢?(Upag)s - - - » Up(a,))s @ being as in Definition
15.1.
Lemma 15.1. p induces a homomorphism KYY . HPU, Z) — HP(V, Z).
Lemma 15.2. K"V depends only on U and V, not on the choice of ¢.

For the proofs see H.-W.
The homomorphisms K%Y make the family { H?” ({4, Z)|U} into a direct system
of groups.

Definition 15.2. H'(X, Z) is the limit group of the direct system of groups
{H'U., 2)|U}.

3 a homomorphism K¥ : H'U, Z) — H'(X, Z) such that for V > U we
have

D KY o K¥V = KY,

(See H.-W.)
Our goal is the following result: Let 2{ be a Banach algebra. Put

A~ = {x € Alx has an inverse in A}
and
exp = {x € Alx = ¢’ for some y € A}.
A~ is a group under multiplication and exp 2 is a subgroup of 2.

Theorem 15.3 (Arens-Royden). Let M = M. Then H' (M, Z) is
isomorphic to the quotient group A"/ exp 2.

Corollary. If H' (M, Z) = 0, then every invertible element x in 24 admits a
representation x = e,y € 2.
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ExeRrciISE 15.1. Let2 = C(I"), I the circle. Verify Theorem 15.3 in this case.
EXERCISE 15.2. Do the same for 2l = C([), I the unit interval.

In the exercises, take as given that H'(I", Z) = Z and H'(I, Z) = {0}.

Theorem 15.4. Let X be a compact space. 3 a natural homomorphism
n:CX)"' - H'(X, Z)
such that n is onto and the kernel of n = exp C(X).

ProOF. Fix f € C(X)~'. Thus f # 0 on X. We shall associate to f an element
of H'(X, Z), to be denoted n(f).

LetUd = {U,} be an open covering of X. A set of functions g, € C(U,) will
be called (f, U)-admissible if

) f = e* in U,
and
&) 18a(¥) — ga(M| <7 forx, yinU,.

Such admissible sets exist whenever f(U,) lies, for each «, in a small disk
excluding 0. Equations (2) and (3) imply that gg — g, is constant in U, N Ug.
Now fix a covering U and an (f, U)-admissible set g,. Then 3 integers Aqg With

1 )
i (88 — 8a) = hgp in Uy N Ug.

The map h : (Uy, Ug) — hgp is an element of C'(U); in fact, h is a 1-cocycle.
For given any 1-simplex (U,, Ug, U,)

Sh(Uy, Uﬁ, Uy) = ha,B + hlgy + hya

1
= %{gﬁ_gtx"'gy_gﬁ"'ga_gy}:o

at each point of U, N Ug N U,,.
Denote by [4] the cohomology class of h in H' (U, Z).

(4)  [h] is independent of the choice of {g,} and depends only on f and 4.
For let {g,,} be another (f, U)-admissible set. By (2) and (3), 3k, € Z with
8o (x) — 8u(x) = 2miky for x € U,.
The cocylce i’ determined by {g,,} is given by

1
hip = ' (Ua, Up) = 5—(g(x) — g, (x))

(x € Uy N Ug). Hence
h;ﬂ = hep + 0k,
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where k is the O-cochain in C®({) defined by k(Uy) = k. Thus [A'] = [h], as
desired.
We define

Nucpy = [h]
and
n(f) = KY(h]) € H' (X, Z).

Using (1) we can verify that n(f) depends only on f, not on the choice of the
covering U.

3) n maps C(X)~! onto H!(X, Z).

To prove this fix § € H'(X, Z). Choose a covering U and a cocycle h in C' (1)
with K¥([h]) = €. Put hyy = h(U,, U,). Since X is compact and so an arbitrary
open covering admits a finite covering finer than itself, we may assume that U/ is
finite, Y = {U — 1, U,, ..., Ug}.

Choose a partition of unity x,, 1 < o < s, with supp xo C Uy, Xo € C(X),
and ) _| x« = 1. For each k define

P
gr = 2mi Zhvkxv(x) for x € Uy,

where we put A, = 0 unless U, meets Uy. Then g € C(Uy). Fixx € U; N U.
Note that unless U, meets Uy N Uj, x,(x) = 0. Then

(8 — g)(0) =278 Y xu (@) (hoke — ).
Since h is a 1-cocyle, hy, + hy; + hjx = 0 whenever Uy N U, N U; # (. Hence
in Uj N Uk,
8k — & =2mi vahjk = 2mwihj.
v
Define f, in U, by f, = e%*. Then f, € C(Uy) and in U, N Ug,

ﬁ — 88 — eZﬂihmﬂ = 1.

Jfa
Thus f, = fgin U, N Ug, so the different f, fit together to a single function f
in C(X). Also,

fo = €% in U, and 88 — 8a = 2mihgp in Uy, N Up.
From this and the definition of 1, we can verify that n(f) = KY([h]) = &.
(6) Fix f in the kernel of . Then f € exp C(X).

For n(f) is the zero element of H'(X, Z). Hence 3 covering V such that if &
is the cocycle in C'(V) associated to f by our construction, then the cohomology
class of 4 is 0; i.e., if

f = ée% in U,,
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then 3IH € C°(V) such that

8p — 8« = 2mi(Hg — Hy) in V, N Vg,
Then

8 —2mHg = go — 2m Hy in Vo, N V.

Hence 3 global function G in C(X) with G = g, — 2w H,, in V,, for each . Then
f = €%, and we are done.

Since it is clear that n vanishes on exp C(X), the proof of Theorem 15.4 is
complete. O

Note. We leave to the reader to verify that 5 is natural.

Now let X be a compact space and £ a subalgebra of C(X). The map n (of
Theorem 15.4) restricts to L~} = {f € L|1/f € L}, mapping ~> into H(X, Z).

Definition 15.3. L is full if
(a) n maps L~ onto H' (X, Z).
(b) x € L7'and n(x) = 0imply 3y € L, with x = ¢”.

Next let X be a compact polynomially convex subset of C”.

Definition 15.4. H(X) = {f € C(X)|3 neighborhood of U of X and 3F €
HU) with F = f on X}.
H(X) is a subalgebra of C(X).

Lemma 15.5. H(X) is full.

Proor. Fix y € H'(X, Z). Then 3 a covering I/ of X and a cocycle h € C'(U)
with KY([h]) = y.
Without loss of generality, we may assume that

U=1{U,NX|1 <a <s}, each U, open in C".

(Why?)
For each o choose &, € C5°(U,), with Y _, & = 1insome neighborhood N
of X.Put heg = h(Uy N X, Ug N X) € Z. Fix o and put for x € U,,

s
8a(X) =27 Y hyuki(x),
v=1
where h,, = Ounless U, N U, # @. Then g, € C*°(U,), and, as in the proof of
Theorem 15.4, we have in U, N Ug N N,
© 85 — g = 2ihgs.

Hence 5g,3 —9gy = 0in Uy, N Ug N N, so the g, fit together to a d-closed (0,
1)-form defined in N.
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By Lemma 7.4 3 a p-polyhedron [] with X C [][ € N. By Theorem 7.6 3 a
neighborhood W of [] and u € C*(W) with

®) du = gy in W N U,.

PutV, =U,NW,1 <a <s.Thenld = {V, N X|1 <o < s}.
Put g, = g4 — uin V. Then g, € H(V,), by (8). Also, by (7),

L, 1 .
E(g,g — &) = Z(gﬁ — &a) = hapin Vo N Vp.

Define f = e®* in V,, for each . In V;; N Vj the two definitions of f are

e% and % = eSut2hay — o8

Hence f is well defined in |, V, and holomorphic there, so f|, € H(X) and,
in fact, € (H(X))~".

g’ﬁ — g, = 2mwihyg, whence n(f) = KY([h]) = y. We have verified (a) in
Definition 15.3.

Now fix f e (H(X))~! with n(f) = 0. Let F be holomorphic in a
neighborhood of X with F = f on X.

Since n(f) = 0, nucs) = 0 for some covering U. Choose a covering of X by
open subsets W, of C*, 1 < o < s, such that

C) W >U.

(10) 3G, € H(W,)  with F = % in W,.
(11 |Go(x) — Go(W)| <7 forx,y € W,.
(12) If Wy N Wg # @, then W, N Wy meets X.

Let W= {W, NX[l <a =<s} nup =0 ,s0 nwy = 0.Hence 3
integers k, such thatif (W, N X) N (Wg N X) # @, thenin (W, N X) N(Wg N X),
(13) %(G’B — Gy) = kg — kq.

Now fix a and g with W, N Wg # §. By (12), (W, N X) N (Wg N X) # 0.
Hence, by (13),

Gg — Gy = 2mkg — 2miky, in Wy, N Wg N X,
Also, because of (10) and (11),
Gg — G is constant in W, N Wy,

Hence

Gg — Gy = 2mikg — 2miky in Wy, N Wy
or

Gp — 2mikg = go — 2miky in Wy N Wy,
Hence 3G € H(J, Wo) with G = G, — 2mik, in W, for each o. Then

F=¢%in | W
o
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Since G|, € H(X), we have verified (b) in Definition 15.2. So the lemma is
proved. O

Lemma 15.6. Let L be a finitely generated uniform algebra on a space X with
X = M(L). Then L is full [as subalgebra of C(X).]

Proor. By Exercise 7.3 it suffices to assume that £ = P(X), X a compact
polynomially convex set in C".

By the Oka-Weil theorem H(X) C P(X).Fix y € H'(X, Z). By the last
lemma, 3f € (H(X))~' with n(f) = y. Then f € (P(X))~'. Thus n maps
(P(X)) 'onto H' (X, Z).Now fix f € (P(X))~! withn(f) = 0,and fixe > 0.
Choose a polynomial g with

llg — fll <& <inf[f],

the norm being taken in P(X). Puth = (f — g)/f. Then ||h|| < 1 and g =
f( —h).Hencel — h € exp C(X) (why?) and so n(1 — h) = 0. Hence

ng =n(f) =0.

But g € (H(X))~', whence by the last lemma 3g° € H(X) with g = 8",
Also, 1 — h = €k for some k € P(X), since ||h|| < 1. (Why?) Hence f =
e8 7k so f € exp(P(X)). Thus P(X) is full. O

To extend this result to a uniform algebra 2 that fails to be finitely generated, we
may express 2 as a “limit” of its finitely generated subalgebras. For this extension
we refer the reader to H. Royden, Function algebras, Bull. Am. Math. Soc. 69
(1963), 281-298. The following is proved there (Proposition 11):

Lemma 15.7. Let L be an arbitrary uniform algebra on a space X with X =
M(L). Then L is full.

PROOF OF THEOREM 15.3. Put X = M and let £ be the uniform closure of 2 on
X. Then X = M(L). By Lemma 15.7 £ is full [as subalgebra of C(X)].
Letx € A~'. Then x € (C(X))~". Define amap ® of A" into H'(X, Z) by

®(x) = n(x).

We claim @ is onto H' (X, Z).Fixy € H'(X, Z).Since Lisfull,3f € L' with
n(f) = y.Choose ¢ > 0 withinf, | f| > &, and choose g € A with|g — f| < &
on X. Then g € A, g = f(I — (f — §)/f), and sup, |(f — &/f] < 1.
Hence 3b € C(X) with 1 — (f — 8)/f = €’, and so n(g) = n(f) = y. Thus
®(g) = y, so @ is onto, as claimed.

Next we claim that the kernel of ® = exp 2. Since one direction is clear, it
remains to show that x € 2~! and ®(x) = 0 implies that x € exp 2.

Thenfixx € A~ with ®(x) = n(g) = 0.Since Lisfullandx € £L7',IF € L
with ¥ = d¥. Since F is in the uniform closure of 2, e’ is in the uniform closure
of functions e”, h € .
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Hence g = ¢ with h € 2 and
1
X —g| < = inf |X| on X.
[~ 3l < 5 inf 3]

Then
1

3
A 2 . A
> % infy |X SO —/— < =« ——.
81 > 3 infx |21, R

Hence uniformly on X,
nl o al 1
I—f7=1F-2l- 127 < 5
It follows that for large n, [|(1 — xg=")"||'/" < 2, and so the series
[o,¢]
1
> A —xg"
n
[
converges in 2{ to an element k. Since
[e¢]
log(1 —z) = — Z
1

1

7", Iz| <1,

S|

= ¢k. Hence x = &ft

k = log(xg™"), so that xg~
of @ is exp 2, as claimed.
® thus induces an isomorphism of A~!/ exp A onto H'(X, Z), and Theorem

15.3 is proved. U

€ exp 2. Hence the kernel

Note. No analogous algebraic interpretation of the higher cohomology groups
H?(M, Z), p > 1, has so far been obtained. However, one has the following
result:

Theorem 15.8. Let 2l be a Banach algebra with n generators. Then HP (M, C) =
0,p >n.

This result is due to A. Browder, Cohomology of maximal ideal spaces, Bull.
Am. Math. Soc. 67 (1961), 515-516. Observe that if 2l has n generators, then M
is homeomorphic to a subset of C" and hence that the vanishing of H” (M, C) is
obvious for p > 2n.

NOTES

For the first theorem of the type studied in this section (Theorem 15.4) see S.
Eilenberg, Transformations continues en circonférence et la topologie du plan,
Fund. Math. 26 (1936) and N. Bruschlinsky, Stetige Abbildungen und Bettische
Gruppen der Dimensionszahl 1 und 3, Math. Ann. 109 (1934). Theorem 15.3 is due
to R. Arens, The group of invertible elements of a commutative Banach algebra,
Studia Math. 1 (1963), and H. Royden, Function algebras, Bull. Am. Math. Soc.
69 (1963). The proof we have given follows Royden’s paper.
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The 9-Operator in Smoothly Bounded
Domains

Let ©2 be a bounded open subset of C". We are essentially concerned with the
following problem: Given a form f of type (0, 1) on Q with 3f = 0, find a
function u on €2 such that 9, = f.

In order to be able to use the properties of operators on Hilbert space in attacking
this question, we shall consider L2-spaces rather than (as before) spaces of smooth
functions.

L?(Q) denotes the space of measurable functions « on 2 with fQ lu|?dV < oo,
where dV is Lebesgue measure.

L§ () is the space of (0, 1)-forms

f=>_ fidz,
j=1

where each f; € L?(Q). Put |f|> = > | f51*. Analogously, L§ ,(2) is the
space of (0, 2)-forms
¢ = Z¢ijdzi /\de,
i<j

where each ¢;; € L*(R).
We shall define an operator Ty from a subspace of_Lz(Q) to L%’l (€2) such that
To coincides with d on functions that are smooth on 2.

Definition 16.1. Letu € L?(Q). Fixk € L*(Q) and fix j, 1 < j < n. We say
au
0z;

=k
if for all g € C3°(£2) we have

9
—/uédvzfgkdv.
Q azj Q

Note. Thus k = 0u/dz; in the sense of the theory of distributions. If u is smooth
on £2, then k = du/dz;, in the usual sense.

120
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Definition 16.2.
d
Dy, = qu € L*(Q)| foreach j, 1 < j < n3k; € [*(Q) with a—” = kj}.
Zj
Foru € Dy,
" Ou
Tou =Y Fdz,~ € L}, ().
j=1 %
Fix Z’;‘:l fidz; with each f; € L*(Q). 0f;/0zx and df;/0z; are defined as
distributions.

Definition 16.3.
- - afy 9 .
Dy =1 f =2 sz e 13 1152 - 22 e 2@, al .k
j=1 Tk Z]
For f € Ds,,
of; ofr _ _
S = fj - — dZ AN dZ' (S L2 Q).
Of ]Xd; <3Zk 8Zj ) k j 0,2( )

Note that Sy coincides with d on smooth forms f. Note also thatif u € Dy, then
Tou S DSO: and

1 So- Ty = 0.

Now let €2 be defined by the inequality p < 0, where p is a smooth real-valued
function in some neighborhood of 2. Assume that the gradient of p # 0 on 9€2.
We impose on p the following condition:

(2)  Forallz € 9Q, if (&1, ....&) € C"and Y dp/dz;(2)&; = 0.,
J

then
2

9 _
Z L (2)€;& = 0.

0 0707k

Theorem 16.1. Let p satisfy condition (2). For every g € L(z)_ 1(R2) with Spg =
0, Ju € Dy, such that
(a) Tou = g, and
0) fo luPdV < e® - [, 1glav,
ifQ C {z eC"|z| <R}

We need some general results about linear operators on Hilbert space.
Let H, and H, be Hilbert spaces, and let A be a linear transformation from a
dense subspace D4 of H; into H,.
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Definition 16.4. A is closed if for each sequence g, € Dy,
g —> g and Ag, — h
implies that g € Dy and Ag = h.

Definition 16.5.
Dy = {x € Hy|3x™ € H; with (Au, x) = (u, x*) forallu € Dy.}

Since Dy is dense, x* is unique if it exists. For x € D}, define A*x = x*. A*is
called the adjoint of A. D~ is a linear space and A* is a linear transformation of
DA* — Hl.

Proposition. If A is closed, then Da- is dense in Hy. Moreover, if B € H, and if
for some constant §

I(A*f. B)I < SIIfII
forall f € Dy, then B € Dy.
For the proof of this proposition and related matters the reader may consult, e.g.,
F. Riesz and B. Sz.-Nagy, Lecons d’analyse fonctionelle, Budapest, 1953, Chap. 8.

Consider now three Hilbert spaces H,, H,, and H; and densely defined and
closed linear operators

T:H — H and S: H, > Hs.

Assume that

3 S-T=0;
ie.,for f € Dy, Tf € Dgand S(Tf) = 0.
We write (u, v); for the inner product of ¥ and v in H;, j = 1,2, 3, and

similarly ||u||; for the norm in H;.

Theorem 16.2. Assume 3 a constant c such that for all f € Dy« N Dy,

(%) IT* 11T + ISFIE = SIFI3.
Then if g € H, with Sg = 0, Ju € Dy such that
4 Tu=g
and
1
®) HNully < ;Ilgllz.

ProOF. Put Ny = {h € Dg|Sh = 0}. Ny is a closed subspace of H,. (Why?)
We claim that if g € Ng, then

1
Q) I(g. 2l = E”T*le - lgll2
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forall f € Dr
To show this, fix f € Dy-.

f=f+f" where f' L Ng, f" € Ns.
By (¥) we have ||T* f”||; > c[|f"|l2. Then

4 " 1 * ol
I(f. 82l = 1(f7, @)l = Hlgll - [1£71l2 = —llglla - 1T /7

But T*f = 0, forif h € Dz, (Th, f') = (h, T*f’) and the left-hand side
= 0, because f’' L Ng while S(Th) = 0by (3). Hence T*f = T*f”, and so (6)
holds, as claimed.

We now define a linear functional L on the range of 7* in H; by

L(T*f) = (f. )2, f € Dr», g fixed in Ng.
By (6), then,

1
IL(T* /)] < ~lIgll/ITF1h-

It follows that L is well defined on the range of T* and that ||L|| < (1/¢)||gll2-
Hence Ju € H, representing L; i.e.,

L(T*f) = (T*f, w,
and ||u||; = ||L||. It follows by the proposition that # € Dy, and
(fs 82 = (T"f,u)1 = (f, Tu),

all f € Drx.
Hence g = Tu, and |ul|; < (1/¢)||gll2. Thus (4) and (5) are established. O

It is now our task to verify hypothesis (*) for our operators Ty and Sy in order to
apply Theorem 16.2 to the proof of Theorem 16.1. This means that we must find
a lower bound for |7 11> + |1So £1/2. For this purpose it is advantageous to use
not the usual inner product on L?(2) but an equivalent inner product based on a
weight function.

Let ¢ be a smooth positive function defined in a neighborhood of Q. Put H, =
L?(2) with the inner product

(f, en =/Qfge‘¢dv.

Similarly, let H, be the Hilbert space obtained by imposing on L(z)_ 1(£2) the inner
product

n n n
Do fdz Y gdz | = / Y figi|etav.
j=1 j=1 5 @\ j=1
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Finally define H; in an analogous way by putting a new inner product on L%.Z(Q).
Then

Ty : HH — H, So : Hy —> Hj.
It is easy to verify that Dy, Ds, are dense subspaces of H; and H,, respectively,
and that 7 and S are closed operators. Our basic result is the following: Define
Co.1 () = {f = X}, fidz;| each f; € C' in aneighborhood of £2.}
Theorem 16.3. Fix f in Cj (). Let f € Dr: N Ds,. Then

e~tdv

x o112 2 _ L 079
T AR + 1S fIE = ;Lf]fk S

+Xk:/9

dS denoting the element of surface area on 02.

2
/S etds,

—tdv
e + ; fife 821 a-

Suppose for the moment that Theorem 16.3 has been established. Put

$2) =Y 71> = |z
j=1

Then 3%¢/0z;0Z = 0if j # k, = 1if j = k. The first integral on the right in
(7) is now

n
Z/ |fiPe™?av = |If115.
j=17¢
The second integral is evidently > 0. Now
. ap
Z az,az fifi=0 if 2}: gjf, = 0on 3%,

by (2). Hence (7) gives

®) WTg £IE + 11So 1153 = 11£113,
if
) Za—pfj:OOnasz.

7 BZ]'

We shall show below that (9) holds whenever f € Dz+ N Ds, and f is C Vina
neighborhood of €. Thus Theorem 16.3 implies that (8) hold for each smooth f
in Dz N Dy,.

We now quote a result from the theory of partial differential operators which

seems plausible and is rather technical. We refer for its proof to [39], Proposition
2.1.1.
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Proposition. Let f € Dr: N Dy, (with no smoothness assumptions). Then 3a
sequence { f,} with f, € DT* N Ds, and f, in C' in a neighborhood of Q such

that as n — 00,

I[fa = fll2 = 0, W15 fa — T5 f1l = 0, 1Sofn = Sofll3 = 0.

Since (8) holds when f is smooth, the proposition gives that (8) holds for all
f [S DTO* N DSO-

Theorem 16.2 now applies to Ty and Sy with ¢ = 1. It follows from (4) and (5)
thatif g = Z']'-zl 8;dZj € H,, and if Sog = 0, then Ju in H; with Tou = g and

[lulli < llgll>. Thus
flulze‘¢dV §/|g|28_¢dv.
Q Q

Now if Q C {z € C"||z] < R}, then

/|u|2dV =/ lulPe™® - e?dVv
Q Q
5/ luPe=? . eFav geRz/ lglPe~tdV
Q Q
F / lgdV.
Q

and so (b) holds. Thus Theorem 16.1 follows form Theorem 16.3.
From now on p is assumed to satisfy (2) and €2 is defined by p < 0. We also
shall write T and S instead of Ty and Sj. Let us now begin the proof of (7).

Lemma 16.4. Ler f = Y, fidz; € Cy (). If f € Dy, then

n 8p
9 = = 00ndQ,
© ;f,azj on
and
* - ¢ J —¢
(10) T f ==Y e —(fie?).
= 0z;

PrOOF. Let i beafunctionin C?inaneighborhood of Qandh > 0.PutR = h-p.

Fix z € 9Q2 and choose (&, . . ., &,) satisfying

n

oR
(11 > 5. @& =0,
J

j=1
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Then at z,
3’R 3 9 dh
— = — h—p + —p
07,07k 0Zk dz; 9z
_nop 32p 32h ah ap
T % 0z ozom | omom ! oz 0z
Hence
2R dh ap
> zm 8 (; 7 a) > 5.6
+hYy Cr E&+p)y 33
Ce ozj0z 0 9z;07; "

Now (11) implies that Z (dp/0z;)6; = 0 on 3L2. Also p/dzx = 3p/dZk,
whence Zk(Bp/3Zk)$k = 0 on 3€2. Since p = 0 on 92 and & > O there, (2)
implies that

(12) OndQ, " R £ = 0if Y aRg~—0
Ve zpoz N T g T

Now choose a function / as above with h = 1/|grad p| in a neighborhood of
dQ.Then R = h - p = p/| grad p| there, whence | grad R| = 1 on 92. Also
is defined by R < 0 and (12) holds.

The upshot is that we may without loss of generality suppose that | grad p| = 1
on 9£2. It then holds that grad p is the outer unit normal to 92 at each point of d€2.
The divergence theorem now gives for every smooth function v on €,

0 )
(13) —vdV=/ vl s
Q 8Xj a0 8)(]'
for all real coordinates xp, ..., x5, in C". Hence for 1 < j < n,
)
(14) 9y —/ v 2P gs.
@ 0Z; i 07

Now fix f = Y1 f;dz; € C} (), and fix u € C'(Q). Then with (,);
denoting the inner product in H; as defined above,

ou _ _
(Tu, fro = | D 5425, 3 f1d%;
J J J

= e?dv.
/sz Z 0zZ; f’
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Fix j. Then
| Ity
f g (ufie®)dv f g (fie ")dv
= — uj; - u— i
o 0z; ' o 0z; 7
PR T) o -
= [ gt fas— [ st Getav.
/;;Q i€ 81] Q 8Zj !

where we have used (14). Hence we have

9 -
—  (F.o—?
(Tu, ), = /Qu Ej 5% (fie™®) | dV

-9
+/mu Xj:fj% e ?ds.
Now if f € Dy, it follows that we also have
(Tu, ), = /Q uT*fe?dV.
Since the last two equations hold for all « in C'(Q), we conclude that
(15) ; 7 a% — 0on 02,
which yields (9), and that

TTfe_¢ = - Z (fj _4))

5 i(fje—¢), whence (10).
7 0z;

Define an operator §; by
¢ 9 —¢
Sjw = e¥ — (we™?).
0z;
Fix f € C},(Q) N Dr+. By (10), T*f = — >;8;fj>and so

(16) T fIIF = Z/Q(ijj S fretdV
J.k

Now fix A, B € C'(Q). Applying (14) with v = ABe~® and j = v gives

- _
/T(ABe_¢)dV:/ ABe L 4s.
Q 907, aQ 0z,

127
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Hence
JA - 0 - - J
/ 2 Betav = —/ AL (Be_"’)dV—i—/ ABe? 2L ys
Q 07y o 07y I Zy
—_ -0
- —/ A3, Be?dV +/ ABZL oty
Q a0 0z,
Writing fQ () for f ()e?dV and similarly for dQ, we thus have
0A — — _ 9
(17 TBz—/A8UB+/ 4B
o 07y Q I 02y
Putting A = §,w, B = v,and v = j in (17) gives
d — 0
(18) ff(akw)'f):—fakw-ajv+f Sew - B~
o 9%, Q a0 0z

Direct computation gives for all u

SO

Hence

9 92 9
(19) f—f(akw)'f):/ 9 wa—fak 5.
o 0Zj o 0Z;0zk Q 0z

Putting A = v, B = dw/dz;, and v = k in (17), we get
v dw d dw

(20) o= [ (oo )+ [ vgE

Q 0Zk 8Zj Q 8Zj I 8Zj 07k
which combined with the complex conjugate of (19) gives

0 02 d
@) [ ~st G = [ e [ (55
@ 0z; o 07;0Z; Q 07

/ 29 / dw dp v dw
= — WV — V—— — + —_ .
Q 8Zjazk a0 aZj 0Zk Q 0Zk 3Zj

Combining (21) with the complex conjugate of (18) gives

S 92 v ow
22) /(Sjv-Skw =/ ? v+ v
Q Q

321‘321( Q 8_Zk g

dw 9 - 9
—/ UTpr'i'/ Skw~v—p.
o 0Z; 0Z 0 0z;
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By (16),

* 2= S '8—,
T*£117 JZka i

SO
1 - 3f; i
23) IIT*f||2=/ 913 +/ 8; e
1 Q%: 07,07 ik Q; 0z 0Z;

Afc dp — , Op

— fi— — +/ Sfr - fi—.

/BQ; jazj 02k 39%:](]( jazj

Assertion.

Afc ap. - 0%
— i — on J€2.
fo 0z, 9% ;f’f" 92,02
For, by (9),
9
3 fea2 = 0on o,
T AZx

Hence the gradient of the function ), fx(dp/9zx) is a scalar multiple of grad p.
Hence 3 function A on €2 with

8p
= i=1,2,...,n,
8z, (Zfazk) Bz /

e p 9%p dp
—_— — + - =A_—.
Xk: Xk: Je 0z;0zk

0z; 0zx 0z;

or

Multiplying by fj and summing over j gives

- 9fr 0 0
Z ]a{k 0 +Zf]fk Zf]a_ )\,Zf]a—z =0
Jik J

Complex conjugate now gives the assertion. The last term on the right in (23)

- ap
Z/GQ(Xk:(Skfk> ;fjgj =0, by(9.

Equation (23) and the assertion now yield

Lemma 16.5. Fix f € Dr- N C} (). Then

24
- af; 9f - 9%
[|T* ||2= i +/ %T‘i_/ ik ——.
/ Tt Q; 0% 0%, m;f’fk 02,07

% 8Zj32k
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Lemma 16.6. Fix f € Ds N C} (). Then

(25) sk = [ ¥
Q ik

PROOF. Since f € C}(S2). Then

Sf=0f = Z Zaf“ Zp | A dZa
:Z(%—aﬂx)dza/\dZﬁ.

(o8]

_ 3f; e
/sz; 07k 92

Zj.

2
o

0zZ;

o8]

h\ 9% 0zp
Hence
af, afy Afs  Ofy
s = [ (32 - Wy _ Ya
Qup \ 9 82,3 0Zq 0z
_ / oty [ / ot ||
Qy<p 0Za 82/3
/ S Ui e / Y Yo
Q y<p 924 0zp Qoa<p 92p 92 ’
Which coincides with (25) O
PrOOF OF THEOREM 16.3.  Adding equations (24) and (25) gives (7). O

Note. The proof of Theorem 16.1 is now complete.

In the rest of this section we shall establish some regularity properties of
solutions of the equation du = f, given information on f.

Lemma 16.7. Put B = {z € C"||z| < 1}. There exists a constant K such that
forw € C®(C"),

w
(26) lwO)] = K {Hw”LZ(B) + sup (maX )} :
J aZ]
PrOOF. It is a fact form classical potential theory that if f € C§*(RY), then
dx
27 f()’)ZC/ AF—IH,
RY lx — ¥l

where C is a constant depending on N and dx is Lebesgue measure on RV .
Now let x € C*°(C"), supp x C B,and x = lin|z| < 3.Then by (27) with
y=0and f = yw,

w(0) = (xw)(0) = /«: AG)E(dx,
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where we put E(x) = C/|x|?"~2. Thus
w() =1 + 2L + I,

where
L =/AX -wk dx,
= 13/Aw'xde,
and
L = /(grad X, grad w)E dx.
With x; the real coordinates in C", we have
[ B s = [ 001 = = [ winEndx,

sol, == [wY(xxE)x, dx.

Since x,, and Ay vanish in a neighborhood of 0 and supp x C B, we have,
with K a constant,

1| < Kllwll2s), ] < K||lwllr,B)-

Also,
2w
I; = /4 — | xE dx
Xj: 0z;07;
Edx = —4 — — (xE) dx.
Z/ az; (&,)X Z/ 0z, az, (XE)

Since E/dx; € L' locally, we have
w )

3z

|I3] < K sup (max
B J

Equation (26) follows. O
Choose x € C®(C"), x > 0, x(6) = Ofor|y| > 1,and [ x(y)dy = 1,

where we write dy for Lebesgue measure on C”. Put x.(y) = (1/?)x(y/¢).
then for every & > 0,

Xs € CZ(CM), xe(y) = Ofor |y > e,

[ xedy = 1.
Let now u € L?(C") and put

ug(x) = fu(x — Wx:(dy.
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Note that this integral converges absolutely for all x. We assert that

(28) u. € C*(CH.
(29) u, — uin L2(C"), ase — 0.
30) If u is continuous in a neighborhood of a closed ball,

then u, — u uniformly on the ball.

