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Example 4
(@ a3+ 1
Let y = 3r + 1, so that x = (y ~ 1)/3 Then f: (y = 13 y

PNy - 13 or Y xim (x - 1)/3,
with domain and range R.

(b} f:n—»-,]—.
X
1 ! 1
lety=—r=—23f—y
X ¥ ¥y

Therefore, f71: y 1 or tx l
Y

x
Hence, 1 is its own inverse.
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Inverse functions
o'y @iy

M for a given function f a function g can be found such that
glix— x

and also
fg:xrx,

then g is denoted by 7" and is said 16 be the inverse of f.
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In general, for @ function f w have an inverse (~' the following conditions
must be satisfied:

{i) the range of f = the codomain of f,

(i) xy = x2 3 f{x,) = i(r3),
(i) x} = flez) = 00 = 1y,

] for all x, and x, in the domain of f.

.l_ﬂ; wolo 2 .LJJ:- a'k?_,bra_)'J f
(V) o4=Cis o

()M x, =x= f(x,) = f(xy)

(r) [‘(x\) == [‘(x‘):x\ = x, }f'«;u,;x‘,x\ Al
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(dy Hf: x—x + 1 and

B Xt &
then

fg: xs» x* + 1.
The inverse is obtained by solving y* + | = x, which gives y = =V{x - 1).
For (fg)~" 1o be a function we must restyict the new domain to x = 1 and the
range 10, say, the positive square reot of (x — 1}. Then

g Sarm +x=-1) forr=l
Notice that

iTixprx—1,

gl 4+
and .
g x e +Vx - 1) forxz1.

Hence, with above restrictions on domain and range

(fg)™ = 7't

Sy ph g X =X glix x+\'Jfl(cJ)

The above gxumplcs suggest-the following rule for vblaining the inverse.
' Iy = flx) is _lhe equation of the graph for any function f which hus an
nverse, then (i) interchange x and y so that x = f(y). (ii) solve, if pussible, for
y in terms of x, '

The result gives the inverse function 1~ if i exists.
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{c) Consider the function f: x r~ x° with the domain R. Clearly, both 2 and
—2 map to 4. As it is not possible to say uniquely which point mups o 4, this
function does not have an inverse.

However, if we restrict the domain to R™, the set of positive real numbers,
then f maps onto the codomain R™ and f does have an inverse:

7 x V.

[Note we use Vx to denote the positive square root of x.]
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Indices
The three basic rules of indices are;
(i) To multiply powers of the same base add indices: |

g” x g" = a"t"
(ii) To divide powers of the same base subiract indices:
g+ g ag"",
(iil) To raise a power of a base to a‘scconu' index muliiply the indices:
(&™)" = a™".
These rules apply for m, n e Z™ I we apply them te m, n € Q, we
require the following interpretations: ]
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Note the order, which may at first seem strange. 11 does, however, agree with
practical experience — ‘drive the car imo the garage and then close the door’
but the inverse is ‘first open the door and rhen drive the car oul’.
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The general result is: for all functions f, g, ..., p, q such that the inverse
function (fg ... pq)~' exists

=t.=1

(fg...pg)~' =q7'p™t ... g~
This may be proved by induction (see page 46).
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1.2 iIndices, surds and logarithms
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