Let « be the identity of a group G. Then trivially G and {e} are
subgroups of G. These subgroups are calied Smproper subgroups of
G. A subgroup Hof a group G, is called a Proper subgroup if it
is different from G as well as from [e}.

If G is a group and H is a subgroup of G, for the sake of conveni-
ence we shall usually denote the induced binary cqmposition of H

by 1he same symbol which denotes the binary compasition on G.
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Examples of Subgroups

EXAMPLE 16. The set E of all evin integers is a subgroup of
additive group Z.

EXAMPLE 17, The sct Z js a subgroup of the additive group Q.

EXAMPLE 18, Let G={, —1,i —i}, H={1, -1} where
#=—1.

Then G is & group under usual multiplication of complex numbers
and H is a subgroup cf G.
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3. Subgroups

Let A be a non-void set and , be a binary composition on /3
let 4 be a non-void subset of H. We recall that 4 is said Lo be closed
subset of H with respect o thé binary composition o, il for each pair
abE A,a b€ A. In that case the mapping f: AxXA=+Ain
which f{a, b)=a o b is called a binary composition on A induced by o.

Let G be a group and let 4 be a non-void subset of G. It may
happen that A is closed with respect.to the binary composition on
G and A iself is a group under the induced composition. Such a
situation occurs quitg often.  This leads to the following concept.

g9 731

20 Sk sy Bl Gl g H 55 5
523158 LU H I b shae gaoma g5 A 55 5 ¢ H s,
Soms H % pooms 1 8ms Be gami 3 5SS A e gos S @S
A4DE A yir g3 puly Slogd e aSn o615 s
.4 xb € Agr:.:L'.«:.:la

f(a,b) =a xb oT » SEAXA > A caicll=yT s
oK,

G ) o#b e yorma 15 SUA g o203 S G oS 0 5
w93 oS G A s )l e Saa 2

s oduli A gy, 0k wy o sldl SUgs S5

4ﬁalgm|MA a2 300y G Gy, 0ld G W
Fo s s O QL sy 0 g o B0y S0

Definition 2.14. Subgroup.

Let G be a group under a binary composition 4 and let H be a
non-void subset of G, Then H is called a subgroup of G if it satisfies
the following:

(1) H is closed with respect to . (Closure Property).

(2) His a group under the binary composition of H induced

by ».



Lemma 215, 1f Gisagroup and H Is o subgroup of G, then

(1) e, the idenlty of G, Is ofso the tdensliy of H,

(2) foreacha € H,a ' € H®

We now prove a Ltheorem which supplics.us & criterion to check
whether a given subset of a-group is a subgroup or not.
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Theorem 2.16. A non-vold nubset H of a group G is a subgroup of
Gi{fandonlyifa be H=>ab1 € H.

Proaf: Let H be s subgroupof Gand ket g, b € H. Bylemma
2.15, (2), 5! € H. Consequently by the closure. property of H,
abl € H,

Converscly let H be & non-void subset of G such that for all g,
bg H;ab'l € H

(1) Since H is non-void, there exisis a € H.

Thus aa"! € H ie., ¢ € H. .So Hcontaing identity.
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Q) a, b€ Hoaand bl € Hby (1D

>ab)yIEN
ie. ab € H, since (b 1)"1=b,
Consequently H is a closed subset of G.
Trivielly the induced binary composition on H is associative
because the binary composition on G is associative. Hence H s a
subgroup of G. B
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EXAMPLE 19. Let G be the multiplicative group of all non-
singular 2X 2 'matrices over complex oumbers. Let H be the set of
the following cight matrices .

i 0
i[ 0o i}

1 0
o 1}
0 i 0 1
i[: 0 ] i[-l o]
Clearly H C G.  As was claimed io Example 8, H is a group
under matrix mul iplication. Hence H is a subgroup of G.
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EXAMPLE 20. The set Q% of all positive ralional numbers is
& subgroup of the muliiplicative group Q* of all non-zero rational
aumbers.

From the fact that a group has only one idempotent [Prob. 1
§ 2], and the inverse of any element of G is unique, the following is
immediate.
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Theorem 217, Let G be a group and H be a finlte nonvold subset
of G. Then H is a subgroup of G If and only if-ab € H for ol a,
bEH

Proof: II H is a subgroup of G then by definition

a, b € Hoeb € H,
Conversely let H be a Bolte non-void subset of G such that
a b€ Haad € H,
Thus M is finite semi-group. Farther the cancellation laws hold in #
gince the same hold in G. Hence Hisa subgroup (Theorem 2.6).9
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