The proofs of (28), (29), and (30) are left to the reader.

Lemma 16.8. Let B = {7 € C”||z| < 1}. Letu € L*(B). Assume that for each
J, 0u/0z;, defined as distribution on B, is continuous. (Recall Definition 16.1.)
Then u is continuous and (26) holds with w = u.

ProoF. Fixx € C"andr > Oandput B(x,r) = {z € (C”||z—x| < r}. A linear
change of variable converts (26) into

Extend u to all of C" by putting # = 0 outside B. Then u € L?>(C"). For each
p > 0,put B, = {z|lz] < p}. Fix R < landfixr < 1 — R. For each x € By,
then, B(x,r) C Bgyr = B'.

Fixx € Bg.If e, &' > 0, u, — uy € C*°(C"). Equation (31) together with
B(x,r) C B’ gives

Now, by (29), |lue — uellr, 8y — 0ase, & — 0. Also, it is easy to see that
Oug/0zZ; — duy /0Z; — Ouniformly on B' ase, &’ — 0.Hence uy(x) — ug(x) —
0 uniformly for x € Bg. Hence U = lim,_, u, is continuous in Bg. Also, by
(29), u, — u in L?*(B). Hence U = u and so u is continuous in Bg. It follows
that u is continuous in B, as claimed.

Fixe > Oand p < 1. Then, by (31),

ow

9zZ;

3D lwx)| < K yr " [lwllz28ex,ry) + 7 sup (max
B(x,r) J

lue(x) — e (x)]

dug ity

0z; 9z;

<K {r‘"Hus — ue|lr2gry + 1 sup (max
B J

_ ou
e (0)] < K {p "lutel | 2a,) + o sup (max e |)} .

B, \ 1 9%

Ase — 0,u.(0) — u(0), ||uellr,8,) — llullL,B,)> and du:/0z; — du/0z;
uniformly on B, for each j. Hence

_ ou
lu(O)] = K {p "lullz2,) + p sup (maXITI>}.
B J 3Zj

13

Letting p — 1, we get that (26) holds with w = u. O
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Lemma 16.9. Let Q be a bounded domain in C* and u € L*(S2). Assume that
forall j,
du

(32) — = 0 as a distribution on Q2.
0z;

Thenu € H(2).

PrOOF. Define u = 0 outside Q. Then u € L?(C"). By a change of variable, we
get

ug(z) = inf u(g) xs(z — ¢)d¢.
Fix j. Note that (d{x.(z — £)}/3Z;) = —(3{x:(z — £)}/3¢;). Hence

BIT

0
—( ) = [“(C)BT(XS(I —§))dt = —/u(é) = (Xe(z = £))d¢.
Zj é’

Fix z € Q and choose ¢ < dist(z, 92). Put g(¢) = x.(z — ¢). Then supp g is
a compact subset of Q2. By (32),

dg
/M(C) 3 (©)dg

Thus dus(z)/0z; = 0. Hence u, € H(2).

Fix a closed ball B" C Q. By (32), du/dZ; is continuous in a neighborhood of
B’ and so, by (30), u; — u uniformly in B’ as ¢ — 0. Hence u € H(B’). So
ue H(Q). O

NOTES

The fundamental result of this section, Theorem 16.1, is due to L. Hormander.
It is proved in considerably greater generality in Hérmander’s paper, L? estimates
and existence theorems for the 3-operator. We have followed the proof in that paper,
restricting ourselves to (0, 1)-forms. The method of proving existence theorems
for the d-operator by means of L? estimates was developed by C. B. Morrey,
The analytic embedding of abstract real analytic manifolds, Ann. Math. (2), 68
(1958), and J. J. Kohn, Harmonic integrals on strongly pseudo-convex manifolds,
Tand II, Ann. Math. (2), 78 (1963) and Ann. Math. (2), 79 (1964). These methods
have proved to be powerful tools in many questions concerning analytic functions
of several complex variables. For such applications the reader may consult, e.g.,
Hormander’s book An Introduction to Complex Analysis in Several Variables [H02,
Chaps. IV and V].

In section 17 we shall apply Theorem 16.1 to a certain approximation problem.
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Manifolds Without Complex Tangents

Let X be a compact set in C" which lies on a smooth k-dimensional (real) subman-
ifold Y of C". Assume that X is polynomially convex. Under what conditions on
> can we conclude that P(X) = C(X)?

If > is a complex-analytic submanifold of C", it does not have this property. On
the other hand, the real subspace ) of C" does have this property. What feature
of the geometry of ) is involved?

Now fix a k-dimensional smooth submanifold ) of an open set in C", and
consider a point x € Y. Denote by 7, the tangent space to Y _ at x, viewed as a
real-linear subspace of C".

Definition 17.1. A complex tangent to Y at x is a complex line, i.e., a complex-
linear subspace of C" of complex dimension 1, contained in 7.

Note that if Y is complex-analytic, then it has one or more complex tangents
at every point. whereas ) _ , has no complex tangent whatever.

Definition 17.2. Let 2 be an open set in C" and let ) be a closed subset of €.
> is called a k-dimensional submanifold of Q2 of class e if for each xy in ) we
can find a neighborhood U of xy in C" with the following property: There exist
real-valued functions pq, 02, .. ., P2n— in C*(U) such that

Y NU ={x e Ulpj(x) =0,j =1,2,....2n — k.

and such that the matrix (dp;/dx,), where x, x5, . . ., X2, are the real coordinates
in C", has rank 2n — k.

EXERCISE 17.1. Let )", p1, ..., Pan—, be as above and fix x° € Y. If there exists
a tangent vector £ to Y at x° of the form

1 d
&= E Cj =
=1 9z
such that £(p,) = 0, all v, then Y has a complex tangent at x°.

134
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Theorem 17.1. Let Y be a k-dimensional sufficiently smooth submanifold of an
open set in C". Assume that Yy, has no complex tangents.
Let X be a compact polynomially convex subset of 3 . Then P(X) = C(X).

Note 1. “Sufficiently smooth” will mean that ) is of class e with e > (k/2) + 1.
It is possible that class 1 would be enough to give the conclusion.

Note 2. After proving Theorem 17.1, we shall use it in Theorem 17.5 to solve a
certain perturbation problem.

Sketch of Proof. To show that P(X) = C(X) we need only show that P(X)
contains the restriction to every X of every u € C*(C"), since such functions are
dense in C(X).

Fix u € C*(C"). By the Oka-Weil theorem it suffices to approximate u uni-
formly on X by functions defined and holomorphic in some neighborhood of X in
C". To this end, we shall do the following:

Step 1. Construct for each & > 0 a certain neighborhood w, of X in C" to which
Theorem 16.1 is applicable.

Step 2. Find an extension U, of u|x to w, such that dU, is “small” in w,.

Step 3. Using the results of Section 16, find a function V; in w, such that vV, =
U, in w; and supy | V.| — Oase — O,

Once step 3 is done, we write

U, = Uy, — Vo) + V. in w,.

Then U, — V, is holomorphic in w,, since AU, — V,) =0 by step 3. Since
supy |Ve| — O, this holomorphic function approximates u = U, as closely as we
please on X.

Definition 17.3. Let Q be an open set in C" and fix F € C%(). F is plurisub-
harmonic (p.s.) in Q if

X”: ?°F .
) —(2)§;& = 0
= 8zj8zk !
ifz € Qand (§,...,&,) € C".
F isstronglyp.s.in Q if the inequality in (1) is strict, except when (&, . . . , §,) =
0.

Lemma 17.2. Let Y be a submanifold of an open set in C" of class 2 such that "
has no complex tangents. Let d be the distance functionto Y ; i.e., ifx € C", d(x)
is the distance from x to Y. Then 3 a neighborhood w of Y such that d* € C*(w)
and d? is strongly p.s. in o.
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EXERCISE 17.2. Prove the smoothness assertion; i.e., show that d2 is in C? in some
neighborhood of > .

PrOOF OF LEMMA 17.2. Let U be a neighborhood of }_ such that d> € C2(U).
Fix zp € >_. We assert that

n92(d? _
2) > (—_)(ZO)S;& >0

=1 8Zj 0Zx

forallE = (&1,...,&) with& # 0.
Without loss of generality zo = 0. Let T' be the tangent space to Y at 0 and put
d(z, T) = distance from z to T.

*EXERCISE 17.3.

3 d*(z) = d*(z, T) + o(|z]%).
Also
4) d*(z, T) = H(z) + Re A(2),

where H(z) = Z'} «—1 N jkz;Zk is hermitean-symmetric and A is a homogeneous
quadratic polynomial in z.
Equations (3) and (4) imply that

n 82 d2
®) > 9 02,7 = H).

= 9202
Now
d*(z, T) + d*(iz, T) = 2H(z).

If z # 0, either z of iz & T, since by hypothesis 7 contains no complex line.
Hence H(z) > 0. Because of (5), this shows that (2) holds.
It follows by continuity from (2) that

n 82 d2 _
S 29 e - 0

k= 32j aZk

for all z in some neighborhood of } " and & & 0. O

From now on until the end of the proof of Theorem 17.1 let Y and X be as in
that theorem and let d be as in Lemma 17.2.

Lemma 17.3. There exists an open set w, in C" containing X such that w, is
bounded and

(6) Ifz € we, thend(z) < e.
@) Ifz0 € X and |7 — 20| < €/2, then z € w,.
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®) 3 a function u in C™ in some neighborhood of @, such that w;
is defined by
u.(z) < 0.
) ue = 0on dw, and grad u, # 0 on dw,.
(10) U is p.s. in a neighborhood of ..

PrOOF. Choose @ by Lemma 17.2 so that d? is strongly p.s. in @. Next choose
B € C§(w) with = 1 in a neighborhood of X and 0 < B < 1. Let €2 be an
open set with compact closure such that

suppf C Q C Q C w.
Since d? is strongly p.s. in @, we can choose & > 0 such that
¢ =d° B

is p.s. in €2. Further, choose ¢ so small that 8(z) = 1 for each z whose distance
from X < e. Next, choose an open set €2; with

suppB C Q1 C Q1 C Q.

Assertion. 3 € C*(C") such that u is p.s. in £2; and

2
(11) - ¢y < %onﬂl.

We proceed as in the last part of Section 16. Choose x € C®(CM), x >
0, x(y) = Ofor|y| > land [ x(y)dy = 1.Put x5(y) = (1/8°")x(y/8) and put

ds(x) = /¢(x — Wxs(Mdy,

where we have defined ¢ = 0 outside €2.
Then, as in Section 16, if § is small,

(12) ¢s € C(C").
(13) ¢s — ¢ uniformly on Q2; as § — 0.

Also for each (&1, ...,&,) € C",z € Q:

92 - 92 -
> ot @k = Y s - 5 | )y = 0,

K 8zj82k I aZjBZk
since ¢ is p.s. in 2. Hence

(14) Psis p.s. in 2.

Choose 8 such that [¢ — ¢s| < £2/4 on Q; and put u = ¢,,. Thus the assertion
holds.
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Since u € C*°(C"), a well-known theorem yields that the image under u of the
set grad u = 0 has measure 0 on R. Hence every interval on R contains a point ¢
such that the level set u = ¢ fails to meet the set grad u = 0. Choose such a t with

2 2

<t < —1g2

|
3¢ 3

Define
w, = {x € Qiulx) < t}.
We claim that @, has the required properties. Put
U = u — 1.

Then w, = {x € Qi|u, < 0}. It is easily verified that w, C supp 8. It follows
that u, = 0 on dw,.

Since u = t on w, it follows by choice of ¢ that grad «, and hence grad u,, # 0
on dw,. Thus (8) and (9) hold and (10) holds since u is p.s. in ;.

Equations (6) and (7) are verified directly, using (11) and the fact that —s?/2 <
t < —&2/4.

Thus the lemma is established. This completes step 1.

Lemma 17.4. Fix a compact set K on Y . Let u be a function of class C° defined
on Y. Then 3 a function U of class C' in C" with

(@ U=uonk.

(b) 3 constant C with

104
—(@)| < C-dx), allz, j=1,...,n.

0z;

ProOOF. We first perform the extension locally.
Fix xo € Y . Choose an open set 2 in C" such that xy € €2, and choose real
functions p; such that

Y N2 = {x € Qpix) = = pu(x) = 0},

where each p; is of class C* in 2 and such that u has an extension to C¢(£2), again
denoted u.
We assert that 3 a neighborhood wy of x¢ and 3 integers vy, vs, . . ., v, such that

the vectors
(3/0?1),“”,8/?\),>7 j:l,...,n
071 0Zn /

form a basis for C" for each x € wy.

Put
B 0
évz('?v,..., '(_)v> , v=1,...,m.
9z1 0zn /4,
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Suppose that &, ..., &, fail to span C". Then 3¢ = (¢, ..., c,) # 0 with

Z;:l ¢j(9p,/9z;) = 0, v =1, ..., m. In other words, the tangent vector to C"
at xo,
e
j = s
o 0z;
annihilates py, ..., pm, and hence by Exercise 17.2 Y has a complex tangent at
Xo, which is contrary to assumption.
Hence &, ..., &, span C", and so we can find vy, ..., v, with &,, ..., &,
linearly independent. By continuity, then, the vectors
<8pfv’,..., aL_U’) , j=1,...,n
9z1 0z, /.

are linearly independent, and so form a basis for C", for all x in some neighborhood
of xg. This was the assertion.
Relabel py,, ..., py, toread py, ..., p,. Define functions Ay, . .., h, in wg by

ou 8/)1 8,0;')
. X)) = h;(x e, — , X € wo.
(azl an)( ) = Z ( )<8z1 00 ), 0

Solve for h;(x). All the coefficients in this n x n system of equations are of class
e — 1,50 h; € C(wy). We have

n
du = Zhiépi in wy.
i=1

Putu; =u— Y - hip;.Sou; =uony , and
_ _ n _ n _ n _
8u1 = du — Zh,ap, — Zah, P = —Zah, - Pi.
i=1 i=1 i=1

In the same way in which we got the £;, we can find functions 4;; in C*%(wp)
with

n
5hi = Zhijépj,i =1,...,n
=

Since dp1, ..., d0n are linearly independent at each point of @y, the same is
true of the (0, 2)-forms dp; A dp; withi < j.

0= 521/! = 5 (ihiép,) = Z Zhijépj AN 5/31'
i=1 ; 7

= Z(hij —hji) - 0p; A 0p;

i<j
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Hence h;j = hj; fori < j. Put
1
up =ur+ 5 Zhijpipj‘
i.j
Sou, =uon) and
_ _ 1 _
duy = — Zahi - pi + e Z d(hijpipj + R,
I L]

where

| =

_ 1 _
R= 3 Zhijpiapj ) Zhijpjapi
1, L]

1 - 1 -
=3 Zahi hit s Zahjpﬁ
i J
SO
_ 1 _
dur = i Z ohij - pipj.
Y0
We define inductively functions /; on w, I a multiindex, by
n
dhi =Y hy;dp;.
i=1

and we define functions uy, N = 1,2,...,e — 1, by

B D" 5,
Uy = un-1+ N |1|2—;v 101,

where I = (B1, ..., B, 1| = 3 Bi,pr = p" -~ pi". Then h; € C*N (wp) if
[I| = N,and uy € CN(wp).
We verify

Z dh; - py, for each N.
[T=N

By slightly shrinking @ we get a constant C such that |p;(z)| < Cd(2)" in wy if
|I| = N, and hence there is a constant C; with

N (o)

— < Cid)", j=1,...,n,2¢€ wg.
0z,

In particular, u,_; € C'(w), ue—; = uony_, and

Ol
el | < Ci1d(z)¢ 1, C) depending on @y.

Zj

Also, u = 0 on an open subset of @, implies that u,_; = 0 there.
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For each xo € K we now choose a neighborhood wy, in C" of the above type.
Finitely many of these neighborhoods, say, wi, . .., ., cover K.

Choose xi, ..., xg € C®(C") with supp x4 C s, 0 < x¢ < 1, and
> X« =1lonKk.

By the above construction, applied to x,u in place of u, choose U, in C'(w,)
with Uy = xqu in Y Nwy, supp Uy, C supp xqu, and

U,
0z;

(%) @)] < Cy -d(z)* ", ZE€E W, j=1,...,n.

Since supp U, C wqy, we can define U, = 0 outside w, to geta C !_function in
the whole space, and (*) holds for all z in C".
PutU = Y%_, U,. ThenU € C'(C"), and forz € K,

g g
U@ =) Ua@ =Y xa@u@) =u@) ) xa = ().
a=1 a=1 o

For every z,
U £ 9U,
— @ = — (2),
0z; 012:; 9z;
s0, by (*),
U
— @) <g-C-d@)!, where C = max C,.
0z lze<g
This completes step 2. O

PROOF OF THEOREM 17.1. It remains to carry out step 3.

Without loss of generality, > is an open subset of some smooth k-dimensional
manifold ), such that the closure of )" is a compact subset of )_,. It follows
that the 2n-dimensional volume of the e-tube around ), i.e, {x € C"|d(x), &},
= 0@E*" *ase — 0.

Fix ¢ and choose the set of w, by Lemma 17.3. By (6), w; C &-tube around ),
so the volume of w, = O (2" 7%).

By (8),(9), and (10), Theorem 16.1 may be applied to @, where we take p = u,.

Given that u is in C*°(C"), by Lemma 17.4 with K = X we can find U, in
C'(C™) such that for all z and j,

U,
0z;

< Cd(z)*! and Us; = uon X.

By (6) this implies

AU,

1
(1) 0z

< Cein w,.
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Put g = 9U,. Then dg = 0 in @;. By Theorem 16.1, 3V, in L?(w;) such that,
as distributions, 9V, = g;i.e.,

v, AU
(16) = = ==, allj,
9zZ; 9zZ;
and
n | au, [
a7) /|V8|2dV§C’/ doI=2 | av.
We We j=1 aZ]

Equations (15) and (17) and the volume estimate on w, give

(18) |Vg|2dV < C//826—2+2n—k.
We
By (16) and Lemma 16.8, V, is continuous in w,. Further, fix x € X and put
B, = ball of center x, radius £/2. Lemma 16.8 implies that

where K is independent of x. Thusif e > k/2 + 1, supy |V:| = Oase — 0.
Step 3 is now complete. Theorem 17.1 is thus proved. O

aVe

(19) [Ve(x)| < K {8_n||V£”L2(Bx) + e sup (max =
B, \ J | 0%

J

But B, C w, by (7), so (18), (15), and (16) give
(20) Ve(o)| < K{e'7®2 4 ¢4},

As an application of Theorem 17.1, we consider the following problem: Let X
be a compact subset of C" and f1, . .., fi; elements of C(X). Let

[fl’ e fle]

denote the class of functions on X that are uniform limits on X of polynomials in
fi, - - -, fr- The Stone-Weierstrass theorem gives

[Zla c vy Zns Zla ceey Zi‘l|)(] = C(X)'

We shall prove a perturbation of this fact. Let €2 be a neighborhood of X and let
Ry, ..., R, be complex-valued functions defined in €2. Denote by R the vector-
valued function R = (Ry, ..., R,).
Theorem 17.5. Assume that 3k < 1 such that
(21 |R(z1) — R(z2)| < klz1 — 22 ifz1.220 € Q
Assume also that each R; € C "+2(Q). Then

[z1, sz 2t + Ry, - 2o + Ry X] = C(X).

Note. Equation (21) is a condition on the Lipschitz norm of R. No such condition
on the sup norm of R would suffice.
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EXERCISE 17.4. Put X = closed unit disk in the z-plane and fix ¢ > 0. Show that
3 a function Q, smooth in a neighborhood of X, with |Q] < & everywhere and
[z, 2+ QIX] # C(X).
Let ® denote the map of  into C** defined by
@(z) = (z, 2+ R(2))

and let Y be the image of Q under ®. Evidently > is a submanifold of an open set
in C?" of dimension 2x and class n + 2. Since n + 2 > (2n/2) + 1, the condition
of “sufficient smoothness” holds for 3.

Lemma 17.6. Y has no complex tangents.

ProOF. If ) has a complex tangent, then 3 two tangent vectors to Y differing
only by the factor i.

With d® denoting the differential of the map ®, we can hence find &, n € C”
different from O so that at some point of €2,

(22) d®(n) = id®(§).

Let R, denote the n x n matrix whose (j, k)th entry is 0R;/9z; and define R;
similarly. For any vector « in C",

do(a) = (o, @ + R0 + Rza).

Hence (22) gives

(0, 71+ Ren + R:7) = i(§, € + RE + R:E).
It follows that n = i& and
(23) £+ R:E=0.
By Taylor’s formula, for z € 2,60 € C", and ¢ real,

R(z 4 €0) — R(z) = R.e0 + Rze0 + o(s).
Applying (21) with z; = z + &6, z, = z, and letting &¢ — 0 then gives
(24) IR0 + R:0| < k|0].
Replacing 0 by i6 gives
(24') IR0 — R:0| < k|O)].
Equations (24) and (24) together give
(25) |R:0| < k6|  forall® e C",

and this contradicts (23). Thus Y has no complex tangent O

Lemma 17.7. ®(X) is a polynomially convex compact set in C*".
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PrROOF. Putl = [z1,..., 20,21 + R1, ..., Zn + Ry X],
A = [z1, ..., 201 X1], where X| = ®(X).

The map ® induces an isomorphism between 2 and 2{;. To show that X is poly-
nomially convex is equivalent to showing that every homomorphism of 2(; into
C is evaluation at a point of X1, and so to the corresponding statement about 2
and X.

Let & be a homomorphism of 2 into C. Choose. by Exercise 1.2, a probability
measure i on X so that

h(f):/fdu, all £ € .

Put h(z;) = o;,i = 1,...,nand ¢ = (o, ..., a,). Choose an extension of
R to a map of C" to C" such that (21) holds whenever z1, z, € C”". This can be
done by aresult of F. A. Valentine, A Lipschitz condition preserving extension of
a vector function, Am. J. Math. 67 (1945).

Define forall z € X,

f@) = Z(Zi — o)z + Ri(2)) — (@ + Ri(2))).
i1

Since z; and 7; + R;(z) € 2 and ¢; and R;(«) are constants, f € 2. Evidently
h(f) = 0. Also, forz € X,

F@ =Yl —al’ + D (@ — e)(Riz) — Ri@)).
i=1 i=1

The modulus of the second sum is < |z — «||R(z) — R(a)| < k|z — «|?, by (21).
Hence Re f(z) > Oforall z € X, and Re f(z) = O implies that z = «. Also,

0 =Reh(f) = / Re fdu.
X

It follows that o« € X and that u is concentrated at . Hence 4 is evaluation at ¢,
and we are done. O

PrROOF OF THEOREM 17.5. We now know that ®(X) is a polynomially convex
compactsubset of ¥ and that }_ is a submanifold of C*" without complex tangents.
Theorem 17.1 now gives that P(® (X)) = C(P(X)), and this is the same as to
say that

(21, -, ZnZt + Riy oo Zn + Ryl X] = C(X).

NOTES

A result close to Theorem 17.1 was first announced by R. Nirenberg and R.
0. Wells, Jr., Holomorphic approximation on real submanifolds of a complex
manifold, Bull. Am. Math. Soc. 73 (1967), and a detailed proof was given the same
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authors in Approximation theorems on differentiable submanifolds of a complex
manifold, Trans. Am. Math. Soc. 142 (1969). They follow a method of proof
suggested by Hormander. A generalization of Theorem 17.1 to certain cases where
complex tangents may exist was given by Hérmander and Wermer in Uniform
approximation on compact sets in C", Math. Scand. 23 (1968). Theorem 17.5 is
also proved in that paper, the case n = 1 of Theorem 17.5 having been proved
earlier by Wermer in Approximation on a disk, Math. Ann. 155 (1964), under
somewhat weaker hypotheses. Various other related problems are also discussed
in the papers by Nirenberg and Wells and by Hérmander and Wermer. Further
results in this area are due to M. Freeman. The proof of Lemma 17.4 is due to
Nirenberg and Wells. (For recent work, see Wells [Wel].)

An elementary proof of Theorem 17.5, based on a certain integral transform,
has recently been given by Weinstock in [Weil].
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Submanifolds of High Dimension

In Sections 13, 14 and 17 we have studied polynomial approximation on certain
kinds of k-dimensional manifolds in C". In this Section we consider the case k > n.
Let ) be a k-dimensional submanifold of an open set in C* withn < k < 2n.
Let X be a compact set which lies on Y and contains a relatively open subset of

>
Lemma 18.1.
P(X) # C(X).

We first prove

Lemma 18.2. Let S be a set in C" homeomorphic to the n-sphere. Then h(S) # S.

PrOOF. h(S) = M(P(S)). The algebra P(S) has n generators and hence by
Theorem 15.8 the n’th cohomology group of M (P (S)) with complex coefficients
vanishes. But H" (S, C) # 0. Hence S # h(S). O

PrOOF OF LEMMA 18.1. Choose a set S C X with S homeomorphic to the n-
sphere. By the last Lemma A(S) # S and so P(S) # C(S). Since an arbitrary
continuous function on S extends to an element of C(X), this implies P(X) #
C(X). O

We should like to explain the fact that arbitrary continuous functions on X cannot
be approximated by polynomials, in terms of the geometry of Y as submanifold
of C".

Fix x € ) and a neighborhood U of x° on }_. We shall try to construct
an analytic disk E in C" whose boundary lies in U. In other words, we seek
a one-one continuous map ® of |z| < 1 into C" with ® analytic in |z| < 1
and ®(|z] = 1) C U. We then take E = ®(|z|] < 1). Then every function
approximable by polynomials uniformly on U extends analytically to E and hence
P(X) # C(X) whenever X contains U.

146
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ExampLE. Let Y be the 3-sphere |z |2+ |z2|*> = 1in C? and fix x* € . Without
loss of generality, x® = (i, 0). We shall describe a family of analytic disks near
x% each with its boundary lying on _.

Fix ¢t > 0 and define the closed curve y; by:

21 =iVl =12z =t ¢ = 1.

¥, lies on ) and bounds the analytic disk E, defined:

2 =iv1—12z=15]¢] <L

Ast — 0, y, — xg.

We wish to generalize this example. Let Zzn_l be a smooth (class 2) 2n — 1)-
dimensional hypersurface in some open set in C" and fix x° € 22”_1. Let U be
a neighborhood of x® on Y2~

Theorem 18.3. 3 an analytic disk E whose boundary 93 lies in U.

Note. After proving this theorem, we shall prove in Theorem 18.7 an analogous
result for manifolds of dimension k with n < k. The method of proof will be
essentially the same, and looking first at a hypersurface makes it easier to see the
idea of the proof. By an affine change of complex coordinates we arrange that
x% = 0 and that the tangent space to 22"_1 at 0 is given by: y; = 0, where
X1, Y1, X2, Y2, - . . , Xp, ¥, are the real coordinates in C". Then Zzn_l is described
parametrically near O by equations

z1 =x1 +ih(x, wo, ..., wy)
2 =Fwr
(D). .
in =Wy,
where x; € R, (wa, ..., w,) € C* ! and h is a smooth real valued function

defined on xC"~! with & vanishing at 0 of order 2 or higher.
We need some definitions.

Definition 18.1. Put I' = {¢||¢] = 1)}. A function f in C(T") is a boundary
function if 3F continuous in |¢| < 1 and analyticin [¢| < 1 with F = fonT.
Given u defined on I', we put

_d e
u—de(u(e ).

Definition 18.2. H; is the space of all real-valued functions « on I" such that u is
absolutely continuous, # € L*(I") and &t € L*(T"). For u € H,, we put

luly = llullze + [l 2.
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Normed with || ||;, H; is a Banach space. Fix u € H;.

[e]
u=ay+ Za,, cosnf + b, sinné.

n=1

Since i € L2, Y " n?(a2 + b?) < oo andso Y 7 (las| + |bs]) < o0.
Definition 18.3. For u as above,

o0
Tu = Zan sin nf — b, cos no.

n=1

Observe the following facts:

(2) Ifu,v € Hy, thenu + ivis a boundary function provided u = —Tv.
3) Ifu € Hy, then Tu € Hy and [|[Tul|; < ||u]l.

Definition 18.4. Let wy, ..., w, be smooth boundary functions and put w =
(wa, ..., w,). wis then a map of T into C" ! Forx € Hy,

Aw-x = _T{h(-x’ U))},

where A is as in (1). Ay, is thus a map of H) into H;.

Let U be as in Theorem 18.3 and choose 6 > 0 such that the point described
by (1) with parameters x; and w lies in U provided |x;| < 6 and |w;| < §,2 <
j=<n

Lemma 18.4. Let w,, . .., w, be smooth boundary functions with |w;| < § for
all j and such that w, is schlicht, i.e., its analytic extension is one-one in |{| < 1.
Put A = Ay,. Suppose x* € Hy, |x*| < éon T and Ax* = x*. Then 3 analytic
disk E with 0 E contained in U.

PrOOF. Since Ax* = x*, x* = —T{h(X*, w)}, and so x* + ih(x*, w) is a
boundary function by (2). Let ¢ be the analytic extension of x* + ih(x*, w) to
|¢] < 1.Thesetdefined for [¢| < 1byz; = ¥(¢),z2 = w2(8), .-+, 2n = wy(Z)
is an analytic disk £ in C". 9 E is defined for || = 1 by z; = x*(¢) 4+ ih(x*(¢),
w()),z2 = wa(0), ..., 2n = wy(¢) and so by (1) lies on >**'. Since by
hypothesis [x*| < 8 and |w;| < 6 forall j,0E C U. O

In view of the preceding, to prove Theorem 18.3, it suffices to show that A = A,,
has a fix-point x* in H; with |x*| < § for prescribed small w. To produce this
fix-point, we shall use the following well-known Lemma on metric spaces.

Lemma 18.5. Let K be a complete metric space with metric p and ® a map of
K into K which satisfies

p(@(x), ©(y) < ap(x,y), allx,y € K.

where « is a constant with 0 < o < 1. Then ® has a fix-point in K.
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We give the proof of Exercise 18.1.

As complete metric space we shall use the ball in H; of radius M, By, = {x €
H, | [lx]]1 < M}. We shall show that for small M if |w] is sufficiently small and
A = A,, then

(4) A maps By, into By;.
(5) do, 0 < a < 1, such that
[[Ax — Ayll1 < allx — ¥yl forall x,y € By.

Hence Lemma 18.5 will apply to A.
We need some notation. Fix N and let x = (xq, ..., xy) be a map of ' into
RY such that x; € H; foreachi.

n

> Ixl?

i=1
lxll = \/f |x|2d6 + \// |X[2d6
r r

[1X|lcc = sup |x|, taken over T".

X =, ..., xN), x| =

Observe that ||x||c < C||x||;, where C is a constant depending only on N. In

the following two Exercises, & is a smooth function on RY which vanishes at 0 of
order > 2.

*EXERCISE 18.2. 3 constant K depending only on /4 such that for every map x of
I into RN with ||x]|e0 < 1,
G < Klxl1)*.

