i

This result enables us to find the remainder without carrying out the division.
It is known as the rernainder theorem. .

A slightly more general result is obtained by considering division by
{ax + b). Then

Pi(x) = (ax + b)Q,(x) + R, 2.5
> Py(-bla) = R,. (2.6)

(The value (—b/a) is obtained by setting ax + & = 0.)
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Example 7 Find the remainder when P(x}, where P(x) w 6x° = 7Tx* + 12x -
8, is divided by (2) (x ~ 1), (b) (2x — 1).

(a) The remainder isP(1) = 6 = 7 + 12 — § = 3,
(b) The remainder is P(-;) = 6(%)! ~ 1r(%)2 + ue) -8=-2
R
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The remainder theorem
When the polynomial P(x) is divided by the polynomial ¢(x}, it is clear that
the remainder R.(x) must have degree less than that of ¢(x). {If this is not so,
the division is not complete.)

In particular, if P(x) is of degree n and we divide it by (x — &), then the
quotient Q(x) will be a polynomial of degree (1 — 1} and the remainder R{x)
will be a constant. Thus,

P(x) = (x = a)Q(x) + R. (2.3)
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Px)=(x—-a)Q(x)+ R (v.v)

If we substitule x = a, then we see that

P{a) = R. (2.4)
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Example 9 Show that (3x + 1) is a factor of P(x), where
P(x} = 67 = x* — 191 — 6.

1
+1=0x= s
We consider, therefore, P(—&):

=y (- -

=—3—1+l?—6=0.
9 ¢ 3

Therefore, (3x + 1) is a factor.
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Example 10 Far what value of k is (x + 3) a factor of P(x), where
P{x) = x* — 3% + k.

If {x + 3) is a factor, P(—=3) = 0.

P-3) =081 -2T+ k=10
k= -54
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Example 11 Given that (x + 1) and (x — 2} are factors of P(x), where
P(x) = ax® — bxt + ax + 6,
find the constants 4 and b.

Since {x + 1) is a factor, P(—1) = 0,
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The factor theorem
From Equation (2.6) we see that, if Py(—b4/a) = 0, then Ry = 0

= there is no remainder when Py(x) is divided by ax + &
= ax + b is a factor of P(x).

This is known as the factor theorem.
From Equation (2.4) we sce the result: ‘If P{a} = 0, then (x — a) is a factor
of P(x).’
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Example 8 Show that (x = 3) is a factor of P{x), where
Plx) = 2¢% — 6 + 9x - 27,

P(3) =227 - 69+93-27=0.

Therefore, {xr — 3} 15 a factor.
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Example 12 Find the factors of P(x), where P(x) = 2> — 4x? + x + 6.

The only integer factors of § are =1, £2, +3, *6 and so these are the values

of A we consider.

Trial factor (x — &) P(v) Comment
-0 1-4+1+6=4 Not zero, not a factor
(i) (x+ 1) =1-4=-14+6=0 (x + 1)isa factor
(tii) {x - 2) §-16+2+6=0 {x —2)isafactor
(iv) (x +2) ~B-16-2+6=-10 Not zero, not a factor
(v) (x-3) 7-36+1+6=0 (x — 3)isa factor
(vi) (x+3) —17-3%-3+6==60 Not zero, nat a factor

The factors are (x + 1), (x — 2) and (x — 3) and the factorisation of P{x’) is
Plx) @ {x + 1)(x - 2)(x - 3).

At stage (i), having found that (x + 1) is a factor, we could, of course,
divide P(x} by {x + 1) and déal with the remaining quadratic x> - 5x + 6,
which immediately factorisey’into (x — 2)(x - 3).

Also, at stage (iii) we have a factor (x + 1)(x ~ 2) and the remaining factar
can be obtained by dividing out or by inspection.

Stage (vi) is, of course, nat necessary, as we have already found three
facmrssof the cubic polynomial. For the same reason we need not consider
A= 6.

AN SR\
bl ool 3 PRI =X —6x + x4+ N
S 1, P(x)

cEyoky o as,len :\A_F-c__n.atsl,gl-\ﬁl.g.ﬁ
Apdulpl ple plewsb o b gl y £0 2y

g

(x - 4) Jobe Slot P(3) o
Mx-1) V-t gt | e i cillis
R ) SRR IR T atd e K X4 1)
ryx-r) A= +X+Fas amdd Jole K (- Y)
ST R34 A Rt |G Ll i Gilli
@) -1} W-TF+T+5ws e s K - T
FIE+T) STt esbe | 1k el g i il

K= x—v)ex+ 1) 31w le P(x) slelele
P(x) = (x+ 1) (x — ¥) (X~ ¥) <0040 PR) 4o
Al
3l P(x) ble o Gl pea (X + 1) ¢ (¥) U s
3025 o (04 1) 2 PO g on ol o 548 0
S0 panl 2 X' — 8K + 1 £33 3 ©ke (oadpyls

> ~a-b-a+b6=0>-22-bH+6=0
Since (x — 2) is a factor, P(2) = 0,
S8 ~4b+2+6=02100-4b+6=0.

Solving these simultaneous equations, we obtain @ = 1 and b = 4,
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Finding factors of palynomials
The factor theorem provides an important aid to finding factors of poly-
nomials. To find linear factors, we seek values of A such that {x — X) divides
P(x). As & consequence of the factor theorem, this is equivalent to finding
values of A for which P(x) = (.

If the polynomial is written in such a way that the coefficients are all
integers, then it is suggested that one considers those values of A which are a
factor of the constant term gy in the polynomial.

g fdlor wix Slghole yacels
Sleble jan 5 cp > (4m) Jls o
R LY S EWPT JUCID L PPRT X o PP JPO
b ot A sl 8 oM pnir 3 L (bt
£ 5 ol ol 51 Sl 4 i (k= 2) L, P(X)
PA)= o Sy by cnld polie a5l dobae d Jole
il der i g I b gl i S £
Y LU TR Rt e glooae T
e dimr csloue *ff-z,r;:'ﬁﬁ A by s potis

WAL d T e, s



T () commemm—e————————————————————————————————’ Y

polynomial P(x} in terms of its factors. We will illustrate this by using the
polynomial P(x} considered in Example 12 above. We found that

P)=x*-drl +x ¥ 6= (x+ - 2x-3)
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The use of factors ]
There are several circumstances where it is advantageous to be able to write 2
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