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Inequalities*

8.1 Linear Inequalities

The inequality 'z is greates than y°, written x > y.isdefined tomeanx — y is
positive. In @ similar way, ‘x is less than ¥, written x <y, means x — y is
negative, '

U>y)e(x-y>0).
<y &Sa~-y<).

If x is greater than or equal to y, then we write ¢ y with a similar notation,
X & y. for x less than or equal to y.

The basic rules for manipulating inequalitics are:
(1) The same number may be added to both sides of an inequality, so that

x>y >(+a>y+a)

{2) The same number may be subiracted from both sides of an inequality, so
that

E>y2G-b>y-4).

(3) U both sides of an inequality are muliiplied by a positive number, the
inequality is preserved.

(x> yenda>0) > (ar > ay).

(4) Iif both sides of an inequality are multiplied by a negative number the
inequality is reversed. i

(x>yand b <0} > (bx < by).

(5) The corresponding sides of inequalities of the same kind may be added
(but not subtracted).

(a)ba.ndx>y):)(a+x>b+y).
(6) Inequalities of the same type are transitive.
>yandy>2)d (x> 2).

*Throughout this chapter all variables are seal {i.e. ¢ R).
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Example 4 Given that a > b, what can be said about the relation between o?
and b*?

We need to consider three separate cases depending on the signs of a and b,
{a} a, b both positive.

(a > b) > (2 > ab), multiplying by g,
{a > b) > (ab > bY), muliiplying by b.

Combining these, we have
{a® > ab and ab > bY) > (& > bY).
(b) a, b both negative.

{0 > b) & (a® < ab), multiplying by a, which is negative,
{a > b} > (ab < ¥%), multiplying by b, which is negative.

Combining these, we have

(o <ab < b)) > (@ < B).

(c) Nothing can be said in the case when a is positive and b is negative. For
example,

4> -2and # > (-2
but
4> =6 and 4 < (—6)L,
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Example ! Given that x > y, show that x + a > y + a.

By definition (x > y) & (x - y is positive).
Wemay writex — y = (x + a) — (y + a).

fx+a)~ (v +a))is positive & (x + 2 >y + 4)
Hence,

(t>y)eo@x+ta>y+a)

.x+a>y+a.:._.mgL::¢x>y6r_:;fué).\,Juo
s e F A K>S K-y > o) Sleeyl
x—y=(x+a)=(y+a)
=(x+a)—-(yta)>.®x+a>y+a

il
x>y)e®(x+a>y+a)

Example 2 Given that x > y and b < 0, show that bx < by.

As above, (x > y} & (x ~ y is positive).
Since b < 0, b(x - y) is negative. But b{x — y) = bx = by. Hence,

{bx - by is negative} & (bx < by).
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el B gie ) M b(x — ¥) (ub< o Slpl
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Example 3 Giventhatx > yanda > b, show thata + x > b + y.

(x > y) @ (x = y is positive).
(@ > b) > (@ — b is positive).

Hence,

[€x ~ ¥} + (a — b) is positive]
> [(x + a)} = (y + b) is positive],
D+a>y+b)

a+X>b+ xampltica>b yx>y s o5 1 ke
®>y) = (x=y> o)
(a>b)=> (a~b>.)

ol ol
x-y+@-b)>-
s(x+a)-(F+b) > .=>x+a)>(y+bh)
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6.2 Quadratic inaqualities

An inequality of the form ax? + bx + ¢ 2 0, where a # 0, is called a quadratic
inequality. The solution depends on the sign of the discriminant (6% - 4ac).
(i) It &* = dac, then:

axr? + by + ¢ = 0 for all values of x when z > 0,

and
ax? + by + ¢ < 0 for all values of r when a < 0.

These results follow from the wark of chapter 3.
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Example 5 Find the set of values of x for which 2x + 2 > 6.
Zx+2>6D(a>6-2=4), subtracting 2 from each side,
= x> 2, multiplying each side by J.

The required set is

{x: x> 2).

S T Gl 4 S by X 5 1) 5 ol & yara B i

(-l:.fua:n_:u de‘!‘jUL__.afﬂ-:quu)..L;l.!)‘jj X+ Y>1

IR LY LpOppos

(Yx+y>) = (X>1—-Y=¥), = x>%
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Example 6 Find the set of values of r for which
+ 4
R
X

(a) When x > 0,

(3—*;-4—:<3):>(3+4r<31)

FH-h<-Dx< =-3).

As this contradicts the condition x > 0, the required set cannot contain pasi-
tive values.

(b) Whenx < 0,

(-3—-:—“<3):>(3+4x>1r).

since multiplying by a negative number reverses the inequality,

B> ) D (x> -3
Hence, the required set is
{x: =3 <r<0).
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