*EXERCISE 18.3. 3 constant K depending only on % such that for every pair of
maps x, y of T" into RY with ||x]|c < 1, [|¥]|ee < 1.

[1h(x) —hWIl < Kllx = ylli(lxlle + [yl

Fix boundary functions wy, . . ., w, asearlierand putw = (ws, . .., wy). Then
w is a map of " into C*~! = R?"~2,

Lemma 18.6. For all sufficiently small M > O the following holds: if ||w||; <
M and A = A,, then A maps By into By and o, 0 < «a < 1, such that
[|Ax — Aylli < allx — ylli forallx,y € By.

ProoF. Fix M and choose w with ||w||; < M and choose x € By,. The map
(x, w) takes " into R x C"~! = R?~!1 If M is small, ||(x, w)]|eo < 1. Since
(x, w) = (x,0) + (0, w),

G, w)lle < e, O + 110, willy = |lx i + [[wllh.
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By Exercise 18.2,
lhGe, wylli < K(||Cx, wl]h)?
< K(llxlli + llwl[))* < K(M + M)* = 4M°K.
[[Ax|ly = |1T{h(x, w1 < |lh(x, w)]l; < 4M°K.
Henceif M < 1/4K, ||Ax]||; < M.Sofor M < 1/4K, A maps By, into By,.

Next fix M < 1/4K and w with ||w||; < M and fix x, y € By,. If M is small,
e, w)lloo < Tand [|(y, w)lleo < 1.

Ax — Ay = T{h(y, w) — h(x, w)}.

Hence by (3), and Exercise 18.3, ||Ax — Ayl|l; < ||h(y, w) — h(x, w)|); <

K||(x, w) = (v, wli([lx, w1 + [y, w)ll) < Kllx = ylh(lxlh + [yl +
2|lwl]|;) <4MK]||x — y||;. Putae = 4M K. Then a < 1 and we are done. O

PrOOF OF THEOREM 18.3. Choose M by Lemma 18.6, choose w with ||w||; < M
and put A = A,. In view of Lemmas 18.5 and 18.6, A has a fix-point x* in By,.
Since for x € Hy, ||x]|lo < C||x]||;, where C is a constant, for given § > 0 AM
such that x* € By implies [x*| < § on [". By Lemma 18.4 it follows that the
desired analytic disk exists. So Theorem 18.3 is proved. O

‘We now consider the general case of a smooth k-dimensional submanifold Zk
of C" with k > n. Assume 0 € ¥, Denote by P the tangent space to Y_* at 0,
regarded as a real-linear subspace of C". Let Q denote the largest complex-linear
subspace of P.

EXERCISE 18.4. dimc Q = k — n.
Note. It follows that, since k > n, Zk has at least one complex tangent at 0.

It is quite possible that dim¢c Q = k — n. This happens in particular when Q
is a complex-analytic manifold, for then dim¢ Q = k/2, and k/2 > k — n since
2n > k.

We impose condition

(6) dimc Q = k — n.

EXERCISE 18.5. Assume (6) holds. For each x in k¥ denote by O, the largest
complex linear subspace of the tangent space to Y~ at x. Show that dim¢ Q, =
k — n for all x in some neighborhood of 0.

Theorem 18.7. Assume (6). Let U be a neighborhood of 0 on Zk. Then 3 an
analytic disk E whose boundary 0E lies in U.

Note. Whenk =2n — 1,k — n = n — 1 and since dim¢ Q < n — 1, Exercise
18.4 gives that dim¢ Q@ = n — 1. So (6) holds. Hence Theorem 18.7 contains
Theorem 18.3.



18. Submanifolds of High Dimension 151

Lemma 18.8. Assume (6). Then after a complex-linear change of coordinates Zk
can be described parametrically near 0 by equations

21 =X +ihi(xr, .o, Xopo, Wi, e, Wi—p)
22 =x2 +iha(X1, ..., Xop—k, Wi, - ., Wiy
@) Zon—k = Xon—k + ihon_k(X1, ..., Xon—, Wi, - .., Wi—p)
LDn—k+1 = Wi
Zn = Wk—n
where x1, ..., %k € R wy, ..., we—p € Cand hy, ..., hon_y are smooth

real-valued functions defined on R x C¥" = RF in a neighborhood of 0 and
vanishing at 0 of order > 2.

PrOOF. Put z; = x; + iy; for 1 < j < n.The tangent space P to Zk at 0 is
defined by equations:

n
D alxj+bjy; =0, v=12....2n—k

Jj=1
where aj”., b}? are real constants. We chose complex linear functions

n
LV(Z)zzC‘;Zj, v=1,2,...,2n—k
=1

where ¢!} are complex constants such that Z'}zl ajxj+biy; =Im L"(z) for each
v. So P is given by the equations:

ImL"(z) =0, v=1,2,...,2n — k.

We claim that L', . .., L?>"~* are linearly independent functions over C.

For consider the set Q; = {z € C"|L"(z) = Oforall v}. Q; is acomplex linear
subspace of P. If the L” were dependent, dim¢ @ > n — 2n — k) = k — n,
contradicting (6). So they are independent. We define new coordinates Zy, ..., Z,
in C" by alinear change of coordinates such that Z, = L"forv =1, ...,2n —k.
Put Z, = X, + iY,. Then P has the equations

Yi=Y,=---=Yy4 =0
Without loss of generality, then, P is given by equations:
(3) N=y2="-= Yy =0.

Letx; = x;(t),y; = yj(t),1 < j <mn,t e R, be a local parametric repre-
sentation of Zk at 0 with + = 0 corresponding to 0. Since P is given by (8), at
t=20 8yj/8t1 = 8yj/8t2 == 8yj/8tk =0,j=1,2,...,2n — k. Since
the Jacobian of the map:

t = (1), (@), -5 X0 (0), yu (1))
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at ¢+ = 0 has rank %, it follows that the determinant

8X1 8)61
it 0ty
dxy ax,
o oty
0Yon—k+1 0Y2n—k+1 7 0.
ot oty
W
ot e =0
Hence we can solve the system of equations:
xp = x1(8)
Xn = xp(2)
Yon—k+1 = Yan—k+1(2), t=(f,.. 1)

Yo = yn(®)
forzy, ..., interms of xq, ..., X, You—g+1, - - - » ¥u locally near 0. Let us put
Ul = Xon—k+1s «+ - Ug—pn = Xpn,
V1 = Yon—k+1s + > Vk—n = Yn-
Put x = (xq,..., %0, u = (Uy,...,uj—p), v = (v1,..., V). Then

parametric equations for Zk at 0 can be written:

X1 = X1
yi=hi(x,u,v)
Xon—k = Xon—k

Yon—t = hon—(x, u, v)
Xon—k+1 = U1

Yon—k+1 = V1

Xn = Uk—n

yn = vk—n7
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where each A is a smooth function on R¥ ina neighborhood of 0. In view of (8),
each h; vanishes at 0 of order > 2. Setting
uj+ivj=wj, j=12,...,k—n,

we obtain (7). O

We sketch the proof of Theorem 18.7:

With Ay, ..., hy,—y asin (7), we put

h(x, w) = (hi(x, w), ..., hoyi(x, w)).

h is a map defined on a neighborhood of 0 in R¥ and taking values in R?*~*, We
shall use this vector-valued function / in the same way as we used the scalar-valued
function 4 of (1) in proving Theorem 18.3.

Fix smooth boundary functions wy, . . ., wx—, on I" such that w is schlicht and
putw = (wy, ..., Wi_,). We seek amap x* = (x},..., x5 _,)of [ — R¥~*
such that

xF+ih(x*, w)

admits an analytic extension ¥ = (¥, ..., ¥2,—¢) to|¢| < 1 which takes values
in C?*~*. Then the subset of C" defined for [¢| < 1 by

21 = Y1)y o oo, Zon—k = Von—k(8)s 2on—ik=1 = w1(&), ..., 2n = Wg—p (%)
is an analytic disk E in C" whose boundary 9 E is defined for [¢| = 1 by
zy = xf + i (X, w), .., 2ok = X5,y + Thopg (¥, w),
2n—k+1 = Wiy« ooy Tn = Wi

and so in view of (7), 0E lies on Zk.

We construct the desired x* by a direct generalization of the proof given for
Theorem 18.3. In particular we extend the definition 18.3 of the operator T to
vector-valued functions u = (uy, ..., us) by: Tu = (Tuy, ..., Tuy). We omit
the details.

What can be said if ) is a smooth k-dimensional manifold in C" with k = n?
It is clear that no full generalization of Theorem 18.7 is possible in this case, since
the real subspace . of C" is such a submanifold and there does not exist any
analytic disk in C" whose boundary lies on ) .

What if ) is a compact orientable n-dimensional submanifold of C"*? When
n = 1, this means that )_ is a simple closed curve in C and so Y _ is itself the
boundary of an analytic disk in C. When n > 1, we still see by reasoning as in
the proof of Lemma 18.2 that 2(3_) # > . However, there need not exist any
point p € Y with the property that every neighborhood of p on > contains the
boundary of some analytic disk. This happens, in particular, when Y _ is the torus:
lz| = 1, |w| = 1in C2. This torus contains infinitely many closed curves which
bound analytic disks in C2, but these curves are all “large.”

A striking result, due to Bishop, [9], is that if ) is a smooth 2-sphere in C?,
i.e., a diffeomorphic image of the standard 2-sphere, satisfying a mild restriction,
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then ) contains at least two points p such that every neighborhood of p on )"
contains the boundary of some analytic disk.

NOTES

This section is due to E. Bishop, Differentiable manifolds in complex Euclidean
space, Duke Math Jour. 32 (1965).

Given a k-dimensional smooth compact manifold " in C", it can occur that
there exists a fixed open set O in C”" such that every function analytic in a neigh-
borhood of Y, no matter how small, extends to an analytic function in O. This
phenomenon for k = 2n — 1 was discovered by Hartogs. For k = 4, n = 3 an
example of this phenomenon was given by Lewy in [Lew] and treated in general
by Bishop in his above mentioned paper, as an application of the existence of
the analytic disks he constructs. Substantial further work on this problem has been
done. We refer to the discussion in Section 4 of R. O. Wells’ paper, Function theory
on differentiable submanifolds, Contributions to Analysis, a collection of papers
dedicated to Lipman Bers, Academic Press (1974), and to the bibliography at the
end of Wells’ paper.

In the present Section we studied the problem of the existence of analytic va-
rieties of complex dimension one whose boundary lies on a given manifold ) .
What can be said about the existence of analytic varieties of dimension greater
than one whose boundary lies on }_? In particular, let M%*~! be a smooth odd-
dimensional orientable compact manifold in C" of real dimension 2k — 1. When
is M?~! the boundary of a piece of analytic variety, i.e. when does there exist a
manifold with boundary Y (possibly having a singular set) such that the boundary
of Y is M*~! and Y\M?~" is a complex analytic variety of complex dimension
k? When k = 1, M?*~! is a closed Jordan curve and Y exists only in the case
that M~ fails to be polynomially convex and in that case Y is the polynomially
convex hull of M%~!, This situation was in effect, treated in Chapter 12 above.
For arbitrary integers & the problem was solved by R. Harvey and B. Lawson in
[HarL2], [Har]. For k > 1 the relevant condition on M~ is expressed in terms
of the complex tangents to M1,
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Boundaries of Analytic Varieties

Part 1

Let y be a simple closed oriented curve in C2. Under what conditions does y
bound an analytic variety of complex dimension one? More precisely, when does
there exist an analytic variety X in some open set in C? such that the closure of %
is compact and y is the boundary of 3?7 Here we take “boundary” in the sense of

Stokes’ Theorem; i.e.,
/ w = / dw,
y z

for every smooth 2-form w on C2. This is stronger than being a boundary in a
point-set theoretical sense and in particular takes orientation into account.

We have studied arelated question regarding the polynomial hull of y, in Chapter
12. Here we shall use a method of Harvey and Lawson [HarLL2] based on the Cauchy
transform.

We assume that y is C2-smooth. Let 7 denote the projection of C? on C with

7(z, w) =z, Yz, w.

The image curve w(y) < C is then a smooth curve in C with possible self-
intersections. We assume, for simplicity, that the set A of self-intersections is
finite, and that there exists a C>-function f on 7(y) \ A such that y admits the
representation:

n=f&, ¢teny)\A,

where (¢, 1) is a point in C2.
To obtain the necessary conditions, we first assume that a variety X as above
exists. We seek to describe the points of % in terms of the data on the curve y.
Consider a fixed component w of C \ m(y). Since X is an analytic one-
dimensional set, 7' (w) = {(z, w) € = : z € w)} lies over w as an n- sheeted
analytic cover for some integer n > 0. For z € w, we denote by w;(2), ..., w,(2)
the points of ¥ over z; the w;(z) are not in general single-valued analytic functions

155
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of zin w. The set 7 ~!(w) is then described by the equation

n

(D l_[(w —w;j(2) =0, z € w.

j=1
If we expand the product on the left-hand side, we obtain the expression
w' — AL QW' + A Qw4+ (DA, (2),

where A;(z) = Z’}.zl w;(2), Ax(z) = Zj<k w;(z)wk(z), and so on. The coef-
ficient functions Ay, ..., A, are thus the elementary symmetric expressions in
Wi, ..., Wy,. It follows that the A ; are single-valued analytic functions on w.

Next we shall show that n, the number of “sheets” of ¥ over w, is the winding
number n(w(y), z) of the closed plane curve w (y) about z, for any point z € w.
Indeed this winding number is given by the integral

1 de

2mi z(y) E—Z,

ARy
2mi J, ¢ —z

We can evaluate the integral by applying the residue theorem on X to the form
% . We may assume that X does not branch over z. We conclude that the integral
isjust1 4+ --- 4 1 (nterms) = n.

We shall next calculate the product in (1) for (z, w) with z € w, w € C, with
|w| large, from the data on the curve y. We write (¢, n) for the coordinates of an
arbitrary point on y. Choose R > 0 such that R > |n]| for each (¢, n) € y. For
w such that jw| > R, log(1 — n/w) is then well-defined for each (¢, n) € y. We
have

2 log(w — n) = log(w) + log(1 — n/w)

for all (¢, n) € y, where log w is defined up to an integer multiple of 27ri. We set

which is equal to the integral

_ 1 [ log(w —n)

(3) q)(Z, w) = i : —g — d

forz € C\ n(y), |lw| > R. Then

@ oG = toguy - [ Ho g o [RECTg
Y

2xi J, ¢ —z 2mwi -z

§7

1 / log(l—n/w)dg
Y

= nlog(w) + —
-z

2mi
where n enters here as the winding number of 7 () about the point z.
Fix w, |lw| > R. We calculate the integral in (4) by applying again the residue
theorem to X. We assume first that X does not branch over z. Then the n functions
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w; are locally analytic near z and we get

n wi(z
5) ®(z, w) = nlog(w) + Y _ log(l — %).
j=1
By continuity, (5) holds as well if ¥ branches over z.
We now define
(6) F(z,w) = e®®%, 7 € w, lw| > R.

Even though log(w) in (4) is only defined up to an integer multiple of 27,
F(z, w) is unambiguously defined. Combining (5) and (6), we get

fkl %Q) = [Tw — w; @

j=1
=w" — A QW+ AW 24 -+ (=1D)"A,(2)

(N F(zw)

forz € w, |lw| > R.

Thus F is a single-valued analytic function in w x {|w| > R} that extends
to be analytic on @ x C as a monic polynomial in w of degree n = n(w(y), z)
with coefficients being bounded analytic functions in w. Moreover, this extension
vanishes precisely on ¥ N 7~ (w).

One further consequence of the existence of ¥ is the following condition: Let
2 be a polydisk containing y, and let ¥ (¢, n) and o (¢, ) be analytic functions
on 2. Then

3) f V(& md¢ + o (g, n)dn = 0.
Y

This is because ¥ must be contained in €2, and so ¥ (¢, n)d¢ + o (¢, n)dn is a
holomorphic one-form on ¥ U y with y = bX. It is clear that it is equivalent to
say that the integral vanishes if ¥ and o are replaced by polynomials ¢ and 1, i.e.,
that

© /P@mM§+Q@wwn=0
Y

for all polynomials P and Q. We shall refer to either (8) or (9) as the moment
condition on y. We thus have established the necessity part of the following
result.

Theorem 19.1. Lety be an oriented simple closed curve in C* with afinite number
of self-intersections. Then a necessary and sufficient condition that there exists a
bounded analytic variety ¥ in C* with bY = =y is that y satisfies (9) (moment
condition).

The complete proof of this theorem involves a considerable number of technical
details, and we shall refer the reader to the paper of Harvey and Lawson [HarL.2]
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for these. Here we shall present a sketch that we hope conveys the essential aspects
of the construction.

The orientation of an analytic variety in C? is always taken to be the “natural”
one induced by the complex structure. It clear that if a simple closed oriented
curve y satisfies the moment condition, then, if we reverse the orientation of y,
the moment condition is still satisfied. This explains the need for the “+£” in the
statement of the theorem.

We define Uj to be the unbounded component of C \ w(y) and denote by
Uy, Uy, . .. the bounded components of C \ 7 (y). We put

uv=\Ju;.
j=0
thatis, U = C\ m(y). Foreach U;, j = 0,1, ..., set n; equal to the winding
number of 7 (y) about points of U;. We have seen above that n; also equals
the number of sheets of ¥ over U}, a nonnegative integer. Thus we have n; >
0, forj=0,1,....

Now we shall assume (8) and our objective is to produce an analytic variety %
such that y = D%, in the sense of Stokes’ Theorem, after a possible change of
orientation of y.

Fix R > 0 as above. We define

_ 1 [ log(w —m)
¢(Z’w)_2ni/y =z ©

forz € U and |w| > R, and also
F(z, w) = e<1>(z.w)7

forz € U and |w| > R.Foreachi,i = 0,1, ..., we define F; as the restriction
of F to U; x {lw| > R}. Thus each F; is a single-valued non vanishing analytic
function on U; x {|w| > R}. Splitting ® in (4), we note that the second integral in
(4) is analytic in w near oo and takes on the value 0 at w = 00. Hence the Laurent
decomposition of F; has the form

Few =Y fa@uwt
k=—o00

for (z, w) € U; x {Jw| > R}, with f;; holomorphic functions on U;.

We need the following result: Let QT and Q™ be two plane domains with
common boundary arc &, where « is oriented positively with respect to Q. (When
Q" and Q™ are components of C \ 7(y), this means that as z moves from Q™
to Q1 across «, the winding number of 7 () about z increases by 1.) Let g be a
C2-smooth function defined on «. Put

G+(Z) — L g(g)dg i ze Q+
2wi Jo € — 2

and

G )=~ [ D% ca.

S 2mi ), -z
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See the book of Muskhelishvili [Mu] for a discussion of the following.

Plemelj’s Theorem. G* and G~ have continuous extensions to «, again denoted
Gt and G~. On a we have

(10 G () — G (2) = g(2), 7 €.

Lemma 19.2. Let i, j be indices such that the regions U;, U; have a common

smooth (open) boundary arc o, with o positively oriented for U ;. Then:

(i) F; has a continuous extension to (U;Ua) x {|w| > R} and F; has a continuous
extensionto (U; U o) x {lw| > R};

(i) Fj(a,w) = (w — f(a)Fi(a,w), a € o, |w| > R, where (a, f(a)) is the
unique point on y over da.

ProOF. We note that the hypothesis, that « is positively oriented for U, is equiv-
alent to the identity n; = n; + 1 for the winding numbers. We represent y by the
equation:
n=f, ¢ en(y).
Fix w with |w| > R. For z € U; we have
1 log(w — 1 log(w —
Oz w) = _/ &( n)dgz _/ g( f(§))d§.
2zi ), -z 27 Jrip {—z
7 (y) is the union of ¢ and a complementary curve 8. So

(1) @ w) = —— M@JFL/M(J
, -

2ri Jg -z 2mi
Now f is smooth on « and a is at a positive distance from . It follows that the
integral over S is continuous (across «) at a. Put

c.

Li = lim ®(z,w), L; = l(ijm O(z, w).
zeUj—a

zeU;—a
Plemelj’s theorem, combined with (11), gives (i) and
L; — L; =log(w — f(a)).
Exponentiating, we get
exp(L;) _
exp(L;)
soexpL; = (exp L;)(w — f(a)). Thus

w — f(a),

lim Fj(z, w) = Zellijrga Fi(z, w)(w — f(a)).

zeUj—a
This gives (ii) and we are done. O
We continue with the notation of Lemma 19.2. Let €2 be a domain in the z-plane

and o a boundary arc of 2. Denote by 2 the ring of functions analytic on €2 and
continuous on 2 U «.
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Lemma 19.3. Let G be a function continuous on (2 U o) X {|lw| > R} and
analytic on Q x {|{w| > R}, and let N be a nonnegative integer such that

N
(12) G(z,w) = Z gk(z)wk z€ QUa, |w| > R,

k=—00

where each gy lies in . Assume that for eacha € «, the functionw 1 — G(a, w) is
rational of order at most M, for some positive integer M. Then there exist functions

k [
P(z,w) =) p;@w/, QG w) =) q;@uw’
j=0 j=0

witheach p; € U, q; € 2, suchthat G = P/Q on Q x {lw| > R}.

PrROOF. By shrinking o we may assume that there is an integer /,0 < [ < M, such
that, for each a € o, G(a, w) can be written as a quotient of two relatively prime
polynomials in w such that the denominator is always of degree exactly equal to /.

2 is an integral domain, and we form the field of quotients of 2, denoted F.
The space F'*! of (I + 1)-tuples (¢, ..., t;41) of elements of F is then an ([ +
1)-dimensional vector space over F.

We denote by W the subspace of F'*! spanned by the set of vectors

(8—i» 8—i—1s -+ s &=i-1)s i=12,...,

where the g, are the Laurent coefficients of G.
Claim. VYV has dimension < [ + 1.

PrOOF OF CLAIM. If dim W > [ 4 1, then we can choose [ + 1 positive integers
i1, iz, - - -, iz41 such that the vectors
(8—iys 8—ip—1s """ s 8—iv—l), v=12.--,1+1,

are linearly independent in F/*!. Then the determinant

8—i, 8—i-1 0 8-l
8—iy 8—ir—1 e 8—ir—1
D= . ) ) )
8—ipy1 8—ip—1 " =il
in 2l is nonzero.
On the other hand, fix a € «. By the choice of / above, there exist p¥, ..., pp
and ¢), ..., g} in C such that
k _ N ! _
Y pwl = (Y g@uw)O_gdwi).  wl > R,
j=0 §=—00 j=0

with q,o # 0. Since the coefficients of w/ on the left-hand side vanish for j < 0,
in particular for j = —i,,, j = —i, — 1,---, j=—i, —L,v=1,2,..., [+ 1,
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we have the system of [ 4 1 equations:
g, (@q) + g-i1@q) + -+ g @g) =0,  v=1,2,...,[+1

The coefficient matrix of this system has a vanishing determinant, since qlo # 0.
Thus D(a) = 0.

This holds for each @ € «. Since D is analytic on 2 and continuous on Q U «,
it follows that D = 0 in 2. This is a contradiction and so dimW < [ + 1, as
claimed.

Because of the claim, there exists (Cg, Cy, - - -, C;) € F'*! withnotall C; =0,
such that

(13) g-iCo+g-i-1Ci + - +g-i-C; =0, i=12....

Sinceeach C; € F,itfollows by clearing the denominators that there existg; € %,
j=0,1,---,1, notall zero, so that

(14 g-iqo+gi1q1+---+giuq =0, i=1,2....
But (14) is equivalent to
N I A k A
(15) QO gqiw)) =) pjw’,
—o0 j:O j=0
for some functions pg, p1, - - -, px € 2. This yields Lemma 19.3. O

Lemma 194. F(z, w) = 1 forz € Uy, |w| > R, where U, as earlier, is the
unbounded component of C \ w(y).

PrOOF. Recall that R can be chosen so that y is contained in the polydisk 2 =
{¢,n) :1¢] < R, |n| < R}.Fixz, winCsuchthat|z|] > R and |w| > R.Then,
with an appropriate choice of a branch of the logarithm,

log(w — 1)
¢ —z

is an analytic function of (¢, 1) on 2. By the moment condition (8), then,

lo -

/ g(w — 1) dc = 0.
y §—2z

This holds for all z with |z] > R, and hence, by analytic continuation, for all

z € Up. Thus ®(z, w) = 0, for z € Uy, |lw| > R. Hence F(z, w) = 1, for

z € Uy, |lw| > R, as desired. O

Lemma 19.5. Fixi > 0. Then F; is the quotient of two polynomials in w with
coefficients analytic for z € U;, lw| > R. In particular, F; has a meromorphic
continuation to U; x C.

ProOOF. The statement for i = 0 follows from Lemma 19.4.
Now consider the situation when Uy and U; are adjacent components of C \
7 (y) with common boundary arc «. Suppose, for definiteness, that « is positively
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oriented with respect to U, that is, n; = nx + 1. We want to show that if the
conclusion of the lemma holds for one of F;, Fy, then it holds for the other.
By Lemma 19.2 we know that both Fj and F; have continuous extensions to c.
Suppose that we know that F; is rational in w on U;. It follows by continuity that
F; is rational in w on . By Lemma 19.2, F;(a, w) = (w — f(a))Fi(a, w), for
alla € o, l[w| > R. Therefore, Fi(a, w) = Fj(a, w)/(w — f(a)) is rational in
w. Now Lemma 19.3 yields that Fj is rational in w on Uy. In the same way, one
shows that if Fj is rational in w on Uy, then F; is rational in w on U;.
For any s we choose a sequence of indices

iO :O,il,...,im_l,im =4S
such that U;,_| and Ui, share a common boundary arc for j = 1,2, ---,s. Now
starting from U, and applying the previous paragraph, it follows by induction on
the length m of the sequence that Fj is rational in w on Uj. O

Definition 19.1. Let € be an open set in C". A holomorphic chain of complex
dimension k in €2 is a formal sum ) n;V;, where the branches {V;} constitute a
locally finite family of irreducible analytic subvarieties of complex dimension k&
in £ and the n; are nonzero integers, possibly negative.

A holomorphic chain can be thought of as an analytic variety with additional
structure; namely, a holomorphic chain has branches V; that carry a multiplicity
|n;| and an orientation given by the sign of n;. The variety ¥ that we seek in
Theorem 19.1 should be more precisely viewed as a holomorphic chain. The set of
holomorphic chains in €2 forms an abelian group under addition of the formal sums
giving the chains. If F is a meromorphic function on €2, then we can associate a
holomorphic chain of complex dimension n — 1 in £ to F (also known as “the
divisor of F ); this chain is the sum of branches of the zero set of F taken with
positive orientation and appropriate multiplicity and the branches of the pole set
of F taken with negative orientation and appropriate multiplicity.

SKETCH OF A PROOF OF THEOREM 19.1.
For each j > 0 we have

_ Pz, w)
~Qi(zw)

for z € Uj, where P; is a monic polynomial in w of degree N;, say, and Q; isa
monic polynomial in w of degree Z, say. The “crossing over the edge” argument
of Lemma 19.5 shows that N; — Z; = n;, since both the difference N; — Z; and
the winding number n; change by 1 when we cross an edge . We let V; be the
holomorphic chain of complex dimension 1 associated to F; in U; x C . (This
means that the zero set of P; is taken with the positive orientation and with the
multiplicity induced by the order of the zero, and that the zero set of Q; is taken
with the negative orientation and the appropriate multiplicity.)

Fi(z, w)
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Let o be an edge between U; and U. We want to show that V; and Vj “patch
together” nicely over o. We can assume that « is positively oriented with respect
to Uj,ie,n; = ng + 1. We know that P;(z, w), Q;(z, w), Pe(z, w), Qx(z, w)
extend continuously in z to «. We first define an exceptional set of points E of
o as the set of points z € «, where the discriminant of any of the four functions
Pi(z, w), Q;(z, w), Pr(z, w), Qr(z, w) (as polynomials in w) vanishes, or where
Pi(z, w), Q;(z, w) are not relatively prime, or where Py (z, w), Qx(z, w) are not
relatively prime .

Fixz €  \ E. Since F;(z, w) = (w — f(2))Fr(z, w), we get

Q] = (w— f(Z))a

as rational functions of w. Therefore,

Pj(z, w)Qi(z, w) = (w — f(2) Pe(z, w)Qj(z, w),

and so the linear factor (w — f(z)) divides P;(z, w)Qx(z, w). Hence there are
two cases: (a) Q;(z, w) = Qr(z, w) and P;(z, w) = (w — f(2))Pr(z, w) or (b)
0z, w)(w — f(2)) = Qk(z, w) and P;(z, w) = Pr(z, w). These two cases are
similar, and we shall treat case (a) in detail.

First we note that the fact that case (a) holds at z implies that it holds for 7’ € «
near z. Indeed, the linear factor (w — f(z)) divides P;(z, w). It cannot also divide
Qi (z, w), for then it would divide Pi(z, w)Q ;(z, w) and so it would also divide
Pi(z, w) or Q;(z, w). Hence P;(z, w), Q;(z, w) or Py(z, w), Qk(z, w) would
not be relatively prime, contradicting the choice of the set E. Thus (w — f(2))
does not divide Qx(z, w). Hence Qi (z, f(z)) # 0. Therefore, Qi (z', f(z)) # 0
for z’ € o near z. Hence (w — f(z)) divides P;(z, w) for 2’ € « near z.

We have, since Q; = Qi on «, that Z; = Z;. The corresponding coefficients
of win Qy and Q; are continuous near o and analytic off of o. It follows that the
coefficients are analytic in a neighborhood of z € &\ E in C. It is then clear that
the zero sets of Oy and Q; patch together to form a variety over .

Now, for z € U]- near a fixed pointa € o\ E, we can factor P;(z, w) into N;
distinct linear factors in w with coefficients continuous in U; and analytic in U;.
For z € «, one of these factors is w — f(z). Hence one of the linear factors L(z, w)
(forz € U; ) of Pj(z, w) has w — f(a) as its “boundary value” at 7z € «. Then
we can form locally on U near a the function P(z, w) = Pj(z, w)/L(z, w) and
argue (as before for Qy and Q) that the zero sets of P and Pk ‘patch” over « to
form an analytic variety. Summarizing, we get that, over a pointa € o \ E, the
union of the closures of V; and V; patch together to give varieties without boundary
over « (N of them with positive orientation, Z; with negative orientation) together
with one variety (with positive orientation) with boundary {w = f(z)} over « .
This completes case (a). Case (b) is quite similar except that the one variety with
boundary in {w = f(z)} occurs with negative orientation.

Thus we have produced a global holomorphic chain X by patching the {V;}.
Aside from the exceptional points on the arcs o separating the components {U;},
our construction shows that locally, the boundary of X is y, in the sense of Stokes’
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Theorem. For a complete proof, one still needs to show that the boundary of %
in the sense of Stokes’ Theorem is precisely equal to y. In particular, one must
discuss the exceptional points. For these rather technical issues, we refer to the
original paper [HarL2].

