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EXAMPLE 22. Let G.m{ e [r=0,1,2,..., n—l} be the
bl

group of ath roots of unity. Let a=e @, then @ € G. Since for any
durt }_".')r

integer r, e " =\ £” | =a, every clement of Gis & power of a.
Hence G, is a cyclic group generated by a.
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MPLE 2). The additive group Z is a cyclic group generated
by 1,sipce 1 € Z and for every integer n, we have n=n1.
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v Theorem 3.33. Order of a cyclic group is equal 1o the order of
ls generator, ’
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Definition 2.31, Order of an element :

LetGbeagroupandlet a € G. Then ais said to be of fnite
order n, if n is the least positive integer such that a®=e¢, the identity
of G.

If for no positive integer k, a*=e, then g is said 1o . be of infinite
order,

The symbol o(e) shall denote the order of a.
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Definition 2,33, Cyclic Subgroup: A group G is said tobea
cyclic group if there exists an clement » € G, such that every element
of G is a power of b Then b iscalled & generator of G and we
denote G by < b >,

Il 1the composition in G were denoted additively then we could
sny that G is a cyclic group if there exists an element g of G such
that every element of G is of the form Aa where # is an integer,
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Thcorem 1.38. In a growp G, folowing kold :

(1) For any two demenis g, x € G, o(aVmox~1ax).

Q) ¥f for amy a € G, o{a) is finlie; then for any imeger m, d*me
implisr o'a) | m.

(3) For amy two elements a, b € G, olab)=o{bal).

(9 If ola)=n and a posiiive inicger k | , then
a(al)-i';.
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Proof: (1) Let 1 be any positive integer
"=¢ © x gk ox lex=e @ (x lax)"=e,
since (x-lgx)*=x"1la"x,
Consequently ofa)=o(x"tax).
(2) Let o{a)=n and lct m be any integer such that a™=e.
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Now Ikt G 5 any growp and 0 € G. Let Hi=(a" | n b any
positive integer). Consider any two cloments xwa®, y=e™ in . We
flad that sy'lmcw'=war € N Thhs tmplies bt H &
sobgroup of G. Clearly N s s cclic group gescraied by s This
subgroup is called a cpclic subyroap of G gemeraicd by s and we
write = < g >,
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Theorem 2.34. [f G is a finite group then order of any element of
G divides the order of G.
“ Proof: Let G be a finite group and @ € G, Let H= < a = be
the cyclic subgroup of G generated by 2

Then o{ H)=o{a) (Theorem 2.33).

By Lagrange's thsorem of H) | o(G). Hence o(a) | o{G). B
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Corollary 2.35. If G is a finite group then for any a € G
o{G)

a =#e.
Proof: Let o{a)=# and o(G)=N.
Because of Theorem 2.3 , N=nm for some positive integer m.
Then a¥={(a")m =% =¢.
Heuoce the corollary. B
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{f) i*=1 but for no positive integer m < 4
™=}, This means off)=4. Trivially 4 | o(G).

(i)} Now (=1)3=1 and (- 1)';!':1 This implie.s o —1)=2
Clearly o(—1) | o(G).

(iii) Since 1=i8, —1=0?, —i={9, |= i we see that G is a cyclic
group gencrated by /. Notice that & is also generated by —i But —1
of 1 do not generate G.
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Now by Euclid's algorithm ming4 r for some integers ¢ and r
with 0 & r << n,

Then e =a"=(a"}e" = c'a" == ea’=0a".

But n is the least positive integer such that a®=eand r < n.

Hence r=0 and so.m=ngie., o{a)=n | m. This proves (2).

(3) Since ab=b"1(ba)b, o{ab)=o(ba) by part (1).

{4) follows from (2).M -
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EXAMPEE 24. Consider the group G={l1, —

. iy —i} whero
f=v=1. Now o(G) =4
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