Until now we have not used the hypothesis that y is a single curve and we know
only that ¥ is a finite union of branches each with positive or negative orientation.
Suppose, by way of contradiction, that ¥ had more than one branch (irreducible
component). Consider an arc & on the boundary of the unbounded component Uj.
Then, since the winding number changes by -1 as we cross «, there is only one
of the irreducible components of ¥ that contains limit points on the part of y
over «. This means that one of the branches V of ¥ has as its boundary a proper
compact subset 7 of y. In particular, t is contained in a Jordan arc. The maximum
principle shows that V is contained in the polynomial hull of t. But the proof of
Theorem 12.4 (basically, the argument principle) implies that T is polynomially
convex. This is the desired contradiction!

Thus ¥ is irreducible, i.e., it consists of a single branch whose boundary is
contained in y. From this one can deduce that, by reversing the orientation of X
if necessary in order that the orientation of X be positive, bX = +y. O

Remark. Asnoted in the proof, the argument used in Theorem 19.1 applies when
y is only assumed to be a finite union of disjoint simple closed oriented curves, of
course satisfying the moment condition. The conclusion is then that there exists a
holomorphic chain V such that bV = y.

Part 2

Theorem 19.1 is only a special case of a general result of Harvey and Lawson
[HarL2] that characterizes the compact odd-dimensional oriented real manifolds
M in C" that bound analytic varieties V. These varieties are bounded sets such
that bV = M in the sense of Stokes’ Theorem.

There is an obvious necessary condition that bV = M: Suppose that V has
complex dimension p > 1; therefore, M has real dimension 2p — 1 > 1. For
each z € M, the tangent space to M, T,(M), is a real linear space of dimension
2p — 1.

EXERCISE 19.1. Show that T, (M) contains a complex subspace of complex dimen-
sion p — 1 for each z € M. [Since the pair (V, M) is a manifold with boundary,
V has a tangent space at z € M that, being the limit of the (complex!) tangent
spaces of points of V \ M, is also a complex linear space. T,(M) is a subspace of
real codimension 1 in this complex linear space.]

The complex subspace of T,(M) has the largest complex dimension possible
for a subspace of a real linear space of real dimension 2p — 1. This explains the
following terminology.
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Definition 19.2. M (of real dimension 2p — 1) is maximally complex if, for all
z € M, T,(M) contains a complex subspace of complex dimension p — 1.

We saw above that M is maximally complex if it bounds some V as above.
Another necessary condition (this one global) can be obtained from Stokes’ The-
orem. Let w be a smooth (p, p — 1)-form on C* such that dw = 0. Hence
do = dw + dw = dw. Then, assuming that bV = M, Stokes’ Theorem gives
Jy® = [,do = [, d0 = 0, since dw is of type (p + 1, p — 1) and so is
identically zero on the complex p-dimensional manifold V.

Definition 19.3. M satisfies the moment condition if / y @ = Oforall (p, p—1)
forms w such that 9w = 0.

EXERCISE 19.2. Let w be a smooth (1, 0)-form on C2. Then dew = 0 if and only
if o = Adz, + Bdz,, with A, B entire functions on C2.

Hence, for n = 2, Definition 19.3 coincides with (8).

For p = 1, maximal complexity on M is vacuous and the appropriate condition
for the existence of V such that bV = M is the moment condition on M, as
we have indicated in Theorem 19.1. However, when p > 1, Harvey and Lawson
[HarL2] showed that these two obviously necessary conditions on M are indeed
equivalent, and each implies that there exists a V such that bV = M.

A complete proof of the Harvey—Lawson [HarL.2] result involves a considerable
number of technical details. In particular, as in the case when M is a real curve,
the variety V must be taken as having an orientation and a multiplicity. Thus V
should be viewed as a holomorphic chain. Moreover, there are technical problems
in establishing the validity of Stokes’ Theorem in the presence of unavoidable
possible singularities of V and also of singularities in the way in which M bounds
V (even when both M and V are smooth). Harvey and Lawson [Har[.2] overcome
these difficulties by working with currents, that is, they define a holomorphic chain
to be a current and they take the statement bV = M in the sense of currents. We
shall not define currents here. Instead, we shall only give an incomplete discussion
of a simple case of a three-dimensional manifold in C3.

Theorem 19.6. Let M be a compact connected oriented three-dimensional sub-
manifold of C3. Suppose that M is maximally complex or, equivalently, that M
satisfies the moment condition. Then there exists a (bounded) holomorphic chain
V of complex dimension 2 in C* \ M such that bV = M.

Rather than give a complete proof of this theorem, we shall indicate how the
details of the proof of Theorem 19.1 formally carry over to this higher dimensional
case. A principal point here is that the Cauchy integral of the previous proof is
replaced by the Bochner—Martinelli integral in this case.

We denote a point Z € C3 by Z = (z, w), where z = (21, 22) € C>, w € C,
and 7 : C* — C? is the projection 7(Z) = z. Let M = m(M) C C?. Then
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M is an immersed 3-manifold with an orientation inherited from M. We write
U = C?\ M = U;5oU,, where the U, are the connected components of U and
U, is the unbounded component.

Recall that the Bochner—Martinelli kernel was defined in (13.9). We shall make
a minor change in notation and write Kgy (¢, z) for the (n, n — 1)-form (in ¢)
defined in (13.9) multiplied by the appropriate normalizing constant (depending
only on n), so that

/ Kpu(¢,2) =1,
S(z.r)

where S(z, r) denotes the sphere centered at z of radius r > 0. For the remainder
of this chapter we shall take n = 2, so that Kgy (¢, z) will be a (2, 1)-form in
C?. The pull back 7*(K (¢, z)) is a (2, 1)-form in C3. We can integrate these
3-forms over M and M, respectively

First we want to define the index 1 (z, M) of a point z € C? \ M with respect
to M. This is the direct analogue of the winding number in the complex plane.
We set

1 M) = / Ko (z. 2).
M

forz € C? \ M . We claim that this is an integer. To see this, choose a small ball
of radius r disjoint from M and centered at z and thus with boundary S(z, r) .
Then, for some integer N, M is homologous to N S(z, r) in C? \ {z}, and, since
de Kpy(¢,7) = 0in C? \ {z}, we have, by Stokes’ Theorem, that

/ Kpu(§,2) = N Kgm(t,2) = N.
M S(z,r)

This gives the claim. Since 7 (z, M) is clearly continuous in z, we conclude that
I(z, M) is constant (and integer-valued) on each component U;.
Finally, we claim that I (z, M) = 0for z € Uy. It suffices to show this for large
z. If z lies outside a large ball containing M, then M is homologous to 0 inside
that ball and the above application of Stokes” Theorem yields that 7(z, M) = 0.
‘We now take R such that |w| > R for all (z, w) € M and define

(16) Q(z, w) = / log(w — mMr*(Kpm(¢, 2))
M

for z € U and |w| > R, where (£, n) gives a point of M. (This is completely
analogous to the definition in (3), where the Cauchy integral is used for the one-
dimensional case.) More precisely, the logarithm in (16) is defined, for a fixed w,
only up to integer multiples of 2;ri. Hence, since the index is also an integer, @ is
well-defined up to integer multiples of 27i.

Thus we can put

F(z, w) = @),

to get a single-valued function for z € U and |w| > R .Foreachi,i = 0,1, ...,
we define F; as the restriction of F to U; x {jw| > R}.
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In the previous case, analyticity of the Cauchy kernel in the z variable made it
obvious that @ is analytic. It the present case, since the Bochner—Martinelli kernel
is not analytic in z, it is no longer obvious that ® is analytic on U x {|w| > R}.
However, this is exactly where the hypothesis that M is maximally complex enters
and yields the fact that indeed & is analytic. This follows from the following
proposition.

We shall write K for the Bochner—Martinelli kernel K ;5 in C2.

Proposition 19.7. Let v (¢, n) be a function analytic on a neighborhood of M in
C3, where ¢ = (&1, &). Put

F(z) = [M V¢, mr*(K (g, 2)), zeU.

Then F is analytic on U.
PrOOF. We regard K as defined on C? x C? \ {z = ¢}. Here
§2

& -
I4 Ie I4

A7) K(¢, z) = (

Ié‘ dé’l)/\dé'l A do.

S09,K (¢, z)isaformon C? x C?\ {z = ¢} of type (2, 1) in ¢ and type (0, 1) in
7. We define a form K; on C? x C? \ {z = ¢} thatis of type (2, 0) in ¢ and type
(0, 1) in z by

-2 Z, é'l
|§ z[* |§ |4

Then d; K (¢, z) is a form on C? x C*\ {z = ¢} oftype (2, 1) in ¢ and type (0, 1)
in z and so of the same type as 9, K (¢, 2).

K¢, 2) = (

_dzy) A dE A dE.

Lemma 19.8. —0,K,(¢, z) = 0,K (¢, 2).
PrOOF. See Appendix A13. O

Lemma 19.9. For (¢, n) € M (and z € U fixed)
V(@ Mt (0 K12, 2) = d( (&, mr*(Ki(L, 2))).

ProOOF. Since the map 7 and the function ¢ are holomorphic, we have

(&, Mr*0:Ki1(¢, 2) = (¥ (&, M7*(K1(E, 2)))

= 9y (W (&, MT*(K1(C, 2))).
This holds on the open set W of C* containing M, where ¥ is defined. On W we can
write the exterior derivative d as the sumd = 0, + 9;.,. We have 9, = 9, + 9.
Since 7*(K (¢, z)) isof type (2, 0) in ¢, we have 3. (¥ (¢, )7 * (K1 (¢, 2))) = 0.
Hence we get on W:

V(& mr* @K1 (¢, 2)) = d(W (&, mr*(Ki(C, 2) — @, 9) A T*(K1(£, 2)).
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Thus it remains to show that @ = (9,¥) A 7*(K (¢, 2)), a (3,0)-form in (¢, 1),
is zero when restricted to M. This follows from the fact that M is maximally
complex, as the next lemma shows. O

Lemma 19.10. Ler o be a form of type (3, 0) defined on a neighborhood of a
maximally complex real 3-manifold M in C3. Then the restriction of o to M is
identically zero.

ProOF. We need only verity this at the tangent space 7, (M) at a single point

x € M.By alinear change of variable we may assume, by the maximal complexity

of M, that T,(M) = {(z1,22,23) € C*® : Im(zo) = 0,23 = 0}. We have

a(x) = Adz; A dzy A dzs, since « is a (3, 0)-form. Then the restriction of «(x)

to T, (M) vanishes since dz3 vanishes on Ty (M), and this gives Lemma 19.10.
By (17) and Lemma 19.8, then, we have

(18) 9, F(z) = /Ml/f({, M7 (K (¢, 2))

= /Mt//(L M9, K (¢, 2)) = —/Ml//(L mr* @ Ki(¢, 2)).

By Lemma 19.9, we get

19) 9. F(z) = — /Md(t//(éy mr* (K15, 2)) =0,

by Stokes’ Theorem. Thus F is analytic. O

For additional simplicity in the exposition we shall assume that 7 maps M one-
one to M except over the self-intersection set A of M, which we assume to be
a compact subset of M of finite two-dimensional measure. Thus we can write M
over M \ A asagraphn = f(¢) for¢ € M\ A. Consequently, we can also
write

Q(z, w) = /M log(w — f(E)Kpu(t, 2)

forz € U and |w| > R.

We shall need to “cross over a boundary” between two adjacent components
U;, Uy. For this we use the analogue of Plemelj’s theorem for the Bochner—
Martinelli kernel. This can be formulated as follows. Let Q1 and Q= be two
domains in C? with common boundary set o, where « is a smooth three-
dimensional manifold, oriented positively with respect to . (About M, this
means that as z moves from one component = of U to another Q* across M,
the index of M about z increases by 1.) Let g be a C2-smooth function defined on
o. Put

G'(2) = /g(C)KBM(C, 2), zeQf
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and
G_(Z) = /g(g)KBM(g’ Z)’ Z € Q-

See Appendix B of [HarL2] for the proof of the following generalization of
Plemelj’s formulae.

Jump Theorem. G* and G~ have continuous extensions to «, again denoted
Gt and G™. On a we have

Gtz — G (2) = g(2), 7 €a.

We have chosen notation so that the analogue of Lemma 19.2 is valid in the
present setup with the only change being that now the common boundary set « is
a smooth 3-manifold instead of a real curve; otherwise, the statement and proof
are the same. With the same change, Lemma 19.3 carries over.

To verify the analogue of Lemma 19.4 we need that

Oz, w) = / log(w — m7*(Kpm(¢,2)) =0
M

for large w and z. We have noted above that & is analytic on Uj. This means that, for
w fixed with |w| sufficiently large, z 1 — ®(z, w) is analytic in C? outside of some
large ball. In particular, for z, fixed with |z;| sufficiently large, A 1 > ® (X, z2, w)
is an entire function of A € C. Itis clear, by looking at the integral defining ®, that
DA, 22, w) = 0as L — oo, for z5, w fixed as above. By Liouville’s theorem,
we conclude that ® (A, z, w) = 0 for z,, w sufficiently large and for all 1. By
analytic continuation it follows that ® = 0 on Uj. This gives Lemma 19.4 in our
setting.

From this point on we conclude the argument by repeating the proof of Theorem
19.1. As in Lemma 19.5, the F; have meromorphic extensions to U; x C. A
holomorphic chain V; is associated to each function F;, and these V; are pasted
together over common boundaries of the U;, U;. We refer the reader to the work
of Harvey and Lawson [HarL2] for the full details of the proof of this beautiful
theorem. O

To conclude this chapter we shall sketch a single application of the general
theorem of Harvey and Lawson. Let W be an analytic submanifold of C* \ K of
complex dimension 2, where K is a compact subset of C*. Then W extends to be
a subvariety of all of C3. To see this, we let M be the intersection of W with a
sphere of large radius centered at the origin. Then M is maximally complex of real
dimension 3. This is because locally M bounds the part W, of W lying outside of
the sphere. By Theorem 19.6, M bounds a subvariety V inside the sphere. Finally,
one can show that V and W, patch together across the sphere to give a global
variety in C.
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Polynomial Hulls of Sets Over the
Circle

I Introduction

Let X be a compact set in C". Denote by 7 the projection (zy, - - -, Z'A) 1 — z; that
maps C" to the complex plane C. 7w (X) is a compact set in C, and 7 (X) is another
such set. Of course,

(1) 7(X) 2 n(X),

and it can happen that

@) m(X) # m(X).

EXAMPLE 20.1. X = the torus T2 = {(¢', ¢i2) : 6,6, € R}. Then X = the

closed bidisk A2, so Jt(f( ) = A while T(X) = the unit circle T".
It also can happen that even though X is strictly larger than X, we have

3) 7(X) = n(X).

EXAMPLE 20.2. X = the sphere {|z1|> + |22/ = 1} in C2. Then X is the ball
{|z11* + |22 < 1} and w(X) = {|z1] < 1} = 7(X).

If we are in the case of (2), we may consider a connected component W of the

open set C \ 7 (X) with the property that there exists 2° = (2%, .-+, z%) € X with
2 = 7(z°) € W.In that case,
@ n(X) 2 W.

Indeed, the following fact was verified in the first paragraph of the proof of Theorem
11.9.

Lemma 20.1. Let A be a uniform algebra on a compact space X. Let f € A and
let W be a component of C\ f(X). If f takes a value Ay at a point of M, where
Ao € W, then f(M) D W.

EXERcISE 20.1. Show that (4) follows from Lemma 20.1.
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Suppose that X is a compact setin C" such that (2) holds. Consider a component
W of C \ m(X) such that 7 (X) 2 W.If K is a compact subset of W, we put
7Y K)=1{z€ X:n@) € K}

If 7' (K) is non-empty, then 7 ' (K ) is a closed subset of X and 7 maps 7! (K)
onto K, in view of (4). So we may think of 7 ~!(K) as the portion of X that lies
over K.

We fix a closed disk A € W.PutY = n~1(dA).

EXERCISE 20.2. ¥ = 7 L(A).

We use this fact as follows: If we can discover analytic structure in Y , this
provides us with analytic structure for that portion of X which lies over A. On the
other hand, Y is a set lying over the circle d A. One may hope that the fact that Y
lies over a circle can be useful in the study of Y , and this will turn out to be true.

We begin by taking n = 2 and Y a compact set in C? lying over the unit circle
I' = {» € C: |A] = 1}. Clearly, to go from the unit circle to an arbitrary circle
is a minor matter. For each A € T', we put

YV, ={weC: (A, w) eV}

Y; is acompact set in the w-plane. We shall call it the fiber over A. Strictly speaking,
the fiber of the map & over A is

{,w) :w e Y,}

We denote by F the space of all functions f bounded and analytic on {|A| < 1}
such that

®)) f() e Y, foraa. A eT.

Claim. Fix f € F.The graph of f,
{, f)) 1Al < 13,

is contained in Y.

PrROOF. Let P be a polynomial in A and w. Then g(A) = P(X, f()) € H™.
Also, fora.a. L € T, f(A) € Yy; therefore

(6) [P(A, FODI = [IP]ly
fora.a. A € I". Hence

lg(ho)| < ess suplg| < |P|ly
T

for all A in the open unit disk, i.e.,

[P (Ao, fo))| = I[Py,
ie, (Ag, f(Ao)) € Y. This gives the claim. O
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Theorem 20.2. Fix a compact set Y in C? lying over T. Assume
©) Y, is convex for every . € T.
Then Y \ Y equals the union of all graphs {(A, f(})) : |A| < 1} with f € F.

PrOOF. Because of the claim just proved, it suffices to show that if (Ag, wg) €
Y \ Y, then there exists f € F with f(Ag) = wy.

We first take Ao = 0. Since (0, wp) € ¥, we may choose a probability measure
1 on Y such that, for each polynomial P (A, w),

®) P(0, wy) = / PO, wydp(rh, w).
Y

Under the projection map 7w : (A, w) 1— A, u “disintegrates” (see the Appendix)
in the sense that there exists a probability measure p, on I' = w(Y), and for
a.a. A-du, on I' there exists a probability measure o, on Y,, such that, for all
fec®),

/fdl/« =/ |: F, w)dUA(w)i| d ().
Y r Y

In view of (8), we have forn = 1,2,---,0 = fY Mdp = fr Mdpe(L).
This implies, writing A = €% for A € T', p, = %d@. (Why?) So we have for
each f € C(Y)

1
) /fdu =/[ f, w)dcn(w)} 2—d9-
Y r|Jy, T
‘We define

W) = / wdo;, rerl.
Y,

W is defined a.a. on I" and lies in L*(T", d0). Forn = 1,2, ...,

do do
/W(}\))\"— =/)»" / wdo;, | — =/)\"de =0,
r 2 r Y 2 Y

because of (8) and (9).
It follows that W € H*. For n = 0, the same calculation yields

dao
W) = / W(A)z— = / wdi = wy.
r T Y

Thus W is the boundary value on I of a bounded analytic function on {|A| < 1}
that takes the value wq at 0.

Finally, since o, is a probability measure on Y;, for a.a. A € T, fo wdoy,
can be approximated arbitrarily closely by convex combinations of finite point-
sets wy, - -+, wg in Y,. Since Y; is convex by hypothesis, and also is closed,
le wdo, € Y,. Thus W(A) € Y, fora.a. AinT". Thus W € F, and W(0) = wy,
as desired.
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Next fix Ag in {|A| < 1}. We shall reduce our problem to the previous case. We
put

A) = —;

x) T on

therefore, x gives a homeomorphism of " onto I", and x (Ao) = O.
We define the set Y’ over I by putting

Vi =Y, ¢ el

Then Y’ is compact. We verify that (0, wg) € Y. By the previous result, there exist

f e H*®, f(0) = wp, and f(¢) € Yg fora.a. ¢ € T'. Putting g(A) = f()x (L)),

we then see that g € H™, g(Ag) = wy, and g(X) € Y, fora.a. A in I", as desired.
Finally, fix (Ag, wq) in Y with M €T

EXERCISE 20.3. (Ao, wo) € Y.

This exercise completes the proof that Y \NY ={(h, fQ) : A < 1, f €
F}. O

Consistent with our earlier notation, we now define, for [A| < 1,

={weC:(w) e/l

Theorem 20.3. Let Y be a compact set in C? lying over . Assume again that
each fiber Y,, A € T, is convex. Then each fiber Y, |A| < 1, is convex.

Proor. Fix Xy, |Ag] < 1, and choose points w;, w, € IA/AO. By Theorem 20.2,
there exist fi, fo € F with f;(A) = wj, j = 1, 2. Put

f=30+ f.

Then f isbounded and analyticon [A| < 1and,fora.a. X € T, f(}) = ;( fi)+
f2(A)) € Y, since fi(1) €Y, fz()») € Y,,and Y, is convex. Thus f € F. It
follows that (Ao, f(Ag)) € Y. Thus L s(witw2) = f(ho) € Y,\O So Y,\O is convex,
as claimed. O

Theorems 20.2 and 20.3 suggest the following question: Given a family of
convex sets Y;, in the complex plane, defined for each A € T, such that the set

Y={xw)eC:rel',weY,}

is compact—for example, each fiber Y3, 1 € ', may be aline segment, a triangle, or
an ellipse—how can we explicitly describe the family of compact sets Yi, A < 1?7
Or, equivalently, how can we explicitly describe the set Y2 A tractable example
is given by the case where each Y, is a closed disk. In the next section, we shall
study some examples of this case, and in the Notes we shall point out related, more
general, results.
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IT Sets Over the Circle with Disk Fibers

We choose a continuous complex-valued function a: A +— «(A), defined on T,
and we put

Y={QA,wy: 2 el,|lw—al) <1}
Each Y; is then a disk of radius 1.

ExampLE 20.3. Inthecase @(A) = A, and therefore alsointhecase Y = {(A, w) :
A el lw—A] <1}, weclaim that ¥ = {(A,w) : A <1, Jlw—A| <1}

To see this, fix (g, wo) € Y. Put P(A, w) = w — A. Then P isa polynomial
and |P| < 1on Y. Hence |wy — Ag| = |P (Ao, wp)| < 1.

Conversely, fix (Ag, wg) with |[wy — X9| < 1. Consider the analytic disk X,
defined by w — A = wy — Ag, |A| < 1. The boundary 9%, lying over I, is
contained in Y. If Q(A, w) is any polynomial, the restriction of Q to X is analytic
and hence satisfies the maximum principle. Thus

[Q (Ao, wo)| < max |Q] < max |Q].
Ep) Y
So (Ag, wy) € f/, and therefore we are done.
O

EXERCISE 20.4. Leta(A) = 24, Y = {(A, w) : |w — 2%| < 1}. Show that ¥ \ ¥
is empty. [Hint: Apply Theorem 20.2.]

EXERCISE 20.5. Leta(A) = A, Y = {(A, w) : |w — A| < 1}. Show that ¥ \ Y is
the analytic disk {|A| < 1, w = 0}.

A simple condition which assures that Y \ Y contains an open subset of C?
is the existence of a constant k£ such that |@(X)] < k < 1 for every A in I'.
Suppose that this holds and put ¥ = {(A, w) : |A| = 1, |[w — a¢(X)| < 1}. Fixr,
0 < r < 1 — k. Then for each A € T, the disk {|w| < r} C Y;, and it follows
that each “horizontal” disk: w = wy, |A| < 1, where |wg| < r, is contained in Y,
and hence ¥ does have interior in C2.

We now consider the following special case. Let P, Q be polynomials in A such
that Q # 0 on I', and assume that there exists k < 1 such that

P
(10a) — | <k Vi eT.
o)
Assume also that
(10b) Each zero of Q in {|A| < 1} is simple.
Put
P(3)
Y=, wy:rxeland jw— —| <1;.
o)
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In Theorem 20.5 below, we shall give an explicit description of f/; for each A in
{Ix] < 1}.
We can write

QM) = Qo(MRA),

with
A— A
Qo) = Hl_’
where Ay, Ay, - - -, A, are the zeros of Q in {|A| < 1} and R is a rational function
with R(A) # Oin {|A] < 1}. We put
P();)
(11) w; = — —22 j=12---,n.
RO

We let, as before, F denote the space of all functions f € H* suchthat f()) € Y,
ae.onl.

Lemma 20.4. F consists of all functions f on {|\A| < 1} that can be written in
the form

(12) =L+ L
Q0 Qo
with B € H®, |[|Blloo < 1, and
13) B(X;) = wj, 1<j<n
PrROOF. Suppose that f € F. Define the function ¢ by
r=tc

Then ¢ is meromorphic on {|A| < 1} with a simple pole at each A ;. Also,
fQ—PZ(fQ—P>i_
Qo R Qo

Put B = (fQ — P)/R. Then B € H*, B(A;) = w; for each j and, for a.a.
reT,

¢ =

|IBM| = ‘fQ

()»)‘ |Qo(M)| = ‘(f - —)(X)‘ <L
Hence ||B||s < 1. Thus
f =

where B satisfies (13) and ||B]|eco < 1.
Conversely, suppose that f has the representation (12) for some B € H* with
[|Blleo < 1 and such that (13) holds. Then f is meromorphic on {|A| < 1} with

B
0o’

|~
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(possibly removable) singularities at the A ; and is regular elsewhere on {|A| < 1}.
We have

P(Aj)
res;;, — = — ;
0 O'(A))
and
res, 2 = B(X;) _ P(rj) 1 _ P(rj)
"Qo Oy R(Lj) Qp(r)) ')’
j=1,---,n Henceres, f = Oforall j.Since f has ateach A ; at most a simple

pole, it follows that A ; is a removable singularity for f for all j. So f € H®.
Then, for almost all A € T,

PO | | BW
oM | | Qo)

So f € F, and we are done.

‘f(k) - =|B)| < 1.

To motivate what follows, we shall briefly review the interpolation theory in the
disk developed by G. Pick and R. Nevanlinna early in the twentieth century.

Consider m distinct points zy, . . ., Zn in {|z] < 1}. We ask for which m-tuples
of complex numbers B, ..., B, there exists F € H such that
(14) [IFllo < 1and F(z;) = B;, 1<j=<m.
Foreachset By, - - -, B wedenoteby M = M(zy, -+, Zm|B1, -+ *, Bm) them xm

Hermitian matrix
— m
(1—mm)
1—-1ziz ’
Zj Zk j,k:l

Pick’s Theorem. Given By, - - -, B, in C, there exists F € H®™ satisfying (14)
if and only if the matrix M is positive semi-definite. Also, there exists F € H*®
satisfying (14) and with || F ||oo < 1 if and only if the matrix M is positive definite.

We shall discuss this result in the Appendix.

PutA={AeC: A <landX # Ajforj =1,---n}. Weput,fork € A
and w € C,
(15) D(}\a w) = det(M(}\l’ ) }\n, }\|w1, s, Wy, U.))),

where the w; are given by (11). Note that D is real-valued since M is Hermitian.
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ExampLE 20.4. Take n = 2. Then
l—wlzi)l l—wlzi)z l—wlﬁ)
1— Alkl 1— Alkz 1— Alk
1 — wowy 1—wwy 1 —ww
1 — Ak 1 — X, 1 — Xk
1 — ww; 1 — ww; 1 — ww
1 —Ax 1 — Ak, 1 — A

D\, w) =

EXERCISE 20.6. Foreachn andeachA € A, w € C,
D(L, w) = alw|* + bw + bw + ¢,

where a, b, ¢ are rational functions of A, X.

Now fix polynomials P, Q as above, with Q # 0 on I", such that (10a) and
(10b) hold. Define w; by (11),1 < j < n.

Theorem 20.5. For each A € A, we have

(16) {w : DO\, w) > 0} is a nondegenerate closed disk, and
(17 ?—:MJF Y . pan w)>0}
Tlow o T

Remark. Formula (17) is the “explicit” description of Y we have been aiming at.
Since the set {w : DX, w) > 0} is adisk of positive radius, for each fixed A € A,
(17) yields that Y is a closed nondegenerate disk as well.

PrOOF. We fix A € A and put
E, ={w: D(A, w) > 0}.

Claim. E, is nonempty.

ProoF. Fix r < 1 — k. As we saw earlier, our hypothesis that |P/Q| < k on
I" implies that, for fixed wy with |wg| < r, the disk {w = wy, |[A| < 1} lies in
Y, and so the constant function wy belongs to F. By Lemma 20.4, this yields the
existence of By € H® such that

(18) Bo(A)) = wy, j=1,--,n,
and
PE@) | Bo(©)
19 i 1
) =00 T 4
Then (19) holds a.e. on I'. Hence we have
P(&) P
B, = _ 7 k
|Bo(§)] = |wo 00 | = =< lwol + 20 <r+
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fora.a.Z € I'.Hence ||Byllooc <7 +k < 1.Setw’ = (wg — P(A)/ Q) Qo(A).
We then have By(A;) = w;, 1 < j < nand By(L) = w'. By Pick’s Theorem, it
follows that

(20) MOy, -y A, Mwy, - - -, w,, w) is positive definite,

and hence D(A, w’) > 0. The claim is proved.
Further, (20) implies that

21 M(Ay, - -+, Apglwy, - - -, wy) is positive definite.

Now fix w with DA, w) > 0. Then the matrix M\, ---, Ay, A
wiy, - -+, Wy, w) has all of its principal minors positive, because (20) shows this
for all but the (n + 1) x (n 4+ 1) minor, which equals D(X, w). It follows that
MOy, -+, Ay, AMwy, - -+, wy, w) is positive definite.

By Pick’s Theorem, then, there exists B € H®, || B||o < 1, with B(A;) = wj,
1 < j <n,and B(A) = w. By Lemma 20.4, then

P B
T=o%g "
and so
PO v
o) Qo)
Assume next that D(A, w) > 0. By the claim, w = limn_>Oo w, with

DA, wy,) > 0. Letting n — o0, we get that PO‘; + (M € Y,\ Thus the

RHS (right-hand 51de) in (17) is contained in the LHS (left- hand side) in (17).
Finally, fix w € Y;. Then there exists f € F with f(A) = w and so, by

Lemma 20.4, there exists B € H*, ||B||c>o <1,B(j) =w;,1 < j < nwith

f=P/O+ B/Qy. Weput B(A) = w’. Then

P()) B() PO w’

QM) Qo(d) ) Qo)

Also, by Pick’s Theorem, M(Ay, - -+, Ay, Awy, - -+, wy,, w') is positive semi-
definite. Hence D(A, w’) > 0. So w € RHS in (17), and therefore LHS C
RHS.

Thus LHS =RHS and (17) holds. Also, the claim shows that {w : D(A, w) > 0}
is nondegenerate, so (16) also holds. We are done. O

w=fQ) =

Theorem 20.5 leaves open the description of the fibers Y, for A ¢ A. The final
result in this chapter fills this gap.

Corollary 20.6. The fibers (Vi A < 1} form a continuously varying family of
nondegenerate closed disks.

ProOOF. We know that the fibers are nondegenerate since Y, 2 {lw] <1 -k}
for all A with |A] < 1. Fix b in the open disk and suppose that {z,} is a sequence
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in A approaching b. By Theorem 20.5, the fiber for each z, is a closed disk D,,.
By the compactness of Y, after passing to a subsequence, these disks converge to
a nondegenerate disk £ C Y. Without loss of generality, we may assume that the
disks converge for the original sequence.

Claim. E = f/b. Letw € f/b. By Theorem 20.2, there exists f € F such that
f() = w. Also, f(z,) € D,. Since ljmv_>Oo f(z,) = f(b), we conclude that
w = f(b) € E. This shows that E D Y}, and gives the claim.

Thus we have that the fiber ¥, is a nondegenerate disk and that for every sequence
{z,}in A there is a subsequence whose fibers converge to Y. This yields the desired
continuity of the fibers. O
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Areas

We begin with a theorem that gives a lower bound on the area of the spectrum of
a member of a uniform algebra. Let A be a uniform algebra on the compact space
X with maximal ideal space M. Let ¢ € M and let i be a representing measure
supported on X for ¢. We can view elements of A as continuous functions on M.

Theorem 21.1. Let f € A and suppose that ¢(f) = 0. Then

[n / P du < area(f(M))-]

Applied to the disk algebra, this says that, for a function f in this algebra with
f(©0) = 0, we have % f | f1?d6 < area(f(D)). Or, writing f(z) = Zfo a,7",
we get w chx’ la,)> < area(f(D)). This can be compared with the classi-
cal area formula f plf "’dx dy = area-with-multiplicity( (D)), which gives
7 Y ¥ nla,|* = area-with-multiplicity (£ (D)).

For the proof of the theorem we need two lemmas. The first is an elegant com-
putation due to Ahlfors and Beurling [AB]. The supremum of a function g over a
compact set X is denoted by ||g||x.

Lemma 21.2. Let K be a compact subset of the plane, and set

1
F(z) = // dudv, where { = u + iv.
k¢ —2z

Then F is continuous on the plane and ||F||x < (w area(K)) 5,

Proor. The continuity of F is a consequence of the fact that the convolution of
a local L' function with a bounded function of compact support is continuous.
To estimate F(z), we may assume, by a translation, that z = 0. Then, by a
rotation we may assume that F (0) is real and positive. Writing ¢ = re'?, we have
F(0) = Re(F(0)) = [ [; cos(9) dr df. Letting K™ be the part of K in the right
half-plane, we get F(0) < f f x+ €0s(0) dr df. Let £(0) be the linear measure of
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the set of points ¢ of KT with arg(¢) = 6. We have

FO) < // cos(6)drdb :/
K+ _

The reader can verify that

£00) E 6 2
/ rdr > / rdr = ©) .
{rirel?cK+} 0 2
‘We conclude that

F(0) < (n// rdrdf)? = (mwarea(K*))? < (m area(K))?
K+

IR

€(6) cos(6)do < (% /7 00)%do)* .

I
ol

O

We recall that R(K') denotes the uniform closure in C(K) of the rational func-
tions with poles off of K. By an abuse of notion we write 7 as the conjugate function
in the plane. We view 7 as an element of C(K) in the following lemma.

Lemma 21.3. dist(Z, R(K)) < (L area(K))*.

Note that Lemma 21.3 is a quantitative version of the Hartogs—Rosenthal the-
orem that R(K) = C(K) if K has zero area; for then 7z is in C(K) and so
R(K) = C(K) by the Stone—Weierstrass theorem.

PrOOF OF LEMMA 21.3.  Let ¢ be a C* function with compact support in the plane
such that ¥ (z) = z on a neighborhood of K. By the generalized Cauchy integral

formula,
__ ! 9 dudv L
V(z) = n[/ -2 ¢ =u+iv,

for all zeC. Restricting ¢ to K, and using % = 1 on K we get

___// dudv 1 // Y dudv
B Kk {—2 TN ET:

for z € K, where K’ = C \ K. Since the integrand in the second integral is, for
fixed ¢, a function in R(K), it follows (approximate the integral by a sum!) that
the second integral represents a function in R(K ). We get

dist(z, R(K)) < supI— [/ dudv .
ek kK §— Z

Lemma 21.3 follows by applying Lemma 21.2 to this last integral. d

Now we can prove Theorem 21.1. Let e > 0 and put K = f(M). By Lemma
21.3 there is a rational function r(z) with poles off of K such that

K
7 = r@llx < (@)

[T
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Since r is holomorphic on a neighborhood of the spectrum K of f, it follows from
the Gelfand theory that g = r o f € Aand || f — glly < ((area(K) + e)/n)é
Wehave | 1> = f(f —g)+ fg.Sinceg € A,weget [ fedu = ¢(f)p(g) =0
andso [ |f*du = [ f(f = g)dp. Thus [ |fPdp < |If = gllu [1fldi <
((area(K) + e)/n) f | fldt. Now, letting € — O yields

K)
/Iflzdu < (arej‘f )y4 /Ifldu.

Estimating the lastintegral by Holder’s inequality, [ | fldu < (f | f [d ) 3 , gives
the theorem. g

As another application of Lemma 21.3 we shall give a proof of the classical
isoperimetric inequality. This begins with a lower bound for dist(z, R(K)).

Proposition 21.4. Let Q2 be a closed Jordan domain in the plane with a
smooth boundary. Let A = area(2) and let L = length(bS2). Then 2A/L <
dist(z, R(L2)).

PrOOF. Let € > 0 and choose g a rational function with no poles on €2 such that
Iz — glle < dist(z, R(Q)) + €. We have, since [, gdz = 0 by Cauchy,

I/ zdz| = I/ (z — g) dz| < L(dist(z, R(R)) + €).
bQ bR

By Stokes’ Theorem we have 2iA = [, dzdz = [, zdz. We get 24 <
L(dist(z, R(£2)) + €). Now the proposition follows by letting € — 0.

Now, combining Lemma 21.3 and Proposition 21.4 gives

2A4/L < dist(z, R(Q)) < (A/m)"/2.

The isoperimetric inequality follows directly:

47 A < L2

A different idea also can be used to study the metric properties of the set f(M).
Here f, M, X, A, ¢ and p are as in the first paragraph of this chapter. There exists
a point xo € M such that ¢(f) = f(xo) for all f € A. (Recall that we view
elements f of A as functions on M.) Let ', = {z € C : |z| = t}. Let £ denote
arclength measure on I';.

Theorem 21.5. Let feA and suppose that ¢ (f) = 0. Then for all t > 0,

2rrpdx € X 1 [f(x)] = 1} < &Iy N f(M)).
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Integrating this estimate from ¢ = 0 to oo in fact implies Theorem 21.1. This
follows from the general fact that

/2fu«{x €X:[f()| = ndt = [ |f12de.

To verity this identity, we compute f 2tx(x,t) du(x)x dt (where yx is the char-
acteristic function of the set {(x,¢) € X x Ry : |f(x)| > ¢}) in two ways as
iterated integrals, using Fubini’s theorem.

PROOF OF THEOREM 21.5. Fixt > 0.Lete > Oandputy = I'; N f(M). Choose
a continuous real-valued function 4 on I'; such that 0 < h < 1, h is identically
1 on a neighborhood of y, and f02” h(te'®)dd < t~'(£(y) + €). Let u be the
harmonic extension of A to the interior of I';, and let v be the harmonic conjugate
of u with v(0) = 0. Set F(z) = u(z) +iv(z) for |z| < t. Define F(z) for |z| > ¢
by F(z) = 2 — F(z*), where z* = t2/Z is the reflection of z in I';. Thus F is
analytic off of I'; and, by the reflection principle, F is analytic on a neighborhood
of y. This means that F is analytic on f(M).

By the Gelfand theory, F o f € A, and so

F(0) = F o f(xo) =/Fofdu.
We have
2
F(0) = u(0) = 1 / h(te'Ydo < Qmt)~'((y) + €).
27 0
Taking real parts gives
/Re(F o fdp < )~ ((y) + €).

Since 0 < u(z) < 1on|z| < t,it follows that 1 < 2 — u(z). We conclude that
ReF > Oon f(M) and that ReF > 1on {z € f(M) : |z| > t}. Hence

[Re(Fof)d;L 2/ Re(F o f)du 2/ ldu
(x:lf =1} {x:[f )=t}
=pufx [ f(0)] = 1}
We now have pu{x : | f(x)] > t} < Qmt)"'(£(y) + €). Letting € — 0 gives the

theorem. O

We now shall apply Theorem 21.1 to analytic 1-varieties and polynomial hulls
in C".

Lemma 21.6. Let V be a one-dimensional analytic subvariety of an open subset
of C". Then

area(V) = area-with-multiplicity(z; (V)).

n

j=1
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Here, by the area of V we understand the usual area of the set V,., of regular
points of V viewed as a two-dimensional real submanifold in R?". This agrees
with H2(V), where 72 denotes two-dimensional Hausdorff measure in C”. See the
Appendix for references to Hausdorff measure. The natural proof of this formula
for varieties of arbitrary dimension k involves considering the form o, where
w=1i/23%; dz; A dz;. We shall give a more classical proof in the case k = 1.

ProOOF. This is a local result and so we can assume that V can be parameterized by
a one-one analyticmap f : W — V C C", where W is a domain in the complex
plane. Let ¢ € Wbe¢ = s +itandlet f = (f1, f>, ..., fn), Wwhere f;, =
up + ivg. Set X(s,t) = f(¢) and view X as a map of W into R?". The classical
formula for the area of the map X is fw | Xs]1X;] sin(@) ds dt, where 0 is the angle
between X, and X,;. Wehave X, = (f], f5. ..., fi)and X, = (if],if5, ..., if)
by the Cauchy—Riemann equations. Hence | X;| = | X,| and the vectors X and X;
are orthogonal in R?", and so sin(f) = 1. Thus the previous formula for the area of
the image of X becomes area(V) = [, 3", | f; %) ds dt = > lwlf |>ds dt.
Since fW | f |2 ds dt is the area-with- multlphclty of f;(W), thlS completes the
proof. O

Let V be a one-dimensional analytic subvariety of an open set €2 in C”". Let
p € V and suppose that the closure of B(p, r) (the open ball of radius r centered at
p)iscontained in 2. Then it is a theorem of Rutishauser that the areaof VN B(p, r)
is bounded below by 772, Our next result generalizes this by showing that the lower
bound 772 for the “area of V N B( p, r),” which, by Lemma 21.6, equals the sum
of the areas-with-multiplicity of the n coordinate projections, is in fact a lower
bound for a smaller quantity, the “the sum of the areas (without multiplicity) of the
coordinate projections.” We shall prove this more generally for polynomial hulls.
The connection between hulls and varieties is given by the following lemma.

Lemma 21.7. Let V be a k-dimensional analytic subvariety of an open set Q2
in C". Suppose that the closure of the ball B(p, r) is contained in Q. Let X =
VNbB(p,r). Then X N B(p,r) =V N B(p, r).

Now Rutishauer’s result [Rut] is a consequence of the following fact about
polynomial hulls.

Theorem 21.8. Let X be a compact subset of C". Suppose that p € X and that
B(p,r) € X\ X. Then Y _, H*(z;(X N B(p,r)) = 7r’.

In general, polynomial hulls are not analytic sets, but the following shows that,
locally, hulls that are not analytic sets have large area.

Theorem 21.9. Let X be a compact subset of C:’. Suppose that p € f(' \ X and
that, for some neighborhood N of p in C", H*(X N N) < 0o. Then X N N is a
one-dimensional analytic subvariety of N.
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This yields another generalization of Rutishauser’s result to polynomial hulls.

Corollary 21.10. Let X be a compact subset of C". Suppose that p € X and that
B(p,r) € C"\ X. Then H*(X N B(p, r)) > nr?.

PROOF OF THE COROLLARY. If H2(X N B(p, r)) < oo, then the theorem implies
that X N B(p, r) is a one-dimensional analytic set and so Rutishauser’s theorem
applies. If H2(X N B(p, r)) is infinite, the conclusion is obvious. O

Proor oF LEMMA 21.7. By the maximum principle, it follows that V- N B(p, r) <
X.

Conversely, suppose thatg € B(p,r) \ V.Letr’ > r be such that B(p, r’) C
Q. There exists a function F that is holomorphic on B(p, r’) such that F(g) = 1
and F = Oon V N B(p, r')—this is by the solution to the second Cousin problem
on B(p, r'). In particular, F = 0 on X. Approximating F* uniformly on B(p,r)
by polynomials with the Taylor series, it follows that ¢ ¢ X. This shows that
B(p,r)\V C B(p,r)\ X. Hence we have the reverse inclusion X N B(p,r) C
V N B(p, r). This gives the lemma. O

PrOOF OF THEOREM 21.8.  'We may, without loss of generality, suppose that p = 0.
Takes < r.Set Z = X NbB(p, s). By the local maximum modulus theorem, it
follows that Z = X N B(p, s). We let A be the uniform closure of the polynomials
in C(Z). Then the maximal ideal space M of A is just Z=Xn B(p, s). Then,
for f € A, f 1— f(0) is a continuous homomorphism ¢ on A represented by a
measure [ on Z. The coordinate function z; belongs to A with ¢(z;) = 0, and
so by Theorem 21.1 we have 7 [ Izklzdu < H2(z(X N B(p, 5)). Now we sum
over k and use the fact that ) ;_, |z|> = s> on Zto get ws? < Y i H2(ze(X N
B(p, 5)). Letting s increase to r now gives the theorem. O

PrOOF OF THEOREM 21.9. Without loss of generality we may suppose that p = 0.
Consider complex hyperplanes though the origin. Since H2(X N N) < oo, there
is a complex hyperplane H such that H'(X NN N H) = 0. (See the Appendix
on Hausdorff measure.) We may suppose that H is the hyperplane {z, = 0}. We
write z = (2, z,,) forz € C" with 7/ € C*!. The fact that HL(X "N N H) = 0
implies (Appendix) that XN Nis disjoint from {(z’, z,,) : ||Z'|| = 6, z, = 0} for
almost all 6 > 0.

Fix § > O such that B(0,8) C N and XNNis disjoint from {(z’, z,,) :
lIZ|l = 8,24 = 0}. Then there exists € > 0 such that X N N is disjoint from
(@, z0) 121l = 8, |za] < €}.Let A = {(z, z4) : |IZ|l < & and |z, < €} and
set p(z) = z,. We can assume, by choosing € small enough, that A € N. Note
that (X N N) N bA is contained in the set where {|zn| = €}. This is because XNN
is disjoint from {(z’, z,) : ||z || =6, |zal < €}.

We restrict the map p to X N A and consider the 4-tuple (A, XnA, D(e), p),
where A is the restriction of the polynomials to X N A and D(e) = {A € C :
[A] < €}. We claim that this is a maximum modulus algebra. This follows from
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the local maximum modulus principle and the fact that p is a proper map from
X N A to D(¢). The map is proper because X N bA is contained in the set where
Izl =€)

Since H2(X N A) < o0, it follows (see the Appendix on Hausdorff measure)
that, for almost all points A of D (¢) with respect to planar measure, the set p~! (1) N
(X N A) is finite. Hence there exists a positive integer m and a measurable set £
in D(¢) of positive planar measure such that p~' (1) N ()A( N A) contains exactly
m points for every A € E. We now can apply Theorem 11.8 to conclude (i) that
#p~' (L) < m forevery A € D(¢) and (ii) that X N A has analytic structure. The
analytic structure given by part (ii) of Theorem 11.8 yields (cf. Exercise 11.5) the
fact that X N A is a one-dimensional analytic set. d

NOTES

Rutishauser’s work [Rut] appeared in 1950. Estimates on the volume of an
analytic variety were an essential part of the important paper of E. Bishop [Bi4].
Theorems 21.1 and 21.5 appear in [Al7]. The version for the disk was given by
Alexander, Taylor, and Ullman [ATU]. Applications of this to analytic varieties can
be found in the book by Chirka [Chil]. Gamelin and Khavinson [GK] discuss the
connection between the isoperimetric inequality and the area theorem. Theorem
21.9 is due independently to Sibony [Sib] and Alexander [Al6].
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Topology of Hulls

1

We begin by stating some basic results about Morse theory. A nice description of
what we need about Morse theory is given in Part I of Milnor’s text [Mi2]. We
will restrict our attention to open subsets M of R*. Let ¢ be a smooth function on
M. A point p € M is a critical point of ¢ if 9¢p/0x;(p) = Ofor1 < k < s. A
critical point p is nondegenerate if the (real) Hessian matrix (3%¢/0x j0xk(p)) is
nonsingular. Then one defines the index of ¢ at p to be the number of negative
eigenvalues of this matrix. Nondegenerate critical points are necessarily isolated.
A Morse function p on M is a smooth real function such that M¢ = {x € M :
p(x) < a} is compact for all a, all critical points of p are nondegenerate, and
p(p1) # p(p2) for critical points p; # p,. The following lemma produces
Morse functions.

Morse’s Lemma. Let f : M — R be a smooth function, let K be compact and
U be open and relatively compact in M such that K € U C M, and let s > 0
be an integer. Then there exists a smooth function g : M — R such that g has
nondegenerate critical points on K, the derivatives of g uniformly approximate
the corresponding derivatives of f up to order s on U, and g agrees with f off
of U.

The main results from Morse theory that we shall need are contained in the
following theorem.

Morse’s Theorem. Let p be a Morse function on M.

(a) If p has no critical points in the set {x € M : a < p(x) < b}, then M" is
diffeomorphic to M.

(b) If p has a single critical point p of index A inthe set{x € M : a < p(x) < b}
and a < p(p) < b, then MY has the homotopy type of M with a A-cell
attached.

187
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We will not give the definitions here. The reader may find it instructive for (b)
to sketch level sets of the function F(x) = Y7} x? — Y°_ . x? near the
origin in R; the origin is a non-degenerate critical point of index A for F. For our
purposes, the important point is the following consequence of the theorem. Here,
G is an arbitrary abelian group and, for spaces ¥ € X, H,(X, Y; G) is the relative
kth homology group of (X, Y) with coefficients in G, the most important cases

being C, R, Z, and Z,.

Corollary. Let p be as in the theorem and a < b.
() In case (a), H.(M", M*; G) = O for all k.
(ii) In case (b), H,(M", M?; G) = G and Hy(M?, M%; G) = O fork # A
(iii) Suppose that the index of p is < o at every critical point of p. Then
Hy(Mb, M G) = 0ifk > o + 1.
(iv) Suppose that the index of p is > o at every critical point of p. Then
H,(M", M%; G) =0ifk <o — 1.

We remark that the above theorem and corollary remain valid, with the same
proof, if we relax the condition that M = {x € M : p(x) < a} must be compact
for all @ in the definition of a Morse function to be that {x € M : a < p(x) < b}
is compact whenever a < b.

2

Let ¢ be a smooth strictly plurisubharmonic function on an open set €2 in C".

Lemma 22.1. Let p be an isolated nondegenerate critical point of . Then the
index of ¥ at p is < n.

PrOOF. We can assume that p = 0 and that ¢ (z) = ¥ (0) + Zci7ZiZj +

Re Y a;jziz; + O(|z|*), where the first sum is positive definite, and so we can
further assume that ¢z = 6;;. Thus the real Hessian 2n x 2n matrix of ¢ at

pis L, + Q, where Q' is the matrix of the quadratic form on R?" given by
X — Re) ajjz;izj, where X = (Rez,Imz), z = (z1, 22, - - -, 2,). Since re-
placing z by iz in the quadratic form takes Q' to —Q’, and since the map z — iz
induces an orthogonal map when viewed as a map of R, it follows that the
matrices Q' and —Q’ are similar. Hence, if v € R? is an eigenvalue of Q' of
multiplicity m, then —v is an eigenvalue of Q" of multiplicity m. Hence at least n
of the eigenvalues of Q’ are nonnegative. Therefore at least n of the eigenvalues of
b, + Q' are greater than or equal to 1. Thus the number of negative eigenvalues
of I, + Q’ (the index) is at most n. O

Definition 21.1. A Runge domain 2in C" is an open subset of C" such that K cQ
for every compact subset K of Q2. (We remark that the definition here of Runge
domain coincides with what is often called an open polynomially convex set. Our
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notion of Runge domain agrees with what is sometimes called a holomorphically
convex Runge domain.)

The following two theorems are the main results that we shall present about the
topology of polynomial hulls.

Theorem 22.2 (Andreotti and Narasimhan [AnNa]). If Q is Runge in C", then
H.(2;G)=0 fork > n

Theorem 22.3 (Forstneric¢ [Fo2]). Let K be a compact polynomially convex set
inC" (n = 2). Then

H(C"\K;G)=0 forl <k <n-1
and

(C"\K) =0 forl <k <n-—1.

Lemma 22.4. Let K be polynomially convex in C" with K C U, with U open
and bounded. Then there exists a smooth strictly plurisubharmonic function p :
C" - Rand R > 0 such that:

i) p<O0onKandp >00nC"\ U;

(i) p(z) = |z|*> for |z| > R; and
(iii) p is a Morse function on C".

PROOF OF THE LEMMA. We first construct a smooth strictly plurisubharmonic
function v on C" satisfying (i). Choose C > the maximum of |z|> on K. Let
L ={z € C":|z]>—C < 0}\ U.Then L is compact and disjoint from K . For all
x € L, we can choose a polynomial p, such that |p,| < 1 on K and |p,(x)| > 2,
and so | px| > 2 on a neighborhood of x. By the compactness of L we get a finite
set of { p, } such that the maximum ¢ of their moduli satisfies ¢ > 2 on L. Then ¢
is also plurisubharmonic and ¢ < 1 on K. Now set vy = max(¢ — 1, |z]*> — C).
This is plurisubharmonic on C" and satisfies the conditions of (i). Finally, by
smoothing vy and adding €|z|? for small positive €, we get the desired smooth
strictly plurisubharmonic function v on C”, satisfying (i).

Choose R > 0 such that U < B(0, R/3). Let h : R — R be a smooth
function such that A > 0, h = O fort < R/3, h is strictly convex and increasing
fort > R/3,and h(t) = t> fort > R (h can be constructed from its second
derivative). Let x be a smooth function on R such that0 < () < 1, x(t) = 1
fort < R/2 and x(¢) = O for¢ > R. Consider the smooth function

p(2) = h(lz]) + ex(zDv(z).

For sufficiently small € > 0, p is strictly plurisubharmonic and satisfies (i) and
(ii). Since all of the critical points of p are contained in B(0, R), we can, by the
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Morse lemma, make a small modification of p on B(0, R) so that it becomes a
Morse function—the properties (i) and (ii) are preserved. O

ProOOF OF THEOREM 22.2. Let K be a compact subset of €2. It suffices to show that
Hi(L; G) = Ofor k > n for some compact subset L of 2 such that K C L—
this is because H(2; G) is the (inverse) limit of such Hy(L; G). Replacing K
by its polynomially convex hull, we may assume, since 2 is Runge, that K is
polynomially convex. In Lemma 22.4, take U to be €2 and get a Morse function
p on C". Choose ¢ < 0 a regular value of p such that p < a on K. Then
M?® = {z € C" : p(z) < a}isacompactsubset of 2and K C M?. We take M*
to be the set L. For a < b we have from Section 1, since the index of p is < n
at each critical point, that Hy(M?, M?; G) = 0 fork > n + 1. Letting b — o0
gives Hy(C", M“; G) = Ofork > n + 1. From the long exact sequence we get

Hi 1 (C", M, G) — H(M*; G) — H(C";G) =0
for k > n. We conclude that H,(M%; G) = 0. O

PROOF OF THEOREM 22.3. Let U be an open set in C" containing K. Apply
the previous lemma to get p. Let v = —p. Then the critical points of i are
nondegenerate and the index of ¢ at each of its critical points p equals 2n (the
index of p at p). Hence the index of i is > n at each critical point. Now set
X4 = {x € C" : Y < a}. We apply the remark at the end of Section 1 to .
Using —R? < 0in (iv) of the corollary of Section 1 gives Hy(X°, X~%; G) = 0
for 0 < k < n — 1. From the long exact sequence we have

H (X% G) - H(X% G) —» H(X°, X ¥ G)

for0 < k < n — 1. Note that X % = {z € C" : |z] = R} is topologically the
product of an interval and $2"~!. Hence Hy(X®; G) = Ofor1 <k <n — 1,
and we conclude that Hk(XO; G) =0forl <k <n—1.Notethat C" \ U C
X% € C"\ K and hence that H,(C" \ K; G) is the (direct) limit of the Hy(X°; G)
as U shrinks to K. We conclude that H;,(C" \ K; G) =0forl <k <n — 1.
The second part of the theorem on homotopy groups follows by the same proof
as just given for the homology groups. We omit the details. O

From Theorem 22.2, we get a corresponding statement for the real singular
cohomology groups of a Runge domain in C*: H*(Q; R) = 0 fork > n. This
implies the same for the Cech cohomology groups (since these agree with the
singular groups of open sets): H*(2; R) = 0 for k > n.

Lemma 22.5. If K in C" is polynomially convex, then K is a decreasing limit of
Runge domains. More precisely, if U is an open set containing K, then there exists
a bounded Runge domain 2 such that

KCcQcCU.
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Remark. We give the short proof; it is essentially the proof of Lemma 7.4. We
could also appeal directly to Lemma 7.4, which, with a “change of scale,” implies
the present lemma.

Proor. Choose a constant C > O such that |z;| < Con K for1 < j < nand
setL ={zeC":|zj|] < Cforl < j < n}\U.Then L iscompact and disjoint
from K. For all ¢ € L, there exists a polynomial p, such that |[p,| < 1 on K
and |px| > 2 on a neighborhood of x. By the compactness of L there is a finite
set of the {p,}, call them py, p,, - -, p,, such that |p;| < 1 on K and for all
x € L thereis a k such that |pg(x)| > 2. Nowput @ = {z : |z;] < Cfor1 <
j<nand|p;(@)| < 1forl < j < s}. (R 1is a “polynomial polyhedron”— this
is slightly more general than the notion of p-polyhedron of Definition 7.3.) The
reader can easily check that €2 is a Runge domain and that K € Q C U. O

It follows from Lemma 22.5 by a basic continuity property of Cech cohomology
that, for K polynomially convex, H k(K ;R) = Ofork > n. For “nice” sets K,
the singular cohomology and Cech cohomology agree, and in those cases one can
say that H*(K; R) = Ofork > n when K is polynomially convex. The same
statements with coefficients R replaced by C are equally true.

Note that if K € R* € C", then K is polynomially convex, by the Stone—
Weierstrass approximation theorem. By choosing K to be a union of spheres of
dimension < n — 1, one sees that the groups H*(K; R) for0 < k < n — 1 need
not vanish for polynomially convex sets.

We can now verify Browder’s theorem (Theorem 15.8), that H" o, C) =0,
where 90 is the maximal ideal space of a Banach algebra 2{ generated by n elements.
By the paragraph after the proof of Lemma 22.5 it suffices to show that 97 is
homeomorphic to a polynomially convex set in C". This follows from Lemma 8.3
(semi-simplicity is not used in the argument of Lemma 8.3).

3

We now can obtain an application of Theorem 22.2. Let B, denote the open unit
ball in C". Recall that Y denotes the polynomially convex hull of Y.

Theorem 22.6. Let f be a continuous complex-valued function defined on bBy,
n > 2. Let G(f) be the graph of [ in C™*!. Then G(f) covers B,; i.e., the
projection of the set G(f) to C, is B,,.

Remark. This theorem is of [ course false for n = 1. In that case we know, by
Chapter 20, that the part of G(f) over the open unit disk is either empty or is
an analytic graph. In particular, if f is real-valued and nonconstant, then G(f) is
polynomially convex.
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PROOF. Let 7w : C**! — C" be the projection 7(z, z,41) = z forz € C". We
argue by contradiction and suppose that 7 (G (f)) does not contain B,,. By applying
abiholomorphism of B, we may assume (since the the group of biholomorphisms
of the ball is transitive—see the Appendix) that 0 ¢ 7(G(f)). Then G(f) <
(C"\ {0}) x C. By Lemma 22.5, there exists a Runge domain € with G(f) C
Q C (C"\ {0}) x C. We can approximate f uniformly on bB, by a smooth
function g such that G(g) C Q.
Consider the Bochner—Martinelli form

n
®= ;(—1)1—1lz%dzl Ao AT A dEg Adzy e Adz.
Then w is a closed (2n — 1)-form (i.e.,dw = 0) on C" \ {0}. Let g : @ — C" be
the restriction of 77 to . Let o = 7 (w) be the “pull back™ of w to €2. Then, since
do = dnj(w) = mj(dw) = 0, we have that o is a closed (2n — 1)-form on 2. By
Theorem 22.2, since €2 is Runge in Ctland2n —1>n+1, Hyy_1(2;C) =0
and therefore H**~!(2; C) = 0. Since the singular group H>'~1(Q; C) agrees
with the deRham cohomology group, we conclude that o is exact; i.e., there is a
2n — 2-form B on €2 such that d8 = o. Hence we get

/ w = / o= / dg =0
bB, G(® G(®)

by Stokes’ Theorem, since G(g) < 2 is a smooth manifold without boundary. On
the other hand, one has
n
=Y (=D)/7'ZdT A AdZp A dTy Adzy s A dz,
j=1

on bB,. Hence, by Stokes’ Theorem,

/ a):n/ dZi A -+ -dZ, Adzy - Adzy # 0.
bB B,

n n

Contradiction. O

NOTES

The special case of Theorem 22.2 when G = C and k > n can be proved for
a pseudoconvex domain €2 via the complex DeRham Theorem; see the text of L.
Ho6rmander [H62], Theorem 4.2.7. The case of Theorem 22.2 when G = C and
k = n is due to Serre [Ser]. The idea of using Morse theory appeared in the the
papers of Andreotti and Frankel [AnFr] and Andreotti and Narasimhan [AnNa].
Morse theory, which yields more precise conclusions than we have stated here, has
the advantage of giving results for arbitrary coefficient groups. Part I of Milnor’s
text [Mi2] gives a very readable introduction to the Morse theory required in this
chapter.

The intuitive idea that the pair (X , X)is somehow like a manifold with boundary,
where X is the polynomial hull of acompactset X € C", can be made precise with
the concept of the linking number of two manifolds in C". Connections between
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polynomial hulls and linking were given in [Al4]; the proofs use Theorem 22.2.
This was further developed by Forstneri¢ in [Fo2], which contains Theorem 22.3.

Additional applications of Theorem 22.2 to hulls were given in [Al3]. In par-
ticular, Theorem 22.6 appeared in that paper with two proofs; the one that was
suggested by J. P. Rosay appears here.
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Pseudoconvex sets in C”

1 Smoothly Bounded Domains
Consider a region 2 in RY, given by a condition
px) <0,
where pisaC 2_function defined in a neighborhood of Q, such that
0 0
Vo=(2L ... 2 y20 oo
8x1 BxN

Fix a point x* € 99 and put

N
1) To_geRN~Z( )s]_O}

where the notation (-)y means “evaluated at x02

T, is the tangent hyperplane to 92 at x°. We can tell whether or not  is convex
by looking at these Ty, x° € Q. Q is convex if and only if the translate of T,o,
{€ +x° : £ € Tw}, lies entirely outside of €2, and this is equivalent to

N 82,0
@ > (8xj8xk>0$j$k >0  VEe T

Jk=1

In the early twentieth century, E.E. Levi discovered that a complex analogue
of condition (2), in C", has significance in the theory of analytic functions of n
complex variables. We now consider a domain €2 in C”, defined by an inequality

p <0,

with p as above. Note that since p is a real-valued function, the condition Vp # 0
is equivalent to

( ap ap
821 ’ ’ d
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2
We replace the differential operators % and 8x? ax; 0 RY by the operators

9 02 n Thi
32 and 3z, 9% on C". This leads us to define a complex tangent vector to 92

at 7% tobe a vector ¢ = (¢, - - -, &) € C" satisfying
, —~ (9
9 2 (a—) G =0
j=1 0

ExERCISE 23.1. Fix zp € 992 and fix a vector ¢ € C". Let L denote the complex
line consisting of all vectors w¢, w € C. Show that L is contained in the real
tangent space T, to 92 at zo if and only if ¢ satisfies (1").

Fix 7% € Q.

Definition 23.1. 9 is pseudoconvex in the sense of Levi at 7° if p satisfies

@) (22 ) cazo
9707k 0 k=

Jr=1

V¢ in the complex tangent space to 9<2 at z°.

Thus pseudoconvexity of d€2, in the sense of Levi, is the analogue of convexity
in RY if we replace the real tangent vectors £ in R" by the complex tangent vectors
¢ in C" and replace the symmetric quadratic form in (2) by the Hermitinan form
in (2).

ExAMPLE 23.1. Let a, b be positive constants. Put Q@ = {(z1, 22) : alzi|® +
blzal* < 1} Fix 2% = (2%, 29) € 9. Then ¢ = (¢4, &) is a complex tangent
vector to 92 at z° if and only if az,¢; + bZ,¢, = 0. We have

n 82 B
Z i ¢iG = ala® + blol.
0z;07 0

k=1

Hence (2) is satisfied and so 92 is pseudoconvex at z°. (Note: In this case, (2') is
evidently satisfied for every ¢ € C2. In general, at a pseudoconvex point, this will
not be so.)

EXERCISE 23.2.

(a) Let @ be an entire function on C? such that d® # 0 on |®| = 1. Put
Q = {(z1,22) € C : |®(z,22)| < 1}. Show, by direct computation, that
d£2 is pseudoconvex at each point.

(b) Show that pseudoconvexity is invariant under local biholomorphisms.

(c) Use (b) to give an alternate proof of (a).

EXERCISE 23.3. Show that if  is the exterior of the unit ball in C2, i.e.,

Q= {(z1,22) € C*: |z]* + |22)* > 1},
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then 92 is not pseudoconvex at any point.

2 Exhaustion Functions

We wish to extend the notion of pseudoconvexity to domains with nonsmooth
boundaries. To point the way toward a good definition, we first look at a convex
domain  in RY without making any smoothness assumption on 9. By an ex-
haustion function for 2 we mean a continuous real-valued function U defined on
€2 such that the sublevel sets

Ki={xeQ:Ux) <t}, teR,

are compact.

Since €2 is convex, €2 possesses an exhaustion function that is a convex function.
Now let €2 be a domain in C". The complex analogue of a convex exhaustion
function is a plurisubharmonic function (see the Appendix) on €2, which is an
exhaustion function for €2.

Definition 23.2. Let Q2 be a domain in C". Q is pseudoconvex if there exists a
continuous plurisubharmonic exhaustion function on 2.

If © is pseudoconvex, then d€2 is pseudoconvex in the sense of Levi at each
smooth point, and Definitions 23.1 and 23.2 are consistent in the sense that a
smoothly bounded domain £ < C" is pseudoconvex in the sense of Definition
23.2 if and only if 9€2 is pseudoconvex in the sense of Levi at each point.

We have the following result. Let us put, for z € €,
§(z) = distance(z, 02).
Proposition. Ler Q2 be a bounded domain in C". Then 2 is pseudoconvex if and
only if the function
z1—> —logé(z)
is plurisubharmonic on 2.

ProOOF. See [H62], Chapter II.
We note that since §(z) — 0asz — 92, —log §(z) is an exhaustion function
for Q. U

3 Pseudoconvexity and Polynomial Hulls in ¢?

In this section we shall show that polynomial hulls in C? have a close relationship
with pseudoconvex domains. We shall prove the following result of Slodkowski
[S11].
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Theorem 23.1. Fix a compact setY in (Cz_andﬁx apoint p° € Y \ Y. Let B be an
open ball in C?, centered at p°, such that B does not meet Y. Then each connected
component of B \ Y is pseudoconvex.

Why should we expect this theorem to be true? Let ¥ be a smooth closed curve
in C? with ¥ \Y nonempty Then ¥ \ Y is a one-dimensional analytic variety by
Chapter 12. Fix p® € ¥ \ ¥ . In a small ball B centered at p°, ¥ is defined by an
equation,

F(Zl’ ZZ) = Oa

where F' is analytic in B. We put ¥ (z1, 22) = —log |F(z1, z2)| — log 8(z1, 22),
where § is the distance function to the boundary of B. By the proposition above,

—logé (zl, 22) is plurisubharmonic on B. Also, log | F| is pluriharmonic on B \ Y.

Fix 7/ € 9(B \ Y) and let 7™ be a sequence of points in B \ Y converging to
7. Eitherz € dB or 7/ € Y. In the first case — log(§(z"™)) — +o0, and in the
second case — log | F(z™)| — +o0. In either case ¥ (z™) — +oo. It follows
that the sublevel sets {{/ < c} are compact. So ¥ is a plurisubharmonic exhaustion
function of B \ Y, and so B \ Y is pseudoconvex.

EXERCISE 23.4. Let B be a ball in C? and let § denote the distance function to 9 B.
Show by direct calculation that — log § is plurisubharmonic in B.

EXERCISE 23.5. Verify Theorem 23.1 by direct calculation for the case that Y is
the torus: {(z1, z2) € C? : |z1] = |z2] = 1}.

To prove the theorem we shall relate pseudoconvexity in C? to “Hartogs figures”
in C2.

Let P = {z = (21, 22) € C? : |z1] < 1, |z2| < 1}, the unit polydisk in C?, and
let0 < g1, g2 < 1.Set H = {z = (21, 22) € P : |z1] = g1 or|z2] < g2}. Then
(P, H) is a Euclidean Hartogs figure in C?. Suppose that ® is a biholomorphism
®:P— C:LSetP = ®(P)and H = ®(H). Then (P, H)is ageneral Hartogs
figure in C2. See [GF] for the generalization to C".

Remark. Given a general Hartogs figure (P, H) in C? with P = & (P). Consider
the analytic disks F,, : D — C?, where D is the closed unit disk, given by
F,(A) = ®(, w). Suppose that H C Qand P & K. Then, for all w, the
boundary of F,, is contained in the compact subset H of Q. However, since P &
2, for some w, the disk F,, (D) is not contained in Q. But for w = 0, Fy(D)
is contained in H C Q. In other words, we have a continuous one (complex)
parameter family {F,,} of analytic disks all of whose boundaries lie in a fixed
compact subset of €2, such that Fy(D) is contained in €2 but such that F,, is not
contained in €2 for some w.

Lemma 23.2. Let W be a bounded domain in C? that is not pseudoconvex. Then
exists a general Hartogs figure (P, H) in C*> suchthat H € W and P ¢ W.
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Remark. If W C B, where B is a ball, then P C B. Indeed, this follows
by applying the maximum principle to the function p(z, w) = |z|> + |w|? to
each of the disks F,(D), the boundary of which is contained in B. Alternatively,
F,(D) C F,(0D) C B since F,,(0D) C B.

PrOOF OF LEMMA 23.2. (Cf. [H62], proof of Theorem 2.6.7) We assume that W
is not pseudoconvex. Let §(z) be the distance from z to dW. Then — log § is not
plurisubharmonic in W. Therefore there exists a complex line L and there exists
adisk Dy € W N L such that — log §, restricted to L, violates the mean value
inequality on Dy. We write Dy : z = z° + tw, || < r, where z° and w are fixed
vectors in C2. Hence there exists a polynomial f, nonconstant, such that

3) —log8(z° + tw) < Ref(r), It|=r
and
“ —log 8(z°) > Ref(0).

Indeed, we first obtain (3) and (4) for Re( f) replaced by a harmonic function A(t)
and then approximate A by the real part of a polynomial f. We may assume that
f(0) is real. By (4),

5(z%) < e ReSO) _ ,=1O)

We choose € > 0 with
®) 8% < (1 —e)e /.

Fix 7/ € dW such that |z — z°| = 8(z°). Then puta = (1 — e)%, SO
|a| = 1 — €. Finally, put
(6) ="+ 704

We claim that a and w are linearly independent over C. To see this, we argue
by contradiction. If not, then the disk Dy and the point z’ both lie in the complex
line L. Say that 7 = z° 4+ t’w for some 7’ with |t/| > r. It follows that (i)
8(Z° + tw) < |t — T'||w]| for |T| = r and (ii) §(z°) = |t'||w|. Now we define a
harmonic function 4 on |t| < r by

h(t) = Re(f(1)) + log|t — 7'| + log |w|.

Then by (i) and (3) we have 4 > 0 on |[t| = r. On the other hand, by (ii) and(4),
we have h(0) < 0. Contradiction! The claim follows.
By (6) and (5),
2= 2" =17/ Vllal = /O =€) > 5(").
Thus Z is further along the ray from z° to z’ than 7’ itself, and so the segment from
70 to Z contains 7.
We next define for eachreal A, 0 < A < 1,

) =2 + 1w + re ' Pa,
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It] < r,and Dy = {z(7) : |t < r}.
Foreach A, 0 < A <1,
2.(0) = 2° + 2e Q4.

Hence for A = 0, ,(0) = % and for A = 1, ,(0) = z° + ¢ /g = %. Since
2,,(0) moves continuously with A along the segment from z° to Z, there exists Aq
with z;,(0) = 7/, and hence D;, contains 7.

We denote by XA, the smallest A such that D, meets dW. Then

0< X <Xy <1
Consider the map
O(t,0) ="+ 10+ re g

when (7, 1) varies over a neighborhood of {|7| < r} x {A;} in C2. Note that, for
all A, D, is the image of {|t| < r} x {1} under .
The determinant of the Jacobian matrix of ® is given by

o — Af'(De T Da; e TOq
wy — Af (D)e FDa, e fOq,

wr e fPq
@ e—f(r)a2

w; ap
wy ay

— ¢ f@

# 0,

where a = (a1, a;)” and @ = (o, @2)7, because a and w are linearly inde-
pendent. Moreover, it is straightforward to check that @ is one-one on the disk
{It] < r} x {A = A}. It follows that if A is a sufficiently small closed disk
centered at A1, then ® is a biholomorphism of {|T| < r} x A to C?.

We claim that @ yields the required general Harto%{s figure. Indeed, ifz € 9D,,,
then |z — (2% + Tw)| = |Ai]le/Plal < (1 — €)e ™™/ ® By (3),8(z° + tw) >
e Re/® Therefore,

) lz— @+ 1w < (1 -6 + 10).

Hence dD,, € W and so, if T € W is a compact neighborhood of 9 D,,, then
dD; C T if)liesin A and the radius of A is sufficiently small. Let A’ be a closed
subdisk of A centered at A’ < Ay such that ; € A’. Then by choice of A; we
have D)y € Wand D,, € W.

Now @ : {|z| < r} x A" — C? is a biholomorphism that gives the required
general Hartogs figure of Lemma 23.2, except for the fact that the domain of ®
is the polydisk {|t| < r} x A’ rather than the unit polydisk. Composition with a
simple affine change of variables that takes (0, A') to (0, 0) € C? yields a ® that
satisfies this final requirement. O

PROOF OF THEOREM 23.1. Let €2 be a connected component of B \ Y. Arguing
by contradiction, we suppose that €2 is not pseudoconvex. Applying Lemma 23.2
and the remark following it, with W = € C B, we get a general Hartogs figure P
inC2suchthat H C QP Z Q,and P € B.SetK = PN O (PN (¥ \ V).
Since (¥ \Y)NHis empty, it follows that K € P\ H andsoz, # Oon K. Since
P C Band P ¢ €, K is nonempty. Moreover, since ® is a biholomorphism on
the closed polydisk P, we can enlarge the domain of ® in the z,-variable and so,
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by rescaling in z,, we may assume that K meets the set {|z2] < 1} at some point
(a, b), say. Since the local maximum modulus principle holds on Y \ Y, it follows,
since @ is a biholomorphism, that it also holds on K. Namely, if g is holomorphic
on a neighborhood of K, then, since K N dP = K N {|zz]| = 1},

lglx =< Iglkngzl=1}-

Now, applying this to g(z) = 1/z; yields 1/[b| < 1. This is a contradiction, and
Theorem 23.1 follows. O

EXERCISE 23.6. Let Y be the set
{0,0, w) : |w| =1}

in C3. Thus Y is a circle lying on a complex line in C>.

(a) Show that ¥ = {(0, 0, w) : |w| < 1}.

(b) Choose a small ball B in C? centered at a point (0, 0, wy) in Y \ Y. Show that
B\ Y is not pseudoconvex.

(c) Deduce that the direct analogue of of Theorem 23.1 fails if C? is replaced by
C3.

4 Maximum Modulus Algebras and Pseudoconvexity

Let Y be a set in C2 lying over the unit circle T in the A-plane. Put X = ¥ \ Y,
D = {|A] < 1} and let A be the restrictions to X of all polynomials in A and w.
Put 7 = the map (A, w) 1— A of C> — C. It follows from the local maximum
principle on Y that (A, X, D, ) is a maximum modulus algebra on X. We saw
in Theorem 23.1 that, locally on X, C? \ X is pseudoconvex. We now consider a
result that goes in the opposite direction. In order to formulate the result, we need
to define a strong version of pseudoconvexity in the sense of Levi.

Definition 23.3. Let Q2 be a bounded domain in C2, defined by {p < 0}, with p
continuous. Fix z° € 92 such that p is C? on a neighborhood of z°. We say that
dQ is strictly pseudoconvex at z° if we have

N 2

9 -

(8) Z —p_ itk >0 V complex tangents £ # 0 € To.
2\ 929% 0

Remark. This definition is analogous to strict convexity in R". In fact, the next
lemma, due to R. Narasimhan, shows that there is more than an analogy here.

Lemma 23.3. Suppose that 32 is strictly pseudoconvex at z°, where Q < C".
Then there exists an open neighborhood V of 2° in C" and a biholomorphism ¢ of
V onto an open set in C" such that ¢ (2 N V) is strictly convex in C".
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Remark. Suppose that 7%, , and V are as in the lemma. Then there exists a
function ¥ holomorphic in V such that

ZW) ={z eV : ¥y =0}
is a complex submanifold of V that passes through z° and satisfies
©) Z\ Y cC\ .

In fact, if Q is strictly convex at z°, then for ¥ we can take the the affine complex
linear function F such that {ReF = 0} = z° + T,0(dL2). In the general case, we
apply the lemma and we set ¢ = F o ¢, where F is the affine linear function for
the strictly convex image ¢ (2 N V).

PROOF OF LEMMA 23.3. Without loss of generality we may assume that z° = 0
and that T,0(9€2) = {x, = 0}. We write

= 2
p() = x4+ Re( Y apziz)+ D cpzii + oz,
1<jk<n 1<jk<n

where (cjx) is Hermitian positive definite. We make a quadratic change of
coordinates, putting

wi=z;,,1<j<n and w, = 2z, + Z OjkZjZk-

1<j.k<n
Then z 1— w = ¢(z) gives a biholomorphism near z = 0, and in the
w-coordinates
- 2
p =Rew, + Z cirwjwg + o(Jw|%).

1<j.k<n

Writing w; = u; +iv;, 1 < j < n, we see that the real Hessian H of p o ¢!

at w = 0, with respect to the real coordinates uy, vy, us, - - -, Uy, Uy, is given by
H(ljtl., UL, Uy c e Uy V) = Zlij.ksn cjkwj@k. Henge, sinc§ (c!-k) is Hermi.tian
positive definite, it follows that H is (real) positive definite—this yields the desired
strict convexity. O

We shall denote the projection map of C? to the first coordinate by m, i.e.,
(A, w) = A.Inthe proof of the next theorem, we shall view 7 as a map restricted
to a subset K of C?, and we shall write 7 71(S) = {(A, w) € K : w(}) € S}.

Theorem 23.4. Let Q be a domain in the product set {|A| < 1} x C c C?
so that 92 N {|A| < 1} is smooth and strictly pseudoconvex at each point. Put
K = [{|Ax] < 1} x C]\ Q. Assume that K is bounded in C*. Denote by A the
algebra of restrictions to K of all polynomials in . and w. Then (A, K, D, ) is
a maximum modulus algebra on K.

ProOF. We first fix a point (1o, wp) in K that lies on 92 N {|A| < 1}. Since 92 is
strictly pseudoconvex at (Lg, wp), we can use the remark to obtain a neighborhood
V of (Ao, wp) in C? as well as a function ¥ holomorphic in V such that Z (v/) passes
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through (Ao, wp), and otherwise lies totally outside of Q. We write & = Z(¥).
Let us denote by A the restriction of the coordinate function A to X.

Case 1. A is not a constant.
Then there exists € > 0 such that the image of ¥ under A contains the disk

{I]A — Ag|] < €}. We define the region

W ={lA =2l <€}
on X. Then

W = {lA — Xl = €}
on X. Since ¥ \ {(Ao, wp)} lies outside Q, > C K.Hence 9W C K, and so

oW S 7 ({1 — Aol = €}

Now fix a polynomial Q in A and w. The restriction of Q to ¥ is analytic on X.
The maximum principle on W then gives

|Q(Xo, wo)| < max |Q] < max Q.
oW 71 ({A—hol=¢})

Case 2. A is constant on X.

Then A = Ag on X, so X is an open set on the complex line {A = A¢}. Since
¥\ {(ho, wo)} lies outside 2, ¥ \ {(Xg, wo)} lies in the interior of K, and so we
can choose aregion W on X such that (X, wy) € W and W is a compact subset
of int(K). It follows that there exists € > 0 such that, for each (A, w;) € W, the
entire horizontal disk

{Go+7,wp) 1 ]T] < €}
is contained in K. The boundary of the disk,
{(ho + 7, wy) « [T] = €},
then is contained in
77 (A — 2ol = €}
Fix a polynomial Q(X, w). Then
(10) 1Q (X0, wo)| = [Q(Ro, w)

for some (Ao, w1) € 9W. Then, by the maximum principle on the horizontal
complex line through (1g, wy),

Y [Q (o, wi)| = [Q(Ro + T, wi)]

for some 7 with |t|] = e. It follows from (10) and (11) that |Q (Ao, wo)| <
MAXy 1 ({a-1o|=c)) | Q|-
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‘We have completed the case of a point (Lg, wp) in K thatlieson 9QN{|1| < 1}.
The case of (A, wy) € K, but (Ag, wg) & 92, clearly reduces to the previous
one.

Finally, it remains to show that 7 is a proper map of K onto D = {|A| < 1}.
That 7 is proper is clear since K is a bounded and relatively closed subset of
D x C. In particular, w(K) is a closed subset of D. To see that 7 maps onto D
it therefore suffices to show that 7 (K) is an open subset of D. We have K =
int(K) U () N (D x C)). m(int(K)) is clearly open and so it suffices to show
that 7 (022 N (D x C)) is contained in the interior of 7 (K). This is clear from the
discussions of Case 1 and of Case 2 above. This completes the proof. O

5 Levi-Flat Hypersurfaces

Consider a region Q in RY defined by an inequality p(x) < 0, where p is as in
Section 1. Fix x* € Q. If 9Q is flat, i.e., if a neighborhood of x° on 9L lies on
a hyperplane, then both © and its complementary region are convex near x°. The
complementary region is given by the inequality p(x) > O near x°, so we have,
in view of (2), the two relations

N 32p
(13) (8 3 ) £§i& =0 VE € Ty, and
Jk=1 *j 0%k 0
(14) E& <0 VE € Ty.
k=1 8xj8xk 0 / *
Hence we have
3%p
(15) & =0 V&€ € Tyo.
jél <8xj8xk )0 ' '

Now let 2 be a domain in C" defined by p(z) < 0, and fix 70 € 92, where 3Q is
smooth near z°. By analogy with (15), we make the following definition.

Definition 23.4. 9 is Levi-flat at 7° if we have

(15') Z p Z=0
8z,~82k Ogjgk_

jok=1

for every complex tangent vector ¢ to d<2 at z°.

EXERCISE 23.7. Let ¢ be a function analytic on C? and let Q2 be the domain

¢ (z1, 22)| < 1

in C2. Fix z° € 9 such that 2 is smooth near z°. Show that then 32 is Levi-flat
at 2°.
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For simplicity, we restrict ourselves to the case where n = 2 for the rest of this
section. Now let X be an analytic disk in C? given by

(16) z=f(), Al <1,
where f(1) = (fi(XL), f2(A)) with each f; analytic in {|A] < 1}. We put
df dfi dfz

o oo

Theorem 23.5. Let Q be a region in C? and fix 2° € 9Q with 3Q smooth near
20, Assume that there exlsts an analytic disk, z = f (L), wzth £(0) = 20 which is
contained in 02, and (O) # 0. Then 2 is Levi-flat at 7°.

PROOF. Let Q be given by {p(z) < 0} with p smooth in a neighborhood of z°.
Then

p(f(A) =0, [A] < 1.
Differentiating, we get, writing ff =df;/dx, d/dA(p(f (X)) = 0or

2
Z a—p (fONF(0) = 0.

It follows that f'(0) is a complex tangent to €2 at 70, Differentiating the last
equation with respect to A, we get

82 ’ TN
ij[; 7zean, SODFOFON =0, or

A7)

9z a' fiw =o.

In view of (1), the totality of complex tangent vectors to 92 at z° is a one-
dimensional complex subspace of C2. Fix such a complex tangent vextor ¢. Then
there exists a A € C such that ¢ = Af'(0). Hence we get

92p S
0 AP £1(0) f(0) = 0,
Z az,a- 0% = Zk (azjazk )O A% £1(0) f{(0)
in view of (17). Thus <2 is Levi-flat at z°, as claimed. O

Levi-flat hypersurfaces arise narturally in the study of polynomial hulls.
ExAMPLE 23.2. Let T denote the torus {|z;| = 1, |z2| = 1}inC*. Put Q = intA*,
Then T = €. Theorem 23.5 (or direct calculation) yields that €2 is Levi-flat at
each point (Ag, wp) in 32 with [Ag] < 1.

This example points the way to the following theorem.
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Theorem 23.6. Let Y be a compact set in C? lying over the circle {|z;| = 1}. Let
Q be the interior of Y (2 is contained in {|z1| < 1}). Then 02 is Levi-flat at each
point 2° = (2%, 29) with |20 < 1 at which 32 is smooth near z°.

ProoF. Fix 2 € 9Q with Iz(fl < 1. Choose a defining function p for €2 such that
Q= {p(z) <0}

p is smooth in a neighborhood of z° in C?, and (Vp), # 0.

Let B be a small ball centered at z°. We put w = B \ Y. By Theorem 23.1, w is
pseudoconvex. We choose a defining function p for @ such that p coincides with
—p in a neighborhood of z% in C2. Since w is pseudoconvex, we have

3%p -
Z(a = ) £igk = 0
ik \ 9%i9%%% [

for every complex tangent ¢ to 32 at z° and hence

2

a°p -
(18) >, (azjazk )O £t <0

Ik

for every such ¢.

On the other hand, since €2 is the interior of the polynomially convex set Y,
2 is a Runge domain and hence pseudoconvex, and therefore €2 is pseudoconvex
in the sense of Levi at each of its smooth points z°. (See the Appendix for these
implications.) It follows that

(19) (22 a0
=\ 92,0 0 o=

for every complex tangent ¢ to 92 at z°. Now (18) and (19) yield (15'); i.e., R is
Levi-flat at z°. O
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Examples

Let Y be a compact set in C" and fix apoint ¢ € C" \ Y. What is the “reason” that
¢ lies in the hull of Y, or, in other words, how can we account for the inequality

(M P@)] = max |P|

for all polynomials P on C"?

The simplest explanation for (1) would be to reduce the inequality to the maxi-
mum principle for analytic functions on some analytic variety. Suppose that there
exists an analytic variety % such that:

i) ¢ e
(ii) the boundary of X, 9%, is contained in Y; and
(ili) X U 9% is compact.

If, then, P is any polynomial, the restriction of P to X is analytic, and so (1) is
a consequence of the maximum principle for analytic functions on X.

In the 1950s, the question was asked whether, indeed, for each compact set ¥
in C" with ¥ # Y, some analytic variety of positive dimension is contained in Y.
A counterexample was given by Stolzenberg in [St2] in 1963.

In this chapter we shall give a number of examples related to the problem of the
existence of analytic varieties in hulls.

Definition 24.1. Let X be acompact subset of C". Then Ry (X) denotes the algebra
of continuous functions f on X of the form f = A/B, where A and B are
polynomials and B has no zero on X. R(X) denotes the closure of Ry(X) in the
uniform norm over X.

Definition 24.2. Let X be a compact subset of C". The rationally convex hull
of X, denoted h,(X), is the set {z € C" : for all polynomials p in C", if p(z) =
0, then p has a zero on X}.

The reader can verify that (a) 4,.(X) C X and (b) the maximal ideal space of
R(X) can be naturally identified with A, (X).

206
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ExampLE 24.1. Let S be a closed subset of {|¢| < 1} that contains the unit circle.
Denote by Dy, D,, ... the components of the complement of S in {|¢]| < 1}. For
each i, put

Hi ={(z,w)eC*:z€e D, |wl =1)
and
Ki={(z,w) e C*:|z] =1, w € D;}.

A? denotes the closed bidisk and dA? its topological boundary. We can picture
each H; or K; as a solid torus in 8 A%. We denote

o0
Xs = A"\ | J H UK.

i=1

Thus Xy is obtained from dA? by removing a family of solid tori. Another
representation of X is

Xs={Gz,w):ze S, |w =1 U{z,w:|z] =1 we S}
Claim 1. Assume that S has no interior. Then £, (X) contains no analytic disk.

PrROOF. Suppose that E is an analytic disk contained in 4,(X). Either z or w is
not a constant on E. Suppose that z is not constant. Then z(E) contains interior
in C and so the z-projection of 4, (X ) has interior points. On the other hand, this
z-projection is contained in S. To see this, consider (zg, wp) € h,(Xs). If z0 &€ S,
then z — zg # 0 on S. But z — zg vanishes at (zg, wg), and this contradicts the
definition of /1, (Xs). So zg € S, as claimed. Since by hypothesis S has no interior,
we have a contradiction. Thus E cannot exist. O

Of course, given S it may be that /,(Xy) coincides with X, and in this case
Claim 1 gives no information. We now shall construct S such that S has no interior
and hr(Xs) 75 Xs.

Let S, D;, H;, K;,i = 1,2, ...be as above. For each n, we put

YnanJHiUKi.

i=1

Claim 2. Fix p € A>. If p & h,(Xy), then for some n, p € fn in the sense that
for every polynomial f, | f(p)| < supy |f].

ProOOF. Since p € h,(Xs), there exists a polynomial Q with Q(p) = 0 and
Q # 0on Xg. Since Q is continuous and Xg = dA? \ Ufil H; U K;, we can
choose n with Q # 0on dA%\ U_, H; U K;.

Denote by V the connected component of the zero-set of Q containing p. Then
VNaA € U/, Hi U K;. If now f is a polynomial, the maximum principle
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applied to V gives
|/ (P)I = max | f| < sup|fl,

where the sup is taken over U?:l H; U K;, as claimed. O

Claim 3. There exists asequence Dy, D,, .. .of disjoint open subsets of {|¢| < 1}
such that, if we put

s ={lzl < 1\ Di,
i=1

and define H;, K; as earlier, then we have:

2) S lacks interior, and

3 0,0) € hy(Xs).

PrOOF. We choose a countable dense subset {a;} of {|¢| < 1} avoiding 0.
We shall show that there exists a sequence {D;} of disjoint open disks contained
in {|¢| < 1} such that for each n we have

n
4 aj €| JDifor1 < j<n, and

i=1

n
5) 0¢ Y, whereY, = H; UK;.

i=1

Fix r; with 2r1/]a1]?> < 1. Put G(z, w) = (z — a))(w — al)/af. Put D, =
{I¢ — a1l < r1}. Then G(0,0) = 1 and, for (z, w) € H; U Ky, |G(z, w)| <
2r1/la;|> < 1.So (4) and (5) hold for n = 1.

Suppose now that disjoint open disks Dy, D, ..., Dy have been chosen so that
(4) and (5) hold forn = 1,2, ..., s, and also that dD; does not meet {a;} for
i =1,2,...,s. Leta be the first ; not contained in U}_, D;. It follows from (5)
for n = s that there exists a polynomial P with |P(0,0)| > 1 and |P| < 1/2 on
Ui_H; U K;. (Why?) Put A = maxya> | P|. Choose k such that

(3)4
|al?

and choose r with

Put Dy = {|¢ — a| < r}. We may assume that D, fails to meet Uj_, D; and
that d Dy does not meet {a;}. Put

0(z, w) = (P(z, w)*(z — a)(w — a)/a’.
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Then |Q(0)| > 1andon Ui_, H; U K;,

(1)4
jaP?

10> <

SoOngnfornzl,Z,...,s. .
On Hyyy U Koy, either |z —al < ror|w—al <r,s0|0| < % < 1. Thus

0¢ f/s+1, and so (5) holds forn = s + 1. By choice of Dy, as4 € Uf;rll D;.So
(4) and (5) hold for Dy, ..., Dy, Ds,;. Thus by induction, the desired sequence
{D;} exists satisfying (4) and (5) for eachn. Wenow put § = {|¢| < 1} \ U2, D;.
Because of Claim 2, together with (5), we have that 0 € A, (X5). Also, U2 D;
contains each a;, and hence S lacks interior. This gives Claim 3.
Finally, Claim 1 gives that 4,(Xs) contains no analytic disk. We have proved

Theorem 24.1. There exists S such that h,(Xs) # Xs and h,.(Xs) contains no
analytic disk.

It is shown in the Appendix that, if X is a compact set in C", then R(X) is
generated by n + 1 functions.

EXERCISE 24.1. Let S be as in Theorem 24.1. Let g1, g2, g3 be three functions in
R(X), generating that algebra. Denote by Y’ the image in C3 of X5 under the map
g = (g1, &2, g3). Show that Y # Y and Y contains no analytic disk.

EXAMPLE 24.2. Let 2l be a uniform algebra on a compact space X, and let M be
the maximal ideal space of 2. Fix f € 2. Assume that f(X) is the unit circle and
that f (M) is the unit disk.

In Chapter 20 we studied this situation in a special case, and in Theorem 20.2
we found a class of such algebras where M must contain analytic disks.
However, we have the following result of Cole [Col]:

Theorem 24.2. There exists a uniform algebra A on a compact metric space X,
with maximal ideal space M and f € 2 such that

(6) f(X) is the unit circle.
N SM)is{lz] < 1}.
(8) M contains no analytic disk.

PrROOF. Let A be the closed unit disk and let Ay, A, ... be a sequence of copies
of the disk {|z] < 2}. LetIT = Ag X A} x A x - - be the topological product
of all of these disks. Then IT is a compact metrizable space. A point of IT will be
denoted by (z, &1, &2, ...), where |z] < 1 and [¢;| < 2 for all j. We denote the
coordinate functions by z, ¢, &2, . . .. Each coordinate function is continuous on
I1.
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Let {a;} be a countable dense subset of {|z| < 1}. We denote by Y the subset of
IT consisting of all points (z, ¢, &2, . . .) satisfying

2 2
é'l =Z—al,§2 = —ay, .

Y is thus the common null-set of a family of continuous functions on IT, and so Y
is closed and hence compact. Let 2((Y) denote the uniform algebra on Y spanned
by all of the polynomials P(z, ¢, &, ..., &), n = 1,2, ... in the coordinate
functions.

Put X = {(z,¢1, &, ...) € Y : |z] = 1}. We claim that X is a boundary for
2A(Y), in the sense of Definition 9.1.

Fix n and consider the variety V,, = {(z, ¢1, &5+ - -5 &) gj.z =z—a;,1<
j < n} € C"' Let K denote the polydisk in C**! consisting of all points
(2o, 215 -+ 5 Zn) With |zg] < 1 and |z;| < 2for j = 1,2,...,n. Then V, N
K? is an analytic subvariety of K°, where K° denotes the interior of K. Let
°, gl,gz, .. )beaboundarypomtofV N K°.If |z°] # 1, then |{ | =2
for some j. But |§ 92 =1"—a il < 2, so this cannot occur. Hence
(9) a(VanO) - {(Z’ gl’ §2,---,§n) : |Z| = 1}

Consider a polynomial P on C™! and let g = P(z,%1,8,...,8,) be
the corresponding element of A(Y). Fix y = (2%, ¢0,¢0,...) € Y. Then
Z°, ;10, ;‘20 e, ;‘,?) € V, N K. By the maximum principle on V, and (9), there
exists (2, ¢, &3, ..., £,) € V, with |[Z'| = 1 such that

g = 1P, ¢, 8, eI < IPE ¢, & G-
Next, we can (clearly) choose ¢, |, ¢, 5, ... so that y' = (2, ¢, ¢, ...,

Sns Sngts Cngnr - ) € Y. Then |[g(y)| < |g(y")]. Since y" € X, it follows that
X is a boundary for 2((Y), as claimed.

The restriction of 24(Y) to X is then a uniform algebra 2 on X. It is easy to see
that the maximal ideal space of 2 is ¥, and we leave it to the reader to verify this.

We take f to be the coordinate function z and let M denote the maximal ideal
space of 2. Then f(X) is the unit circle and f (M) is the unit disk.

We assert that M contains no analytic disk. Suppose that there were such a disk
E. This means that there is a continuous one-one map ® of {|A| < 1} onto E such
that & o @ is analytic on {|A| < 1} for every h € 2. We first suppose that f is not
constanton E and put F = f o ®. Then F is a nonconstant analytic function and
so F({|Ax] < 1/2}) contains an open disk. In that disk there are infinitely many of
the a;. For each such j choose A; in {|A| < 1} with F(}\ ) =aj.

Fix j. Since the coordinate functlon ¢; satisfies { — aj, we have {
f—aj,andso (g o )2 =F— a;. Hence the derlvatlve F’ of F vanishes at A
Hence F’ vanishes infinitely often in {|A| < 1/2} and so F is a constant. This is a
contradiction. So f is constant on E.

Thus for some a € Ay, f ~I(a) contains E. We claim, however, that for each
20 € Ao, f ' (zo) is totally disconnected, and this will yield a contradiction. Let
G j be the two element group {—1, 1} for j = 1, 2, - - - and let G be the topological
product, G = ]_[?11 G ;. An element of G is a sequence g = (g1, &2, - . .), Where
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each g; = 1 or = —1. G is a compact, totally disconnected, Hausdorff space. We
shall construct a homeomorphism of G onto f~!(zg). Each point of f~!(z¢) has
the formx = (z9, w1, wo, .. .), where w? = zo—aj forall j. We only consider the
case when zo # a;j forall j, and sow; # Oforall j. The case zo = a; for some j
is similar. Fix x’ = (z, w}, w}, ...) € f~'(z¢).Foreachg = (g1, g2, - -) € G,
map g — gx' = (20, g1w}, &w), ...). Then gx’ again belongs to f~'(z¢). It
is easy to verify that the map g — gx’ maps G onto f~!(zg), and that the map
is one-one and continuous. Since G is compact, the map is a homeomorphism.
Hence f~!(z) is totally disconnected, as claimed. We are done. O

Note. In an intuitive sense, the space Y in the preceding example is a Riemann
surface lying over the unit disk, which “has a dense set of branch points.” Taking
this point of view, in the following example, we shall construct a variant of the
space Y that lies in C2.

ExAMPLE 24.3. We next give an example of a hull without analytic structure. Let
7 denote the projection of C? to C given by
7(z1,22) = 21.

Theorepl 24.3. There exists a compact subset Y of C* with n(Y) = {|z| = 1}
and t(Y) = {|z| < 1} suchthat Y \ Y contains no analytic disk.

Note. By a change of variable we may replace the unit circle by the circle {|z| =
1/2} and the unit disk by {|z| < 1/2}; we shall prove Theorem 24.3 for this case.
The convenience that results is that for |a|, |b| < 1/2 we have |a — b| < 1.

PrOOF OF THEOREM 24.3.  We denote by ay, ay, . . . the points in the disk {|z| <
1/2}, both of whose coordinates are rational. For j = 1,2.. ., we denote by B;
the algebraic function

Bj(z) = z—a)z—ay) - (z—aj-1)/z—aj.

Fix constants ¢y, ¢3, - . ., ¢, in C and put
n
gn(2) =) ¢;B;(2).
j=1

We denote by X(cy, ¢3, . . ., ¢,) the portion of the Riemann surface of g, that lies
in {|z] < 1/2}. In other words,

(e, e, 0) ={w izl =12, w=w;, j=1,2,...,2"},

where w;, j = 1,2, ..., 2" are the values of g, at z. In the following discussion,
we shall always assume, whenever z occurs, that
(10) lz| < 3.
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Lemma 24.4. There exist two sequences of positive constants ¢;, j = 1,2, ...
andej, j = 1,2,...suchthatcy = 1/10, ¢c;41 < (1/10)c;, j = 1,2, ..., and
there exists a sequence of polynomials P, in z and w, n = 1, 2, . .. such that:

D {P, =0} = Z(c1,c2,...,0Cn), n=12 ...,

(12) {IPa] = €} S {|Pu-1l = €11}, n=23,...; and

(13) iflal < 1/2 and |P,(a, w)| < €,, then there exists w, with
P.(a,w,) =0and|\w —w,| <1/n,n=1,2,....

ProoOF. For j = 1, we take

1 ! Piew) = w? — —— )
= —, € = —, ,w) =w — — (2 —ay).
1 10 1 1 1(z 100 z 1
Then (11) and (13) hold for n = 1, and (12) is vacuous.
Suppose now that c¢;, €;, P; have been chosen for j =1, 2, ..., n, so that our

three conditions are satisfied for each j. We shall choose ¢,+1, €441, Pn+1-

We denote by w;(z), j = 1,2,...,2", the roots of P,(z,-) = 0. To each
constant ¢ > 0 we assign the polynomial P.(z, w) defined so that the roots of
P.(z,-) = 0are w;j(z) £ cByr1(2), j = 1,2,...,2", and P.(z, w) is monic in
w. Thus

”
Pe(zow) = [ J(w = [wj2) + eBy1 (DD W — [wj(z) — ¢Bys1(2)])

i=1
2)1
= [Jiw — w;(2)* = 2 (Brs1(2))*1.
i=1
By construction, the zero-set of P.(z, w) is X(cy, ..., ¢y, C).

Choose M > 0 such that, if we put Ay = {(z, w) : |z] < 1/2, |w| < M},
then

2
€
{IP| < En} C Ay

foralle, 0 <c¢ < 1.

Claim. For sufficiently small positive ¢, we have

2
(14) (1P| < %"} C 1Pl < €.

PrOOF CLAIM. Suppose that the claim is false. Then for arbitrarily small ¢ > 0
there exists ¢, € Ay with [P.(¢)] < 65/2 and |P,(¢.)| > €,. Since Ay is
compact, the set {£.} has an accumulation point¢* € Ay .Asc — 0, P. — (P,)?
uniformly on compact sets in C2, and so | P2(¢*)| < €2/2and |P,(¢*)| > €,. This
is false. Thus the claim follows.
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Now fix ¢ such that (14) is true, and such that ¢ < (1/10)c,. We have
2n+1
Pe(z, w) = [ Jw — w)(2),
j=1
where w} (z) are the zeros of P.(z, -). Hence, if € > 0 and if | P.(z, w)| < €, then
lw — w)(2)] < €2 for some .

It follows that we can choose €, with €, 11 < e,% /2 and such that | P.(z, w)| <
€,+1 implies that there exists w,4; with P.(z, w,+1) = 0 and |w — wy4| <
1/(n + 1). Putting ¢,+; = ¢, and then, putting P,+; = P. and choosing €, as
above, we have that (11), (13), and (12) are satisfied for j = 1,2, ...,n + 1. The
lemma now follows by induction. O

Definition 24.3. With P,, €, chosen as in Lemma 24.4, we put (recall that {|z]| <
1/2} is understood!)

X = Q{|Pn(z, w)| < €,).

It follows from this definition that X is a compact polynomially convex subset
of {|z| < 1/2} € C2. For each n we put

Y, ={P, =0} = Z(c1, ..., cn),
where ¢y, ¢y, . . . is the sequence obtained in Lemma 24.4.
Lemma 24.5. A point (z, w) belongs to X if and only if there exists a sequence
{(z, wy)} with (z, w,) € T, for each n and w, — w asn — Q.

ProOF. Fix (z, w) and assume that such a sequence {(z, w,)} exists. Fix ny.
Because of (12),

(1Pl < e} S {[Poy| < €0}
if k > ngy. Since Py (z, wy) = O for each k,
(Z’ wk) € {|Pno| S eno}

for each k > ng. Hence (z, w) € {|P,,| < €,,}. Since this holds for each ny,
(z, w) € X.

Conversely, assume that (z, w) € X. Fix n. Then {|P,(z, w)| < €,}. By (13)
there hence exists w, with (z, w,) € ¥, and |lw — w,| < 1/n. Thus {(z, w,)} is
a sequence as required. d

Lemma 24.6. Let 2 be a region contained in {|z| < 1/2}. There does not exist a
continuous function f on Q whose graph {(z, f(2)) : z € Q} is contained in X.

PROOF. Suppose that such a function f exists. We choose arectangle: s; < Rez <
52, 11 < Im z < ¢, contained in 2, with sy, 57, f1, £, irrational numbers. Let y



214 24. Examples

denote the boundary of this rectangle. Denote by z; the midpoint of the left-hand
edge of y, by zo the midpoint of the right-hand edge, and let y; denote the punctured
curve ¥y \ {z1}.

For each j, Bj(z) = (z — a1) --- (2 — aj—1)/z — a; has two single-valued
continuous branches defined on y;. If a; lies outside y, then each branch extends
continuously to y, while if a; lies inside y, each branch has a jump discontinuity
at z;. By construction, no a; lies on y. We choose one of these two branches,
arbitrarily, and call it §;. Then |B;]| is single-valued and nonvanishing on y.

Let n be the smallest index such that a, lies inside y, and let ¢, ¢3, . . ., ¢, be
the constants constructed in Lemma 24.4. The algebraic function Z’;=1 ¢jB; has
on y; the 2" branches

n
Y ciniBis
j=1

where each constant p; = 1 or = —1.

Definition 24.4. K is the collection of all 2" functions } _, ¢;p;B; on y1, where
each p; is a constant = 1 or = —1.

Claim 1. Fix z € y,. There exists k € K, depending on z, such that

s5) 1/ (2) = k@] < §1B2(2)cn.

PrOOF OF CLAIM. Since (z, f(z)) € X, Lemma 24.5 gives wy such that
(z, wy) € Xy and R(z) = f(z) — wy satisfies

(16) IR)| < 7518l
Thus f(z) = 27:1 cjp;j(2)B;(z) + R(z), where each p;(z) = 1 or= —1. So

n N
f@) =Y cipi@Bi@+ Y cipi(Bi() + RR)
j=1

Jj=n+1

N
= k@) + Y ¢;pi@B;R) + RQ).

Jj=n+1
where k € K. Then
N
(17) 1f@) — k@I < Y ¢ilBi@] + IRG)I.
j=n+1

For each j,
Bi+1( D =z —a)) -z —aplly/z — ajq]

<lz—-a)-- (@ —aj)l
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<l|@z—a) - @Z—aj-D/Iz—aj| =18;@)l,

where we have used that we are working in the disk {|z| < 1/2}. So

N N
Y GlBi@I = Y ¢lh@)
j=n+1 j=n+1
<BE + 2 1= L@l
10 102 9
Together with (16) and (17), this gives (15). O

Claim 2. Fix z € y,. Let g, h be distinct functions in K. Then
(18) 12(z) = h(2)| = 31Ba(2)lCn-

PROOF OF CLAIM.
n n
8@ = cipiBi@.  h() =) cipiBi).
j=1 j=1

where p;, p} are constants = 1 or —1. For some j, p; # p}. Let jy be the first
such j. Then

n

8(2) — h(x) = £2¢;,Bj,(2) + D> cilp; — p))B; ().

J=jo+1
So

18(2) = h(@)] = 2¢;, 1B, =2 Y ¢;lB;(2)]

J=Jo+1
n
> 2¢;|Biy (D) = 21D Y ¢
J=jo+1

n

> 2B,y — Y ¢l

J=iot1
> 2|8, (@Dle;, (1 — 1) = 218, (le;,

= % |8 (2)|cn,

proving our claim. d

Claim 3. Choose kg € K such that | f(zo) — ko(z0)| < (1/4)]8,(z0)|cn, Which is
possible by Claim 1. Then we have for all z € y;

19) 1f () = ko] < §1B2(Dlcn.
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PROOF OF CLAIM. Put O = {z € y; : (19) holds at z}. The O is an open subset
of y1, containing zo. If O # yy, then there is a boundary point p of O on ;. Then

(20) |£(p) = ko(P)| = $1Ba(P)lcn.

By Claim 1, there is some k; € K such that

@n 1f(p) = ki(p)l = 71Bu(P)len.

Thus |kog(p) — ki (p)| < (7/12)|8,(p)|cy,. Also, kg # ki, in view of (20) and (21).
This contradicts (18). Hence O = ¥, and so the claim follows. O

For each continuous function u# defined on y, that has a jump at z;, let us write
L*(u) and L™ (u) for the two limits of u(z) as z — z; along y;. Then, by (19),

ILT(f) = L¥ ko)l < 51Ba(21)lcn

and

IL~(f) = L™ (k)| < 3 1Bu(zD)cn.

Hence

(L) = L™ () — (LT (ko) — L™ (ko)) < §1Bu(zn)lcn-

But f is continuous at z;, so the jump of kg at z; is in modulus less than or equal
to (2/3)18,(z1)|cn. But kg € K, and so its jump at z; is 2|8,(z1)|c,. This is a
contradiction.

So f does not exist, and Lemma 24.6 is proved. O

Lemma 24.7. Suppose that D is an analytic disk contained in X. Then z is a
constant on D (“D is a vertical disk” ).

ProOF. If z is nonconstant on D, then, without loss of generality, D is given by
an equation w = f(z), where f is a single-valued analytic function on a domain
Q C {|z] < 1/2}. Then f is continuous on 2 and the graph of f is contained in
X. This contradicts Lemma 24.6. So z is constant on D, as desired. O

Fix zo and denote by ! (z¢) the fiber over zo, i.e.,

7 Nz0) = {w € C : (z0, w) € X}.

Lemma 24.8. Let K be a connected component of mw~'(z0). Then K is a single

point.

PrOOF. We first assume that zo # a; for all j. Fix an integer N. For each v,
choose one of the values of B, at 7y and denote it B,(z9). For j = 1,2,..., 2N,
put

N
w; = Z copy’ By (20),

v=1
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[C2BEN©)] ) ’ ’ .

where p,”’, p,’', ..., py’ is an N-tuple of 1’s and (—1)’s. Then w;, j =

1,2,...,2", are the w-coordinates of the points of Xy lying over zy. By a
calculation similar to the one in the proof of (18), we find that

(22) lw; — wil = 2|ByGo)len, 1< j k<2, j#k

Consider the closed disks with center w;, j = 1,2,..., 2N and radius
(1/2)| By (zo)|cn - Because of (22), these disks are disjoint.

Claim. Fix b € 77" (z0). Then b belongs to the union of the 2V disks.

Proor oF THE CLAIM. By Lemma 24.5 there exists M > N and there exists
(zo, w') € Xy such that

Ib—w'| < §enlB(zo)l.

Now w' = Zﬂil ¢y pvBy(20), where each p, = 1 or= —1.
Since (zg, w') € Ty,

N M
w =Y c,pBuzo) + Y cvpyBu(z0)
v=1 v=N+1

M
=wj+ Y B0

v=N+1
forsome j, 1 < j < 2N.So
M
w' —wil < Y elBuzo)l < Sen|By(ol.
v=N+1

Thus b belongs to the disk with center w; and radius (1/2)cy|By(zo)|, and hence
to the union of these 2V disks, as claimed.

Since K is a connected component of 7 ~!(z¢) and K is contained in the union
of the disjoint disks

{lw —w;| < (1/2)en|By (zo)l}s j=1,...,2",

it follows that K is contained in one of the disks and so diam K < c¢y. This holds
of each N. So diam K = 0, and therefore Lemma 24.8 is proved in this case.

If zo = a; for some j, then By(z9) = O for N > j. Hence 77 1(z0) is finite,
and so again each component of 7w ~!(zo) is a single point. O

It follows from Lemma 24.8 that X contains no disk on which z is constant (no
“vertical disk™).

Lemma 24.9. Put
Y =Xn{zl =3}

Then X = Y.
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ProOF. Since X is polynomially convex, Y € X.

Now fix (z, w) € X. Choose a sequence {(z, wy)} converging to (z, w) such
that (z, wy) € X for each k. For each k put 9%, = X N {|z] = 1/2}.

Let Q be a polynomial on C2. By the maximum principle of X, for each ,

10z, wo)l < 1Q(z;, wpl,

where (z;, w;) € 0%;.
Let (z*, w*) be an accumulation point of the sequence {(z;, w;)}. Fix ng. For
k > no, (z;, wp) € {|Pc| < €} € {|Pyy| < €,}. Letting k — 00, we get

(@, w*) € {|Py| < €n}-

Since this holds for each ng, (z*, w*) € X. Also, |z*| = 1/2. Further, by letting
k — oo, we get

10z, w)| = Q" wl.

So |QA(z, w)| < max |Q|over X N {|z] = 1/2} = Y. Thus (z, w) € Y, and so
XCvy. .
It follows that X = Y. O

In view of Lemmas 24.7 ) 24.8, and 24.9, Y contains no analytic disk. Also,
7(Y) ={lzl = 1/2}and 7(Y) = {|z| < 1/2}.
Theorem 24.3 is proved. O

ExAMPLE 24.4.  We now discuss an example of Ahern and Rudin [AR] of a totally
real 3-sphere X in C3. We refer to Item 9 of Chapter 25 for the significance of this
type of example. We recall that “totally real” means that the tangent space at each
point contains no complex subspace of positive dimension. Let $* = {(z, w) €
C? : zZ + ww = 1} and let o be a smooth complex-valued function defined on
a neighborhood of S3. Let X be the 3-sphere in C? that is the image of S* under
the embedding E : §* — C3 given by E(z, w) = (z, w, 0(z, w)); i.e., T is the
graph of o'|S3. Set
0 0

Lewl _ ;2.
Yoz Yow

the tangential Cauchy—Riemann operator on S3.

Proposition 24.10. X is totally real if and only if Lo # 0 at every point of S>.

PrOOF. Fix (a, b) € S°. Then the complex line tangent £ to S° at (a, b) can be
parameterized by

A — (a+Dbxr,b—al).
It is straightforward to check that
o(a+br,b—ar) =o(a,b)+ (Lo)(a, b)x + (Lo)(a, b)X + o(A]),
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9
az

of both sides agree at A = 0. The orthogonal projection 7 : C* — C? takes
a complex tangent to X at (a, b, o (a, b)) to the complex line £, and so the only
possible complex tangent line to ¥ at (a, b, o (a, b)) is a graph over £ of the first-
order terms of o (a + br, b — @)), viewed as a function of A. This is a complex
line (no A term!) if and only if Lo (a, b) = 0. O

d

asA — 0, where L = w L Z% ; indeed, it suffices to show that 3% and =

We shall need the following.

Lemma 24.11. Ler Q be a bounded domain in C such that 0 € b2 and such
that 2 is disjoint from the negative real axis. Let {y € Q. For 0 < r < &), let
Q ={eQ:|t| >r}andleta, = {¢ € bR, : |¢| = r}; assume that 2, is
connected. Then there exists C > 0 (depending on {y but not on r) such that the
harmonic measure of o, with respect to the point &y and the domain Q, is < C./r.

PrOOF. Denote by /7 the principal value of the square root on the plane cut by the
negative real axis. In the right half-plane define a nonnegative harmonic function

+zf
_,f

We have H(z) = 1if |z] = /r. On ,, define a nonnegative harmonic function
h(¢) = H(J/Z).Sinceh > 0on Q, and h = 1 on «,, we get:

H(z) = — arg(

h(Zp) > harmonic meas(c,).

Finally, we use the estimate
RN
Vi — lf

for some C > 0. O

2
h(%o) = — arg(————=
b4

We now make a special choice of 0. For (z, w) € C?seto(z, w) = Zw(ww +
izZ). Tt is straightforward to check that Lo # 0 at every point of S3, and so we
obtain the totally real 3-sphere in C? that we seek as the 3-sphere X, which is the
graph of the function o on S°.

We know, say by Browder’s Theorem 15.8, that ¥ is not polynomially convex.
To conclude this example, we shall determine the polynomially convex hull of
3. For this we shall use a method of Anderson [An] and Wermer [We8]. Let
F(z) = z12223, a polynomial in C3, where z = (21, 22, z3). Then, for z € X,
we have F(z) = 21220 (21, 22) = |z1*1221*(1z2]* + ilz1]?). Thus the set F (%)
is a curve T in the plane parameterized by y : [0, 1] — C, given by y(t) =
t2(1 — 12)(1 — 2 + it?). We note that |y (£)| < #>(1 — ¢%) and hence |¢]| < 1
on I'. Since y is one-to-one except that y(0) = 0 = y(1), I' is a Jordan curve
through the origin bounding a domain €2. Moreover, I is smooth except at the
origin, where there is a cusp consisting of two curves that meet with an internal
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angle of r /2; this implies that the harmonic measure on I" for points in €2 is of the
form Kds, where ds denotes arc length and K is continuous on I".

Let 7 be the real-valued function on I' \ {0} that is the inverse of y|(,1). Then,
for z € X, ¥(lz1]) = F(z) and so the fiber (F|Z)~'(¢) for ¢ # 0 e T is the

torus {(z1, 22, 23) : |21l = ©({), 122l = 1 — 1(¢)?, and z3 = ¢/(z122)}.

Lemma 24.12.
(a) Forg‘ * 0 0eT, the torus (F|X)~1(¢) is polynomially convex.
(b) F(¥) =

PRrROOF.

(a) It follows easily that the polynomials are dense in the space of all continuous
functions on (F|X)~'(¢) since Z; and Z, are in the closure of the polyno-
mials on (F|X)~'(¢). To see this, one need only write 7, = 7(¢)?/z; =
7(¢)?z322/¢ on ¥ and similarly for Z,.

(b) It suffices to show that F (ﬁ}) D Q—the rest is clear Suppose that this is not
the case. Then F(X) is disjoint from €2, and so F(%) = T. Since > every point

of T is a peak point of P (L), it follows that (F|2) Ly = (F|2) l(;) =
(FIZ)~1©) for all ¢ # 0 € T. Hence p) \' X € (FIX)"'({0}). Hence
z21z2=00n % \ ¥, and in particular the projection of ¥ to C? does not cover
the unit ball in C?. This contradicts Theorem 22.6.

O

For ¢ € Q2 we define
Zi(¢) =max{lz;] 1z € Sand F(z) = ¢}, i=1,23.

By aprevious result we know that log Z; is subharmonic on €2. We need to examine
the boundary behavior of the Z;. By Lemma 24.12, (F|£)~'(¢) = (F|2)"1(¢)
for all { # 0 € T. Hence, since 3 s compact, it follows that the boundary
values of the Z; are given by: Z{(¢) = 1(¢), Z2(¢) = /1 — t(¢£)?,and Z3(¢) =
11/(t(€)y/1 — 1(¢)?) for all ¢ # 0 € T'. Consider harmonic functions U; in
Q2 with boundary values log Z;, for i = 1, 2, 3. Since the functions log Z; are
not bounded on I, the existence of the U; needs justification. It follows from the
estimate log Z; > log|¢| — Aon T, fori = 1,2, 3 (see the proof of Lemma
24.13), and the remark above about harmonic measure on I' that the U; can be
defined by U;(¢) = f log Z;(Mdpe(A) for all £ € €, where , is harmonic
measure for ¢ on I'. In particular, U3(¢) = log|¢| — Ui(¢) — Uy(¢) for all
¢ e Q.

Since we are dealing with unbounded functions, the following inequality is not
a direct consequence of the maximum principle.

Lemma 24.13. log Z;(¢) < U;(¢) forallt € 2,i =1,2,3.

ProOF. Fix ¢y € Qandlet0 < r < |¢]. Let " be harmonic measure for ¢, on
b2,. In 2, log Z; is a subharmonic function bounded above by M. Since log Z;
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is subharmonic and has continuous boundary values in €2, , we have

log Z(%0) = /m log Zi(Md " (1).

Splitting €2, into the disjoint union of ¢, (recall Lemma 24.11) and 8,, we get

(23) log Z(%0) = / Ur(Ddp" (2) + MC/r.

By

For A € «,, we have
Ui(h) = / log T(£)dp:.(2).
r

From the estimate |¢| = |y (1(¢))| < 1(2)*>(1 — 1(¢)?) for¢ e T\ {0}, we have
log T > log |¢]; hence U;(A) > logr for A € «,. Therefore,

24) Ui(&) = / Uidi +/ Udp” > / Uidp + logr - C\/;
,- a Br

Now, letting r — 0, it follows from (23) and (24) that log Z1(y) < U;(&)-

An analogous argument gives the statement for i = 2, 3. (For i = 3, one uses

the estimate log(|¢|/(z(¢)/1 — t(£)?)) > 1/21og|¢| — A in place of log T >

log [¢].) a

For ¢ € 2, we have, since { = F(z) for some 7 € 3, that ¢ = |z1z223] <
1Z0(0)Z2(6) Z3(0)] and therefore log [¢] = log |zi| + log|za| + log |zs] =<
log Z1(¢) + log Z>(2) + log Z3(2) < U(Z) + Us(2) + Us(¢) = log[¢]. We
conclude that U; = log Z; on Q2 and that Z;(z12223) = |z

Let V; be a harmonic conjugate of U; in Q and set ¢; eUrtY=1Vifor
i = L2 Put¢@©) = (@1(0). $20). £/($1(0)$2(2))), an analytic map from
Q to (C3 We claim that ¢(2) C 3. First note that, for fixed 6;, 6, € R,
¥ is invariant under the map (zi, 22, 23) | — (e"’lzl e%zy, e 1O+ 70 since
o(el%z,, e%z,) = e 1Ot (z,, z5). Therefore, E is invariant under the same
maps. Let ¢ € Q. Hence there exists (z1, 22, z3) € % such that F((z1, 22, 23)) =
¢and Z;(z12223) = |zil,i = 1,2, 3. Hence |¢;(§)| = e"'©) = Z;(¢) = |zl ie.,
$;(0) = e’efzj, j = 1, 2. By the invariance of 3 we conclude that ¢(¢) € 3.

Now set ¢g,0,(5) = (€¢1(2), e®¢r(0), e OHP 1 /(¢1(£)¢2(2))), for
(61, 6,) € [0,2m) x [0, 2). The argument of the last paragraph shows that
Do,.0,(82) < fJ.Conversely, the same argument shows thatif z = (z1, 22, 23) € by
and F(z) € 2, then there exists ¢, g, such that z = ¢y, o, (F(2)). Thus we have
shown that & N F~! (£2) is a disjoint union of the analytic disks ¢y, 4, (£2). In view
of Lemma 24.12 and the comments preceding it, it remains only to determine the
set & N F~1({0}). Since £ N F~'({0}) is the union of the two circles {(z1, 22, 23) :
|z1] = 1, 20 = z3 = 0} and {(z1, 22, 23) : 22| = 1, 71 = z3 = 0}, it follows that
3 N F~'({0}) is the union of the two disks {(z1, 22, 23) : |z1] < 1,22 = 23 = 0}
and {(z1, 22, 23) : |z2] < 1,271 = zz3 = 0}. This completes the construction of
the hull of =. We have shown that 3 \ X is the disjoint union of the 2-parameter
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family of disks ¢y, ¢, (€2) and the two coordinate disks. We mention here without
proof that Ahern and Rudin [AR] have shown further that Yisa graph over the
closed unit ball in C2.

‘We note that the disks ¢y, ¢, are not smooth on the unit circle; they are examples
of H* disks. H® disks are bounded analytic mappings whose boundary values
exist only a.e. on the unit circle. This is in contrast to analytic disks, which extend
smoothly to the unit circle. More precisely, except at one point of the unit circle,
the ¢y, ¢, are smooth on the circle and with boundary values in X. It turns out that
such special nonconstant H*° disks always exist for n-dimensional totally real
submanifolds of C"—see Chapter 25.

EXAMPLE 24.5. We next give an example of an arc in C? that is not polynomially
convex. In this connection recall that we have shown in Theorem 12.4 that a smooth
arc is polynomially convex! If y is an arc in the plane, denote by 2, the algebra
of functions continuous on the Riemann sphere S and analytic on S? \ .

Lemma 24.14. If y has positive plane measure, then 24, contains three functions
that separate the points on S2.

Remark. To obtain an arc having positive plane measure, one can proceed as
follows: Choose a compact totally disconnected set E on the real line, having
positive linear measure. Then E x E is a compact, totally disconnected subset of
R? having positive planar measure. Through every compact totally disconnected
subset of the plane an arc may be passed, as was shown by F. Riesz [Rie] ; y can
be such an arc. The first example of an arc of positive planar measure was found
by Osgood in 1903 by a different method.

PROOF. Put

-0
F() — 0as¢ — ooand lim;_, ¢ - F(¢) # 0. Hence F is not a constant. Fix

Zo € y. The integral defining F (¢y) converges absolutely. (Why?) We claim that
F is continuous at . For this put

dx d
no=/ ks
Y

| 1/z for |z] < R
8 = i 0 for |z] = R

for R some large number. Then g € L! (R?):

1

z2—¢ 72— %

IHO—F%st

14

dx dy

= / lg(z —¢) — gz — &)ldxdy — 0O
%



24. Examples 223

as ¢ — o, since g € L'(R?). Hence the claim is established. Thus F € C(S?),
and, since F evidently is analytic on S? \ y, F € Ay, .
Now fix a, b € $?\ y with F(a) # F(b). Then F,, F; € 2, where
F(z) — F(a) F(z) — F(b)
F(z) = ——, FiZ=——:
z—a z—>b
Fix distinct points z;, z, € S2. It is easily checked that if F(z;) = F(z), then
either F, or F3 separates z; and z,. Hence F, F,, and F3 together separate points
on S%. O

We now define an arc Jy in C? as the image of a given plane curve y having
positive planar measure under the map ¢ 1 — (F (¢), F2(¢), F3(¢)).

Theorem 24.15. J, is not polynomially convex in C3. Hence P(Jy) # C(Jp).

Proor. Fix ¢y € 52 \ v. Then x0 = (F (&), F2(0), F3(¢0)) & Jo. Yet, if P is
any polynomial in C,

|P(x%)| < max |P].
Jo

Indeed, f = P(F, F», F3) € 2, and so, by the maximum principle,
[f (Gl < m}leIfI,

as asserted. Hence x° € J \ Jo, and we are done. O

EXERCISE 24.2. If ¢ is a nonconstant element of P (Jy), then ¢ (Jp) is a Peano curve
in C; i.e., ¢ (Jy) contains interior points. In particular, the coordinate projections
of Jy, zx(Jp), are points or Peano curves. [Hint: Apply the argument principle to
show that f(S?) = f(Jo) forall f € A, —use the fact that y is an arc.]

NOTES

Example 24.1, which is a variant of Stolzenberg’s example, is given in Wermer
[We9]. Example 24.2 is given in B. Coles’s thesis [Col]. Example 24.3 is given
by Wermer in [Well]. Example 24.4 is due to Ahern and Rudin in [AR] and to
J. Anderson [An]. The example of a nonpolynomially convex arc, Example 24.5,
is due to Wermer in [We2]. Such an arc in C? was constructed by Rudin in [Ru2].

The phenomenon of a small set in C" having a large hull was exhibited by
Vitugkin [V]. He constructed a compact totally disconnected set in C?> whose
polynomial hull contains the bidisk.
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Historical Comments and Recent
Developments

1 Introduction

We shall discuss some historical background, including some recent applications.
We also shall supply some references for Chapters 11, 12, 20, and 23.
We begin with the following.

Definition 25.1. Let 2 be a domain in C" and let E be a relatively closed subset
of Q. E is called pseudoconcave in 2 if the open set 2 \ E is pseudoconvex.

Note. The term “pseudoconcave” first appeared in Nishino’s paper [Ni].
ExAMPLE 25.1. Let  be the cylindrical domain {|z| < 1} x C in C?. Chose an

analytic function f on {|z] < 1}and let E be the graph of f,i.e., E = {(z, f(2)) :
|z| < 1}. Then E is pseudoconcave in €2.

PROOF. Puty/(z, w) = —log |w— f(z)| for (z, w) € Q\ E. Since (w — f(z))~"
is analytic on Q \ E, clearly v is an exhaustion function for 2 \ E. O

EXERCISE 25.1. Choose 2 as in the preceding example. Let ay, ay, ..., a, be
analytic functions on {|z| < 1} and let E be the subset of €2 given by

w4+ a; Qw4+ -+ a,(z) = 0.

Then E is pseudoconcave in £2.

2 Hartogs’ Theorem

In his fundamental paper [Ha] in 1909, F. Hartogs proved results including the
following.

Theorem 25.1. Let E be a pseudoconcave set in {|z| < 1} x C in C? that lies
one-sheeted over {|z| < 1}, in the sense that each complex line {z = zy} with

224
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|zo| < 1 meets E exactly once. Then E is the graph of an analytic function on
{lz] < 1}

Hartogs also proved in [Ha] the analogous result for the case that E lies finite-
sheeted over {|z| < 1}.

In the short paper [Ok1] in 1934, which contained statements of results but no
proofs, K. Oka developed the theory of pseudoconcave sets, extending Hartogs’
work. In 1962, T. Nishino in [Ni] gave an exposition of the theory, with detailed
proofs. In particular, Oka and Nishino gave results for pseudoconcave sets which
are models for many of the results that we proved for maximum modulus algebras
in Chapter 11.

3 Maximum Modulus Algebras

Maximum modulus algebras (A, X, 2, p), with X aplane region and p the identity
function, occurred first in Rudin’s paper [Rul] in 1953. In particular, Rudin proved
Theorem 10.3 there.

Rossi’s Local Maximum Modulus Principle, which is given as Theorem 9.3
above, vastly increased the list of examples of maximum modulus algebras. (See
Theorem 11.9 above.)

In 1980, in [Wel2] one of us proved

Theorem 25.2. Let X be a pseudoconcave set contained in the open bidisk {|z| <
1, lw| < 1} € C?. Denote by A the algebra of polynomials in 7 and w restricted to
X. Putting D = {|z| < 1}and 7 : (z, w) t =z, then (A, X, D, m) is a maximum
modulus algebra.

In 1981, in [SI1], Z. Slodkowski introduced the concept of an analytic set-valued
function. Consider a map ® : A 1 — K, defined on a plane region with values that
are compact subsets of C. We say that @ is upper semi-continuous at Xy if, given
any neighborhood N of K, in C, there exists an € > 0 such that K, C N if
|}\ — )»0| < €.

Definition 25.2. The set-valued map ® : A 1 — K, with K, a compact subset of
C for each A € G, is analytic if:

(1) @ is upper semi-continuous, and (2) The set of all (A, w) with A € G and
w € C\ K, is a pseudoconvex subset of CZ.

Note. We could also express condition (2) by saying that the graph of ® consisting
of all points (A, w) with A € G and w € K is pseudoconcave in G x C.

Slodkowski showed in Theorem 2.1 of [S11] that, if X is a relatively closed set
contained in a cylinder domain G x C C C2, A is the restriction to X of the algebra
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of polynomials in z and w, and 7 is the projection (z, w) 1 —z, then (A, X, G, )
is a maximum modulus algebra if and only if X is pseudoconcave in G x C.

Note. The definition of maximum modulus algebra in [S11] is somewhat stronger
than the definition we have given in Chapter 11. For details see [SI1].

Slodkowski’s paper [SI1] contains a number of interesting results relating ana-
Iytic set-valued functions to operator theory and to the study of uniform algebras.
An exposition of these relationships, and related questions, is given by B. Aupetit
in [Aul] and [Au2].

An expository article on maximum modulus algebras is given by one of us in
[Wel3]. Further work in this field is to be found in the book Uniform Frechet
Algebras [Go] by H. Goldman, Chapters 15 and 16. Proofs of Theorem 11.7 were
given by Slodkowski in [SI2] and Senichkin in [Sen]. See also Kumagai [Kum)].

4 Curve Theory

In Chapter 12 we studied the problem of finding the hull of a given curve y in C".
The case of a real-analytic curve was treated in the 1950s by one of us in the papers
[We3], [Wed], [We5], and [We6]. The principal tool in these papers was the Cauchy
transform. An elegant treatment of this case and applications to the study of the
algebra of bounded analytic functions on Riemann surfaces was given in [Ro2].

In two very influential papers, [Bi3] and [Bi2], Errett Bishop gave an abstract
Banach algebra approach to the problem of finding hulls of curves. In particular,
Bishop he proved a version of our Theorem 11.8 for the case of Banach algebras
in [Bi3].

Based in part on Bishop’s work, G. Stolzenberg solved the problem for C'-
smooth curves in [St2]. The case when y is merely rectifiable was treated by
Alexander in [All].

Independent of the study of algebras of functions, B. Aupetit in [Au3] applied
the theory of subharmonic functions to problems in the spectral theory of operators.
Aupetit and Wermer in [AuWe] gave a new proof and generalization of Bishop’s
result in [Bi3], by adapting the methods used in [Au3].

An independent proof of the result in [AuWe] was given by Senichkin in [Sen].

5 Boundaries of Complex Manifolds

Given a k-dimensional manifold X in C", identifying the polynomial hull in the
case k > 1 turned out to be a much harder problem than in the case k = 1.

The first major result was found by A. Browder in [Brol] in the case k = n.
Let X be a compact orientable n-manifold in C*; Browder shows that X is always
larger than X.
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EXERCISE 25.2. Why is this true when k = n = 1?

In [AI2], Alexander obtained the stronger result that, if X is as in Browder’s
situation, then the closure of X \ X contains X, so X \ X is “large.”

Let X be a k-dimensional smooth oriented manifold in C", where k is an odd
integer. If X is the boundary of a complex manifold ¥ with ¥ U X compact, then
X C X. So we may ask: Given X, when does such a ¥ exist?

The solution was found in 1975 by R. Harvey and Blaine Lawson in their
fundamental paper [HarL2] and developed in [Har]. To obtain a tractable problem,
one allows ¥ to have singularities and thus seeks an analytic variety ¥ with
boundary X, rather than a manifold. We have sketched a proof of the result of
[HarL2] in Chapter 19 for X in C3.

One may ask a related question: Given a closed curve in the complex projective
plane CP?, when does there exist an analytic variety in CP? with boundary y?
This problem was solved by P. Dolbeault and G. Henkin in [DHe].

6 Sets Over the Circle

Let X be a compact set in C" lying over the unit circle. Suppose that under the
projection (A, wy, ..., Wy_1) I —A, X covers some point in the open disk {|1| <
1} and hence covers every point. We are interested in discovering all analytic disks,
if any, contained in X \ X.

Theorem 20.2 tells us that if the fiber X; with A € I" is a convex set, then X \ X
is the union of a family of analytic disks, each of which is moreover a graph over
{|A] < 1}. Theorem 20.2 was proved independently by Alexander and Wermer
[AW] for n = 2 and by Slodkowski [S13] for arbitrary n.

Forstneri¢ showed in [Fol] that the hypothesis “X; is convex for all A” could
be replaced by the hypothesis “X; is a simply connected Jordan domain varying
smoothly with A € T, such that 0 € int(X, ), for all A,” with the same conclusion
as in Theorem 20.2. The following stronger result was proved by Slodkowski in
[S14], and a closely related result was proved by Helton and Marshall in [HeltM]:

Theorem 25.3. Assume that each fiber X;, » € T, is connected and simply
connected. Then X \ X is a union of analytic graphs over {|\| < 1}.

What if the fibers X; are allowed to be disconnected? We saw in Chapter 24,
Theorem 24.3, that X \ X may fail to contain any analytic disk, so no extension
of Theorem 25.3 to arbitrary sets over the circle is possible.

A number of interesting applications have been found for results concerning
polynomial hulls of sets over the circle. We shall write D for the open unit disk.

(1) Convex domains in C". Let W be a smoothly bounded convex domain in C".
In [Lem], Lempert constructed a special homeomorphism & of W onto the
unit ball in C", which can be viewed as an analogue of the Riemann map in
the case n = 1. The construction of & is based on certain maps of D into
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W, called extremal: Givena € W and &€ € C" \ {0}, an analytic map f of
D into W is called extremal with respect to a, & if f(0) = a, f'(0) = A&,
where A > 0, such that, for every analytic map g of D into W with g(0) = a,
g'(0) = pé& with > 0, we have A > pu.

It is shown that, given a, &, there exists a unique such corresponding ex-

tremal map. In [SI5], Slodkowski gives a construction of Lempert’s map &
by using properties of polynomial hulls of sets over the circle.
Corona Theorem. Carleson’s Corona Theorem [Carl2] states that if fi, ...,
f» are bounded analytic functions on D such that there exists § > 0 with
Z’;=1 |fj(z)| = é forall z € D, then there exist bounded analytic functions
g1, ..., & on D satisfying

n
ijgj =1
=

on D.In [BR], Berndtsson and Ransford gave a geometric proof of the Corona
Theorem in the case n = 2, basing themselves on the existence of analytic
graphs in the polynomial hulls of certain sets in C? lying over the circle, as
well as results on analytic set-valued functions in [SI1]. In [S16], Slodkowski
gave a related proof of the Corona Theorem for arbitrary n.

Holomorphic motions. Let E be a subset of C. A holomorphic motion of E
in C, parametrized by D,isamap F : D x E into C such that:

(a) For fixedw € E, z 1— f(z, w) is holomorphic on D.

(b) If w; # wy, then f(z, wy) # f(z, wy) forall zin D.

(© fO,w)=wforallw € E.

In this “motion,” time is the complex variable z.

Extending the earlier work of Sullivan and Thurston [SuT], Slodkowski

shows in [S17] that a holomorphic motion of an arbitrary subset E of C can
be extended to a holomorphic motion of the full complex plane. As in earlier
applications, his proof makes use of results about the structure of polynomial
hulls of sets lying over the circle.
H® control theory. A branch of modern engineering known as “H* control
theory” leads to mathematical problems of which a simple example is this:
for each A on the unit circle T, specify a closed disk ¥; in C. Find all bounded
analytic functions f on theunitdisk such that foralmostallA € T, f(X) € ¥;.
In view of Theorem 20.2 in Chapter 20, this problem is closely related to
finding the polynomial hulls of sets lying over the unit circle. For references,
see J. W. Helton [Heltl], [Helt2] as well as the references given therein.

7 Sets with Disk Fibers

Let X be a compact set in C? lying over the unit circle " such that each fiber X,
is a closed disk. We write

X, ={weC:|lw—-a@ = RM}
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for A € T', where we assume that « is a continuous complex-valued function on
" satisfying |a(X)| < R()) forall A € T and R is a smooth function with values
greater than zero. Under these assumptions, it is shown in [AW] that if there exists
b with |b| < 1 such that )A(;, contains more than one point, then there exists a
function ® of A and w such that

XN A <1} = {0, w): Al < Land [0, w)| < 1,
and there exist analytic functions A, B, C, D on |{A| < 1} such that
A(Mw + B(A)
CMw+ D)’

In the special case where the center function « is a rational function satisfying
hypotheses (20.10a) and (20.10b) and R = 1, Theorem 20.5 gave an explicit
construction of X. The above-mentioned result is based on the classical result of
Adamyan, Arov, and Krein [AAK], which solves the following problem: Give a
function g in L*°(T") to describe the totality of functions

h =ho+ ¢, ¢ H”

A, w) = A < 1, Jw] < oo.

such that [|h]| < 1. A proof of the result in [AAK] is also given in Garnett [Ga]
and related work is found in Quiggin [Q]. Further related results are due to Wegert

[Weg].

8 Levi-Flat Hypersurfaces

At the end of Chapter 23 we saw how Levi-flat hypersurfaces occur in the study
of certain polynomial hulls. An existence result in this connection is given by
Berndtsson in [B].

9 Polynomial Hulls of Manifolds

We have seen in Theorem 18.7, due to E. Bishop, that certain real manifolds ¥ C
C" contain the boundaries of analytic disks near points p € X where the tangent
space to X at p contains complex linear subspaces of positive dimension. Thus,
by the maximum principle, the polynomial hull of ¥ contains the corresponding
analytic disks. In some cases, these disks form a set that is strictly larger than %,
and so their presence “explains” the fact that X is not polynomially convex.

On the other hand, totally real manifolds by definition do not contain complex
linear subspaces of positive dimension in their tangent spaces. These manifolds
do not bound ‘““small” analytic disks near a point. In fact, one can show (see [AR],
pp- 25-26) that totally real manifolds M are locally polynomially convex in the
following sense: For all x € M and all neighborhoods U of x in M there exists
a compact neighborhood K of x in M with K € U such that K is polynomially
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convex . Nevertheless, one still wants to “explain” the fact that a totally real man-
ifold M is not polynomially convex by producing analytic disks with boundary in
M . For this purpose one can use analytic disks that are smooth up to the unit circle
or disks (so-called H*® disks) given only by bounded analytic functions whose
boundary values (as maps to C") exist and lie in M only a.e. on the unit circle.
Such disks were given in Example 24.4 for the totally real 3-sphere in C* of Ahern
and Rudin.

Gromov [Gr] has given a technique to produce analytic disks with boundary in
a special class of totally real manifolds of real dimension n in C”, the Lagrangian
manifolds. The classical case of a Lagrangian manifold is one whose tangent
space at each point is of the form &/R”, where U/ is a unitary transformation of
C". (A totally real manifold of real dimension n in C" can be described as one
whose tangent space at each point is of the form AR", where A is a complex
linear transformation of C".) In [Al5], Gromov’s method was adapted to compact
orientable totally real manifolds (without boundary) of real dimension n in C". In
general, nonconstant analytic disks do not exist in this setting, but H* disks do
exist.

Recently, Duval and Sibony [DS] have shown, for compact totally real manifolds
M in C", that rational convexity is equivalent to the existence of certain Kahler
forms (which we will not define here) on C" that vanish on M. For compact totally
real manifolds M of real dimension n in C”, the existence of these forms is precisely
the (“Lagrangian”) condition needed in Gromov’s theorem. Combining Gromov’s
theorem and the result of Duval and Sibony, one concludes, in this situation, i.e.,
for a compact totally real manifold M of real dimension n in C", if M is rationally
convex, then M bounds a non constant analytic disk. This implies, for example,
that a totally real 3-sphere in C? is never rationally convex (see [DS] Example 3.6).

10 The Polynomial Hull

The most straightforward explanation of why the polynomial hull Xofa compact
set X in C" contains a point x is by the maximum principle applied to an analytic
disk through x with boundary in X. One step removed from this is a point on an
H® disk with boundary in X. Quite different approaches to the hull have been
given. Duval and Sibony [DS] discuss the connection between hulls and certain
positive currents. Poletsky [Po] has described the polynomial hull of X in terms
of pluriharmonic measure. We refer the reader to these papers for the relevant
definitions and results.
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Appendix

Al. An account of the theory of subharmonic functions (of one complex variable)
can be found in the books by M. Tsuji [Tsu], Chapter 2, and L. Hérmander [H62],
pp- 16-21. For logarithmic capacity, see [Tsu], Chapter III, or Ransford [Ra],
Chapter 5.

A2. We shall require the following result of H. Cartan: A function subharmonic
in a region and equal to —o0 on a Borel set of positive logarithmic capacity is
identically —oo in the region. For a proof, see [Ra], Theorem 3.5.1.

A3. We are given a plane region Uy, a smooth free boundary arc « of Uy, and a
closed subset E of o with m(E) > 0, where m is arclength measure. We also are
given a function x bounded and subharmonic on Uy such that lim sup; ., x (A) =
—oo for each Ay € E. Now fix a point A; € Uj. We choose a simply connected
region €2 contained in Uy such that the boundary of €2 is a Jordan curve containing
the arc o and A; € Q. Let ® be a conformal map of the unit disk D onto © with
®0) = A, andleta’ = & '(a) and E' = ®~'(E).Put f = x o ®. Then f is
subharmonic and bounded on D and f(z) - —ocasz — ¢, foreach¢ € E’.

We identify the unit circle with [0, 277) and E’ with a subset of [0, 27). Put
M = sup f over Uy. Then, for each r < 1, we have

1 . 1 .
f0) < — | f@re%yado + — f(reydo
27 E 27 [0.2)\E’

1 .
< — | f@re®do+ M.
27 JE

Asr — 1, f(re’?) — —oo for each § € E'. Since m(E) > 0, and ® is
diffeomorphic as a map of &’ onto o, m(E’) > 0. It follows by the bounded
convergence theorem that

1 .
— f@re?yds — —oo
2w E
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asr — 1. Hence x(A) = f(0) < —00.So x(A) = —oc. Thus x = —oc on
Uy. Therefore, the proposition is proved.

A4. For the disintegration of a measure under a map we refer to the book of
Federer [Fe], 2.5.20, where the term decomposition, rather than (Bourbaki’s)
disintegration, is used.

AS5. Pick’s Theorem is due to Georg Pick [Pi]. A proof and a discussion of related
matters are given in a book by Garnett [Ga], pp. 6-10.

A6. A real-valued function ¢ defined on an open set €2 in C" is called plurisub-
harmonic on € if it is upper semi-continuous and its restriction to each complex
line L is subharmonic on L N Q. If ¥ belongs to C2, then v is plurisubharmonic
on 2 if and only if for each p € € the inequality

n 2
> (g = 0
jhk=1 9%j0<k
holds for every vector (&1, ..., &,) in C". The basic facts about plurisubhar-
monic functions and their relation to pseudoconvex domains in C* are presented
in L. Hormander’s book [H62], 2.6, and also in the book by R. Gunning [Gu], Vol.
1, Part K.
The “Levi condition” (23.2") was discovered by E. E. Levi in 1910 [Lev].

A7. Let M and N be smooth manifolds and f a smooth map of M into N. A critical
point p of the map is a point at which the differential df fails to be surjective as a
map between tangent spaces.

Sard’s Theorem states that the set of critical values, i.e., {f(p) € N: pisa
critical point of f}, has measure O in N. This result is due to Sard [Sa]; see also
J. Milnor [Mi], p. 16. In our application, we take M to be an interval J;, N to be
the unit circle, and f to be the map ;.

A8. We recall that a subvariety V of an open subset 2 of C” is a closed subset
of Q that is given locally as the set of zeros of a finite set of locally defined
analytic functions. For simplicity, we shall restrict our attention to one-dimensional
subvarieties. A one-dimensional subvariety V is then a closed subset of €2 such that
at each of its points p, except for a discrete “singular’” subset of €2, there are local
coordinates f|, f>, ..., f, inaneighborhood W of p (i.e., f = (f1, fa, ..., fu)
map. W biholomorphically to an open subset of C") suchthat VNW = {z € W :
() =0, f3(z) =0, ..., f,(z) = 0}. Note that if g is the inverse map of f,
then V can be locally parametrized by A 1 —g(X, 0, 0, . .., 0). It follows that the
maximum principle holds in the following sense: If F is a holomorphic function on
an open subset of C" whose domain contains a relatively compact open subset W
of V, then F attains its maximum modulus over Wy on bW,. A good introduction
to this topic can be found in Gunning [Gu], Vol 2., Parts B, C, and D. The book by
E. Chirka [Chil] also can be consulted for a less algebraic approach.
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A9. We have defined Runge domain in Chapter 22. The following gives examples
of these domains—which we do not assume to be connected here.

Lemma. Let L be polynomially convex in C" and let Q2 be the interior of L. Then
2 is a Runge domain.

ProoF. Let C be a compact subset of €2. Choose a compact set C; < €2 such that
C C int Cy. Then C C int Cy. (Why?) Since L is polynomially convex, C; € L
and soint C; C int L = Q. Hence C C €2, and therefore 2 is Runge. O

Every Runge domain is pseudoconvex. If €2 is pseudoconvex, the d€2 is pseudo-
convex in the sense of Levi at each point where 92 is smooth. For these standard
implications we refer to Chapter II of [H62].

A10. We use a few basic properties of the Hausdorff measure. A very readable,
brief presentation of this is given in the paper by Shiffman [Sh]. A comprehensive
treatment of this subject is given by Federer [Fe]. We denote the or-dimensional
Hausdorff measure of a set Y by H*(Y). We list a number of results that can be
found in [Sh].

(a) Ifa < B and HY(Y) < oo, then HP(Y) = 0.

(b) Let Y be an arbitrary subset of C" and let o > 0. If H?**%(Y) = 0, then there
exists a complex (n — k)-plane P through O such that H*(Y N P) = 0.

(c) Let X be ametric space witha € X and Y C X.Let S(a, r) denote the sphere
in X centered at ¢ with radius » > 0.
Let H'(Y) = 0. Then Y N S(a, r) is empty for almost all r.

(d) Let A be asubset of R” and let 7 : R” — R? be the projection to the last two
coordinates. Suppose that H?(A) < oo. Then for almost all points x € R?
(with respect to planar measure) A N 77~ (x) is finite.

A11. Recall that for X a compact subset of C", R(X) denotes the closure in the
uniform norm of the functions on X that are (restrictions of) rational functions
with poles not on X. R(X) is a subalgebra of C(X).

Proposition. R(X) is generated by n + 1 functions.
For the proof, see H. Rossi [Ros2].

A12. We recall that for any two points in the unit disk in C, there is a M&bius
transformation of the disk that maps the first point to the second. In Chapter 22,
we used the fact that the same is true for the unit ball in C". That is, the group of
automorphisms (biholomorphic self-mappings) of the unit ball is transitive. For
this one can consult Chapter 2 of Rudin’s book [Ru3].

A13. We give here the proof of Lemma 19.8, whose statement we recall for the
reader’s convenience:
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Lemma 19.8. —0,K,(¢, z) = 0,K (¢, 2).

ProoF oF LEMMA 19.8. We define functions
11)2 ﬂ)l

F(U)) = W and G(w) = |u)—|4,

for w € C2. Then, suppressing for now the factor d¢; A d&s,
Ky =F( —2)dz; — G —2)d2
and
K = F(z—¢)d — G~ £)do.

Since F and G are odd functions of w, it follows that each of the functions
oF /owy, 0F /ow,, 0G/dw, 0G /0w, is an even function of w.
‘We have

- d _ 9 -
wKi=|—=—F(—-2d — F( —2)d dz
. Ky (8{1 (¢ —2d& + T ¢ -2 §2> A dzy

0 - Rl _
- (a—EIG(C —z2)de + B—EZG(( - Z)d§2> A dZs.
Hence
- F - oF _
0Ky = (8—-@' —diH + — (@ — Z)d§2> A dzy (A.])
w1 Jws
G - G _
- (8—-@' —dsg+ — (& —Z)d§2> A dz;.
w1 dw,
Further,
- oF oF _
8zK=<__(Z_§)d21+f(z—f)db)/\d{l (A.2)
ow, dw,

G G _
- <_(Z_§)d21 + 8—_(Z—§)d22> ANdg.
w»

dw,
oF —w, - 2Jwl?
__(w) — w7 (A3a)
dw, lwl®
oF - 2 w)?
DF (= o - 2lwfws. (A3b)
dwy w8
a9G 4w 2w]?
— (w) = el - 2wl s (A3¢)
dw; lwl®
G —wy - 2Jw|?
Gy = W 2wlws (A3d)
dwz lwl®

We next compare the corresponding terms in (A.1) and (A.2). We need to
verify that the coefficients of each of the d¢; A dz; differ only in sign. For the
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d 5 i Adzj, j = 1,2, terms, this follows from the fact noted above, that the first
partial derivatives of F and G are even functions.
Consider now the d& A dz; coefficients. We need to verify that

oF G
af(s“—z)=——_(z—§). (A4)
w» 8w1

We note that sum of the right-hand sides of (A.3b) and (A.3c) is identically zero,
for all w. Then (A.4) follows by taking w = ¢ — z in this identity. Finally, the

dty A d7s term is treated in the same way. This completes the proof of Lemma
19.8. O
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Solutions to Some Exercises

Solution to Exercise 3.2. Choose relatively prime polynomials P and Q with Q # 0
in Q suchthat f = P/Q.Fort € C,

fO) —f&) _ QWPE®) — P1)Q)
t—x 0 Q(x)(t — x)
_ F(x,t)
IOTIN

where F is a polynomial in x and ¢,

1 & A
- . J
00 ;a,(t)x ;

where each a; is holomorphic in €2. Hence

fO-f® = .
f = o ZO{/“"(”‘”}XJ -0

J

since each a; is analytic inside y. Also fy dt/t — x = 2mi. (Why?) Hence the
assertion.

Solution to Exercise 9.9. We must prove Theorem 9.7 and so we must show that
S c X.

S(L) is a closed subset of M. Suppose Jxg in S(£)\X. Choose an open neigh-
borhood V of xo in M with V N X = #J. We may assume that V C U; for some
j.Since xo € S(£),3f € L with

max < su ,
iy [f1 plfl
and so

max | f| < sup | f].
A% v

237
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Since f € £,3f, € A with f, — f uniformly on V. Hence for large n,

max | fu| < sup |fyl.
A% v

Since V. C M\X and S(A) c X, this contradicts Theorem 9.3. The assertion
follows.

Solution to Exercise 17.3 Denote by xi, ..., X, the real coordinates in C".
Since a rotation preserves everything of interest to us, we may assume that 7 is
given by

X1=x=---=x=0, | =2n — k.
Since d?(x) > 0 for all x and d*(0) = 0, we have 3(d?)/dx; = Oatx = 0 for
all j, and so
d*(x) = Q(x) + o(IxP),

where Q(x) = Zf’;zl a;jxixj,a;; € R.Then

I
Q(x) = Y ayxix; + R(x),

ij=1

R(x) being a sum of terms a;;x;x; withi or j > [. Note thata;; = aj;,alli and j.
Assertion. R = 0.

We define a bilinear form [, ] on C" by

2n
[x, y] = Z aijXiyj.
i.j=1

This form is positive semidefinite, since [x, x] = Q(x) > 0 because d* > 0.
Also the form is symmetric, since a;; = aj;.

Fix x* € C" withx* = (0, ..., 1, ..., 0), where the 1 is in the «th place and
the other entries are 0. Then [x%, x#] = aep. I o > [, thenx* € T.

Ifx € T,thend?(s) = o(]x|%),s0 Q(x) = 0.Fixo > [. Then [x%, x*] = 0.Tt
follows that [x%, y] = Oforally € C".(Why?)In particular, a,p = [x“, =0
for all 8. Hence R = 0, as claimed. Thus

/
Q(x) = Zaijx,-xj. (a)
i=1

If x is in the orthogonal complement of 7" and if | x| is small, then the unique near-
est point to x on ¥ is 0, so d?(x) = |x|>. Thus if x = (x;, x2,...,x,0,...,0),
d?(x) = Y x2, 50

!
Q) =) . (®)
i=l1
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Equations (a) and (b) yield that

)
Q) =Y x}
i=1

forall x. But Y'_, x? = d*(x, T), So
d*(x) = d*(x, T) + o(x*).
O
Solution to Exercise 18.2 For simplicity, we denote all constants by the same
letter C. By hypothesis we have |4(t)| < C|t|* fort € R", |t| < 1. We regard x
as a map from (0, 277) — R". For fixed 6 in (0, 27),
lh(x@))* < Clx@)I* < Clixlloe)* < CAixlIN*.

Hence
2T
/0 lh(x(@)I*do < C(lx])*. 1)

Also |h, ()| < C(¢) for |¢t| < 1. Writing dx; /df = x;, this gives

d
‘d—e (h(x(e)»‘ = ‘Z By (x(6))5;(0)

<Y Clx@Iu®)] < Clallw Y 15 O)].

Hence,
d 2 N
‘ =5 (hexO)| = C(llxl)? ; ()17,
and so
o d g 2 2
/O LG @) 40 < I} - I
(1) and (2) together give [|A(x)[l; < C(||x][1)>. O

Solution to Exercise 18.3 Fix t,t' € RV, |t|] < 1, |¢/| < 1. We claim

|h(@) — h(t)] < C(It] + [t'D]t — ). ey
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For
L a
|h(t) — h(t)| = ‘/ —{h(t + s’ — 1)} dx
0 dS
1( N
= / {Z hy (@ + s — )@ — ti)} ds
0 |i=1
1( N
s[ { Ih,,(t+s(t/—t))|}It/—tlds.
0 li=1
Also
lhy, ($)] < Cl¢] for[¢] < 1.
Hence,
|h(r) — h()] < C(It| + |¢'DIt" — 1], ie., (D).
Fix 6. By (1)

lh(x(8)) — h(y@)] = C(x(@)] + [y@)D(x(6) — ¥
= Clxlleo + I¥lleo)(llx = Ylleo)
= Clxlle + yloddix = ylio.
Since this holds for all 8, we have
[A(x) =AM = CAlxlle + Iylodx = yll- )
Also for fixed 9,

d h h ‘—
S0 — h)| =

D h ()G = ) + YO (¥) = by (1))
i i
<Y Clxl |t — 3| + D Clx — yl |3
< Y Clixlhlki = 3l + )~ Clix = ylhl3il-
i i

Hence
|y 2 172
{/O 7 &) — h(y)} dG} = Clixlh Z % — Yillz2
+ Cllx =yl Y l3ille < Clixlhllx =yl + Cllx = ¥l - Iyl
i
So we have

) 172
d@} < Clxlle + Iyl - llx =yl

d
d_G{h(x) — h(»)}

s

Putting (2) and (3) together, we get the assertion. O
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